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Preface

newer criteria devised to help develop more aspirant-friendly engineering entrance tests, the need

to standardize the selection processes and their outcomes at the national level has always been felt.
The Joint Entrance Examination (JEE) to India’s prestigious engineering institutions (IITs, IIITs, NITs, ISM,
IISERs, and other engineering colleges) aims to serve as a common national-level engineering entrance test,
thereby eliminating the need for aspiring engineers to sit through multiple entrance tests.

While the methodology and scope of an engineering entrance test are prone to change, there are two basic
objectives that any test needs to serve:

1. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession.
.2. The need to test an aspirant’s grasp and understanding of the concepts of the subjects of study and their
applicability at the grassroots level.

Students appearing for various engineering entrance examinations cannot bank solely on conventional
shortcut measures to crack the entrance examination. Conventional techniques alone are not enough as most
~ of the questions asked in the examination are based on concepts rather than on just formulae. Hence, it is
necessary for students appearing for joint entrance examination to not only gain a thorough knowledge and
understanding of the concepts but also develop problem-solving skills to be able to relate their understanding
of the subject to real-life applications based on these concepts.

This series of books is designed to help students to get an all-round grasp of the subject so as to be able
to make its useful application in all its contexts. It uses a right mix of fundamental principles and concepts,
illustrations which highlight the application of these concepts, and exercises for practice. The objective of
each book in this series is to help students develop their problem-solving skills/accuracy, the ability to reach
the crux of the matter, and the speed to get answers in limited time. These books feature all types of prob-
lems asked in the examination—be it MCQs (one or more than one correct), assertion-reason type, matching
column type, comprehension type, or integer type questions. These problems have skillfully been set to help
students develop a sound problem-solving methodology.

Not discounting the need for skilled and guided practice, the material-in the books has been enriched with
a number of fully solved concept application exercises so that every step in learning is ensured for the under-
standing and-application of the subject. This whole series of books adopts a multi-faceted approach to master-
ing concepts by including a variety of exercises asked in the examination. A mix of questions helps stimulate
and strengthen multi-dimensional problem-solving skills in an aspirant. '

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in
order to get maximum benefit from this book, we recommend the following study plan for each chapter.

Step 1: Go through the entire opening discussion about the fundamentals and concepts.

Step 2: After learning the theory/concept, follow the illustrative examples to get an understandmg of the
theory/concept.

Overall the whole content of the bock is an amal gamanon of the theme of mathemancs with ahead-of-time
~ problems, which equips the students with the knowledge of the field and paves a confident path for them to
accomplish success in the JEE.

With best wishes!

‘ ) rhile the paper-setting pattern and assessment methodology have been revised many times over and

G. TEwWANI
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onometry

EXPONENTIAL FUNCTION

Exponential functions are perhaps the most important class of functions in mathematics. We use this type of
function in the calculation of interest on investments, growth and decline rates of populations, forensics
investigations, and in many other applications.

‘Definition

y=flx)=a", where a>0;a+1,andx € R. Here "> 0 for V x € R. Thus, the range of the function is (0, o).

" Exponential functions always have some positive number other than | as the base. If you think about it,
having a negative number (such as —2) as the base would not be very useful, since the even powers would
give you positive answers (such as “(~2)? = 4™) and the odd powers would give you negative answers (such as *‘(-2)* =
—8"), and what would you even do with the powers that are not whole numbers? Also, having 0 or 1 as the
base would be a kind of dumb, since 0 and 1 to any power are just 0 and 1, respectively; what would be the
point?-This is why exponentials always have something positive and other than 1 as the base.

Graphs of Exponential Function

Whena> |
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Fig. 1.1

From the graph, the function is increasing. For x, > x, = a=> 4™
When0<a<l,

Fig. 1.2

From the graph, the function is decreasing. For x, > x, = a" < "

4
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Logarithm and Its Applications 1.3
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LOGARITHMIC FUNCTION

The logarithm of a number to a given base is the exponent to which the base must be raised in order to|
produce that number. For example, the logarithm of 1000 to base 10 is 3, because 10 to the power of 3 is 1000,
i.e., 10° = 1000. Logarithm function is an inverse of exponential function, Hence, domain and range of the
logarithmic functions are range and domain of exponential function, respectively. -

Also graph of function can be obtained by taking the mirror image of the graph of the exponential function in the line
y=x. If we consider point (x,, v;) on the graph of y = @', then we find point (y,, x,) on the graph of y = log, .

Definition
Logarithmic function is defined as y = log, x, > 0 and a# 1.
Domain : (0, =),

Range : (—ee, #9),
Graphs of Logarithm Function
Whena > 1
e R e T
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14 Trigonometry .

When a > 1, fix) = log,x is an increasing function. Then for x, > x; => logx; > logx,. Also Ioga:éz > x

= xy> "
When0<a<
L] ] L] ) 1 .
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Fig. 1.5

When 0 < a < 1, fix) ="log,x is a decreasing function. Then for x, > x, = log,x, < logx,. Also log,x, > x,
= 0<x,<d"
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The natural logarithm is the logarithm to the base e, where e is an irrational constant approximately
equal to 2.718281828. Here, e is an irrational number. Also, e is defined exactly as e = (1 + 1/m)™ as m increases
to infinity. You can see how this definition produces e by inputting a large value of m like m = 10,000,000 to get
(1+1/10000000) %0009 = 3 7182817 (rounded), which is very close to the actual value. The natural logarithm
is generally written as In(x), log, (x). . '
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Logarithm and lts Applications 1.5 !

The common logarithm is the logarithm with base 10. It is also known as the decadic logarithm, named
after its base. It is indicated by log,o(x) On calculators, it is usually written as “log”,
but mathematicians usvally mean natural logarithm rather than common logarithm when they write “log”.
To mitigate this ambiguity, the /SO specification is that log,(x) should be Ig (x) and log.(x) should be In (x).

FUNDAMENTAL LAWS OF LOGARITHMS |

1. Form,n a>0,a#1;log,(mn)=log, m+log,n : |
Proof: Let log, m =x and log, n= y.
Then Iognm =x=>d"=mand,logn=y=>a"=n
.mn=a"a"
= mn=a"" = log,(mn)=x+y = log,(mn) =log, m+log,n
In general for x|, x,, ..., x,, are positive real numbers, !
log,(x; X3 ... x,) = log, x, + log, x5 + ... log, x,,.

2. Form,n,a>0,a#|; Iogn[ ) log, m—log, n
n

Proof: Let logam=x:=:-a"-"'=mand log,n=y=>a"=n ?

m a*

o —— ﬁ:a‘r-}‘ =5 jogn(ﬂ)=x—y = ]Ogﬂ('"—'J=]Oga’ﬂ"IOgaﬂ
n )

—

n a¥ n n

3. Form,n,a>0,a# 1;log,(m™)=n.log, m
Proof: Letlog, m=x=a"=m= (&Y' =m" = d" =m" = log,(m") = nx = log, (m")= n. log, m

4. log,1=0.
Proof: Since a® = 1. Therefore, by definition of log, we have log,, 1 =0.
5. log,a=1 )
Proof: Since a' = a. Therefore, by definition of log, we have log,a=1.. !
l gb m
6. Form,a,b>0anda#1, b= 1,then log, m= .
log, a |
Proof: Letlog, m=x. Then,a*=m ' *
Now, a" = m = log,(a") = log, m [Taking log to the base b]
= x log, a=log, m => log, m. log, a = log, m [ log,m=1] '
= log, m= log, m I
log, a
Replacing b by m in the above result, we get !-
log, - L log, m = [ log,m=1] '
log,, a log, a ‘
7. Fora,n>0and a# 1; d%" = n
Proof: Let log, n=x. Then &* = n. Therefore, a'%%a" = n, (Putting the value of x ina*=n] ,

For example, 31ng_1 ol 8, 23lng2 = 2!01;2 =53, 5—2log5 " 5[0353"3 =3--2 =1/9
8. log, n” = E logn, where a,n>0,a# 1

Proof: Let log , n” = xand log, n=y. Then, (@Y=" and &’ =n

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 '
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1.6 ‘ Trigonometry

Therefore, " =n” and a, = n= o = n”and(a")” n”::»a"“ (a")”:m"‘—a””::qx p=x= (p/2)y
= log , n? = Ioga

9. glows o= oy a,

loge logp " loga logp

l. y=
logh loga logh loge = logja=logp

Proof: Let a*® © = p=logc=log,p =

—=p= clogb a =>alogb czclog,, s

Example 1.1 - g (1/2)" 2y,

Sol. We have (1 1272 < (1/2)
~ Itmeansx*—2x>2 -

=x-(1+3)E-(1-3)>0
' =>x>1+\/§ 0rx<]-\/§

=x€ (o0, 1 =43)U(1+ 3, 00)

__-\'
1=9 s
7

Example 1.2-

x_

5
Sol. g(x)=
gx) ==

1
. SO.Nows* —1=0=x=0and 7" =7=0=x=~1|

Sign scheme of g(x):

Fig. 1.7

L

Hence, from sign scheme of g(x), x € (=0, ~ 1) U [0, o).

(BETNIHI Which of the followiﬁg numbers are positive/negative?

() log,? Gi) logy,3 (iii) log1/3(1/5)

(iv) log,3 (v) log, (log, 9)
Sol. (i) Letlog,7=x=7=2"=x>0
(i) Letlogy,3=x=3=02"=x<0
(iii) Letlog,s(1/5)=x=1/5=(1/3Y=>5=3"=x>0
(iv)Letlog3=x=3=4*=x<0
(v) Let log, (log, 9) =x = log, 9 =2" =9 = 27 = x>0

| Whatis loganthm of 32\/2 to the base ZJE ?

: 542 227 18

Sol. ].ngﬁ 32"?/2 o 10g(23121(2545) - lﬂg(zan)(z 5 )= ‘5'—|ng 2= ?-— 3.6

ST PRl Find the value of log; log;log;log, 512.

Sol. logs log, log, log, 2° = logs log, log, (9 log, 2)
= logs log, log, 3% (log,a=1ifa>1a#1) ,
= logs log, 2= logs 1 = 0.

Office.: 606 , 6th Floor; Hariom Towd, Circular Road, Ranchi-1, .
Ph.: 0651-2562523, 9835508812, 8507613968
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‘ 1
Example 1.6 QIBUAEA {J=3§,then find the value of b.

1 10 '
Sol. Iog\/gb=3§ = Jlogyb="r = log, b=5=b=2>=32

3
flixan’aplé (Pl If #> 1, then prove that = 2 + 1 + o S ‘
' log,n  logan logssn  logss 1
Sol. The given expression is equal to log, 2 + log, 3 + - +log, 53 =log, (2.3 ... 53) = log, 53! = l :
: ; 08531 A

EREILDICARE Which is greater x=log; 5 or y = log,, 257

] 1 1 1
Sol. —=log,. 17=—log: 17and —=log. 3= —log.9
y 225 2 g5 - 85 2 85 |

1 1
L= x>y
y x
1

RETTIBKM v = 2'° 4, then find x in terms of y.
: | :
(e 2 28e%47T)

Sol. Sincey= 2"%4 we getlog, y= -
log, 4

X
‘ 1
= log, y=log, x= Elog2 x

= 2log,y=log, x

= log, y* = log, x
sox=yP

BT ERE] Find the value of 817%™ 4 27'"8s% 4 3¥/og:?

X : log,, (67
SOL 8 ](]“035 3) ™ 27]039 26 4 34”037 9 - (34 }]Qgﬂ 5 + (33 ) 0832{ ) & 34]0&) 17 A
= 3085 4 (3t)lens(® 3BT
= 5% 1308 6’ 4 32logs 7

= 5% +6° 30T
=625+216+7°=890

IRETUTNIBRIN  Prove that number log, 7 is an irrational number.

Sol. Letlog,7isa rational number
= log,7 = £ =5 7 = 2P/4 = 79 = 27 which is not possible for ar{y integral values of p and g.
q

Hence, log,7 1s not rational.

Office.: 606, 6th Floor, Har'iom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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ABEINTICRNP!  Find the value of log; 4 log, 5 logs 6 log, 7 log, 8 logg 9.

Sol. log, 4 log, 5 log. 6 log, 71 31‘9—'°g4xlogsxlOgﬁxl"g?xloggxl"gg
O 708377084 2 1085 1086 7 1087 8 0B ™ ™ 1003 " 10g4  Tog5  Jog6 log7 log8

L ———
log3 083 _

a+b

Example 113 I @lTR [ J— L {log,a+log, b), then find the relation between a and b.

Sol., loge(a;b J - i(loge a+log, b)

= loge[——J = (log, \/—) = \/_
= a+b-2Wab=0 = (\/Efx/i?f:o =a=b

IDCINANE]  Ifa*=b, b = c, ¢’ = a, then find the value of xyz.

Sol. a'=b,b"=c,d=a=x=logb.y=logsc,z=log.a

logh loge loga
loga logh logce

= xyz = (log,b)(log,c)(log.a) =

x(y+z-x)_yE+x-y)_ 2(x+y-2)

Example 1,151 s prove thatx’ y* =2 y*=x7%,

logx log y logz
x(y+z-x Z+x - 2(x+y—2z
Sol. Let X ) - X W 2Py
Ioga X ]‘Oga y ]oga z
. MR -—-—-—-x('\'zy—”
- = log,x= QVadin ol
v(z+x-z) 2(x+ y—-2)
Similarly,y=a * andz=a *
xy(§+z~x) yx(zhx=y) xyz+xyz—x2)=+;t}-z+x3y—x}sz _ 2xyz
. Noww'y'=a * a = q k =g k
o

Similarly, 2 v =2"z"=a * .

LRCTIIAWES  Which of the following is greater: m = (log,5)* or n = log,20?

Sol. m—n=(log,5)" - [log,5 +2]
Letlog,5=x=>m-n=x*—x—2=(x-2)(x+ 1) (logy5—2)(log,5+1)>0
Hence, m > n.

IS W 1flog,; 27 =a, then find log, 16 in terms of a,

a.Z[B_GJ b.:s{?"“J | c.4[3_.“] ds[3 “J

‘_3+a" 3+a 3+a 3+a

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Sol. Since a=log,,27 =log,, (3)° =3 log,; 3, we get

. - 3 - 3
log; 12 14Jogs 4 1+2logy 2
3=-a
logy 2=
- 2a :
Then, logg 16=logg2* =4 logg2= —— = — 2 =% __ 4[24
logy 6 1+log,3 ,, 24 3+a
3-a
Example:1.18 IRIHTTY + ! + L .
— ' 1+log, bc 1+log, ca 1+log, ab
Sol. : + 1 WL
l+log, be  1+log, ca 1+log, ab
tog a . log & f log ¢ .

) lopa+logb+loge loga+logh+logc loga-!-logb+logc—hI

: :lj?_I_\'_'.';'uuilq IBT] 11)? =xzand a* =" =, then 'prove that log, a = log, b.

. Sol. af=b'=c=xloga=ylogb=zlogec

" log a N log b
logh loge

mmm—" o it + +
. | T i
ylory logz xylng; log x leogx tog y (base 10)

l+l 1 1 l+1

. +
Sol. Let K= x'o8Y |ngxy!og: log.x o ,logx logy

log K = log x Q) L +log y 2 JPWE. +log z . M
logy logz log z logx logx logy

Putting log x + log v+ log z = 0 (given), we get - _
: log y & Ilog‘z o log x i log Y
logy logy Clogx log x logz logz
Therefore, R.H.S. of Eq. (i) =3 = log ;o K=-3 = K= 107>
log 1 ¥ __3lug,.,(.r2+l)“ -

Example 121, BRI >0;Vxe R,
T 7itter oy -1

log x \ logz _

-1

log_ ;e 2,04 2
9 ql44 _SIogn(x +1) ‘_2’:

Sol. y=

4
7 logp x -x—1

_ x“—(x2+2x+l)

P

= 4x+]
=(x+1/2)°+%>0;Vxe R

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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1.10 Trigonometry

i iR TR g

Copcept Applicatlon Exercise A 1

AR o o I b ¥hditdone 1o LS § R T D prbssl Byl

. Prove that log, logﬂi’,h/(?ﬁ) =1-3log, 2. -

. Solve forxand y : y* =x"; x = 2y.

. Find the value of 3° "% 7,
. If log;o x = y, then find log, g x” in terms of .
. Iflogs 2 =m, then find log,, 28 in terms of m.

6. Find the value of 1/(log%'5,4).

7. Find the value of ’Hog( 12]4—5 log( = ]+310g( 81]

th & W b o=

80
2. 43 a+b 4l
8. [fa~ + b° =7 ab, prove that log 5 E(ioga +logh). .
9. Prove the following identities:

. log, n ' ' o
i “—=1+log, b i) log,, x=
® log,, n o ! (1) logay log, x + log, x

log, xlog, x

10. If log, (ab) = x, then evaluate log, (ab) in terms of x.
11. Compute log,, Rfa 14b) it log,, a=4.

y \
12. If & = B = ¢* = &, show that Iog,,(bcd)—x[—l—-kl%-ll.
; y i W

13, Solve forx: 11%°.3%% = 5% .77,
14, If log; n =2 and log,2b = 2, then find the value of 5.

15. Suppose that @ and b are positive real numbers such that log,,a + logyb = 7/2 and lognb + logga = 2/3.
" Then find the value of ab.

LOGARITHMIC EQUATIONS

~ While solving logarithmic equations, we tend to simplify the equation. Solving equation after simplification
may give some roots which are not defining all the terms in the initial equation. Thus, while solving equations
involving logarithmic function, we must take care of domain of the equation.

[NETNTR Y. Solve log,8 + log,(x + 3) - log,(x - 1)=2.
Sol. log,8 +log,(x +3)—log,(x— 1) =2
8(x+3) 8(x +3)
% R L &
x-1 =1

=X FI=26-2=5%=5
Also for x = 5 all terms of the equation are defi ned

=42

= log,

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Logarithm and Its Applications 1.11
IBENINIRE!  Solve log (—x) =2 log (x+1).

Sol. By definition,x<0andx+1>0,=>—1<x<0
Nowlog(-x)=2log(x+ 1) = —x=(x+ 1)} = +3x+1=0

_ 345 =345

3 ¥ 3

3., : :
Hence, x = is the only solution.

RRLIDILEIRE  Solve log, (3x—2) =log,, x.

w1
-

.

[

Sol. log,(3x=2)=log,px= log f =log, x™
- log, 27 . _ :
= 3r-2=x" = 3x?-2x =1 = x=lorx=~1/3. But log, (3x - 2) and log, ,, x are meaningful ifx >2/3,

Hence,x= 1.

Solve 2¥* 127X/ -V =g,

Example 1.25
Sol. Taking log of both sides, we have (x + 2)101;2 + ;"_—1 log27 = log9
=(x+ 2}10g2+ﬁ 3log 3 =2log3
=(x+2)log2 + (3—--— 2]I0g 3=0

x—.

=(x+2) [Iog2+l°g?] 0
X

log 3
=x=—20rx—~l=>
log 2
log 3
=x=-2 1 B2

RO WA Solve log,(4 X 3* —6) — log,(9* - 6) = 1.
Sol. log,(4 X 3" —6)—logy(9"-6)=1

- 4x3* -6 =
™ axXy -0
2 9 _6

L s
I
=

=,ix_§i=2 ;
9* -6 .
= d4y—6=2y"— 12 (putting 3 =y)
=12 =2y-3=0
=y=- 1,3
=3"=3
=x=1

N

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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[:",xn LIy Solve 6(log,2 —logyx) +7=0.
. Sol. 6(log.2—logx)+7=0
= 6(log, 2-—%log2 x)+7=0

— 6(1—%}@ =0 (wherey=log,x)
i f

et -
_:>6[2 Y |+7=0
2y

2-y
>

=6-3+7y=0
=3 —Ty—6=0
=3y*+2p-9y—-6=0
= -3)3y+2)=0
‘=y=3ory=-2/3
= logyx =3 or-2/3
=x=8orx=2"%"

+7=0

=3

LRelTIAWL!  Find the number of solution to equation log, (x+5)=6-x.

Sol.' Here,x +5=20"

I

I

i

I

I

t

I

I

I
-
=

[

]
1
1
1
]
1
1
1
'
on

nnnnnnnnnnnnnnnnnnnn

S S ] s e i O o

Fig.1.8"

‘Now graph-of y=x + 5 and y = 2°~* intersect only once.
Hence, there is only one solution.

Example 1.29

Solve 4'%82 18X =Jog x — (log x)* + 1 (base is ¢).

Sol. log, log x is meaningful ifx> 1. :
Since 4lug2[ogx: 22]og2!ng.r = (2]og2log::)2 o (log x)z ‘(alogdx =x,a>0,a# ])
So the given equation reduces to 2(log x)? —logx—1=0.
Therefore, logx = 1, logx = 1/2. But forx > 1,
logx>0sologlogx=1,ie,x=e.

Office.;. 606 , 6th Floor, Hariom Tower, Circu'lar Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Sol.ve dlog, ), (J;)+ 2log,, (xz ) = 3log,, (x3)

Example 1.30

4 log, Vx , 2logy(6%) _ 3log, (x*)
log, (x/2) log, (4x) log,(2x)

- 4x %Iogz(x)

Sol.

P 4log,(x) _ 9logy(x)
log, x=1 2+logy(x) 1+ logy(x)
Let log,x =1, given equation reduces to
2t 4¢ O '
- [
=1 1+2 t+l
' 4 9
& 2 -
t=1" t+2 t+]
2+4+4-4 9
(=D +2) 1+1

=2+(-6=0
=(1+3)1-2)=0
=1=0,20r-3

=x=1,4,1/8

= ¢(=0or

Exampile 1.31 NN Y T L LR A e

Sol. Let2'°%*=y, we gety? —6y+8=0

=y=4or2 ,
1£2'°8% =22 = loggx =2 = x = 81
1208 =21 = loggx=1 = x =9

Concept Application Exercise 1.2

1. Solve logy(25"*3 — 1) =2 + log,(5* **+ 1).
2. Solve log,(2 x4*~2-1)+4 =2x.

; ' :

3. Solve logs(5'* + 125) = logs6 + | + =T

4. Solve logy (x — 1) =log, (x = 3). .
5. Solve logg9 — l0gg27 + logex = loggx = logg4.

6. Solve log, (2v17 - 2x )= 1~ logy, (x~ ).

7. Solve 3log4 + 2log, 4 + 3log;,4=0.
8. Solve (logyx)(logs9) — log, 25 + log;2 = log,54.

9. Solve (x'°8 )2 — (3'%80 ¥y _2 =0 | ‘ "

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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LOGARITHMIC INEQUALITIES

Standard Logarithmic Inequalities

x>wifa>l

1. Iflog x> log,y =>
Bo¥ = 10Ba) {0<.r<y.if0<a<l.

x>’ ifa>1
2. Iflogx>y=
O<x<a.if0<a<l,

3. logx>0=x>landa> |
or0<x<land0<a<]

Frequently Used Inequalities
. x-a)x-b)<0(a<h)=pa<x<bh
2. x=a)(x~-b)>0(a<h)=px<aorx>b
3. x|<a=-a<x<a
4. x|>a=>x<-agorx>da

[AETUBIA B Solve log,(x-1) > 4,

Sol. log,(x—1)>d4=2x~1>2'=x>17

Solve logy(x~2) < 2.

Sol. logy(x—2)<2=0<x-2<32=52<x<1|

[RETITIOECEN Solve logn,;,(xz -x+1)>0.
Sol. logys(x*~x+1)>0=20<x?—x+1<(0.3)°

JEE (MAIN & ADV.), MEDICAL
+.BOARD, NDA, FOUNDATION

=0<?-x+1<1=x2-x +1>0and 2 -x<0=>x(x~1)<0

=0<x< | (asx?~x+ 1 =(x~1/2)*+3/4 > 0 for all real x)

SHINDITRRER Solve 1 <log,(x—-2)< 2.

Sol. 1<logy(x=2)S2=>2'<x-252?
=4<x<6

AT BRI Solve log,|v~ 1] < 1.

Sol. logylx—I[<1=20<|x—1{<2'
=5-2<x-1<2andx-1%0
=-—-|<x<3andx#I
=x€ (-1,3)-{1}

U [ MYE Solve logy ,lx—3|20.

Sol. logg,lx~3|20=>0<x-3|£(0.2)°
=0<x-3|€ I =-1<x-3<landx-320
=2<xS4andx#3=xe (2.4]-{3}

| Office.: 606 , 6th Floor,'Hariom Tower, Circular Road, Ranchi-1,
: Ph.: 0651-2562523, 9835508812, 8507613968



x+2 x4 2

ey =x=2 2x -1

—_— 0 <
X+ 2 e x+2

=-2<x< /2

YT ETE Solve logy(2a” +6x—5) > 1.

Sol. logy(2x?+6x—5)>1 = 2x2 +6x—5> 3!
=22+ 6x-8>0=>x?+3x=4>0
= (x-1x+4)>0=>x<-4o0rx>]

AENINMIA AN Solve log, o4 (x - 1) 21ogg, (x—1).

Sol. logg s (x=1)2logg, (x~1)
= 10g 5, (x = D 2logy,(x=1)

= -';-logo_z(x =1)2loggy,(x = 1)
= logga(x=1)2 2logg,(x—1)

= logg(x—=1) 2 logg, (x—1)?
=@x-1)<Ex-1)
={(x-1P¥-(x-1)20
=x=-DNx-1-1)20
={(x—1)x~2)20
=xSlorx22

Also, x> 1; hence, x 2 2,

‘ m&lve Iogm:,)(x2 -x)<L
Sol. log,,;(x*~x)<1 .

x(x=1)>0=>x>1orx<0
Ifx+3>1=2x>-2

then x° —x <x + 3 i
= x2-2x-3<0 O 4

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION
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1.16 rigonometry
=(x=-3)x+1)<0 ' ‘
Hence,x e (=1,0)w(1.3)
If0<x+3<1-3<x<-2,then
X¥-x>x+3

=x2-2x-3>0

=Sx-3Nx+D>0

=>xe (-3,-2)

EATINUIIREY Solve 2 logyx—4 log,27 S5 (x> 1),
Sol. Letlogyx = Wy g 3y
Therefore, the given inequality 2 log3,\ - 12 log,3 <5

12
=2y—~—<5
v

=22 -Sy—12<0(asx> 1 = y>0)
= 2r+3)(y-4)<0-

3 3 3
=5V ..._.'4 —-_-‘-,__..<|0 <4
)E[ 2 ] 2— g3x—

=32 <x<81°

Concept Application Exercise 1.3

.+ BOARD, NDA, FOUNDATION

(i)

(ii)

0

. 1. Solve log,|x} > 2.

il
2x+$5
3. Solve log,ox? - 2x~2) <0, °

2. Solve log,z <.

4. Letfix) =\/log,, x*". Find the set of all values of x for which /(x) is real.
5. Solve 28 "D > x4 5, :
6. Solve log, |4 - 5x|> 2. o . _ )

: +2
7. Solve log, , 5—;—— ) 1

. Solve log,, (W = 6x+ 12) 2-2.
9. Solve log, . (x—2)2-1.

10. Solve logy(x +2) (x +4) + log,s (x +2) < % log 5 7.

11. Solve log, (x*=1) £ 0.

FINDING LOGARITHM

To calculate the logarithm of any positive number in decimal form, we always express the given positive
number in decimal form as the product of an integral power of 10 and a number between 1 and 10, i.e., any

positive number k in decimal form is written in the form as
K=mx10, '
where pis.an integer and 1 <m < 10. This is called the standard from of 4.

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507613968
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Characteristic and Mantissa of a Logarithm

Let 12 be a positive real number and let m X 10” be the standard fom of n. Then n=m x 10°
where p is an integer and m is a real number between 1'and 10,i.e., 1 Sm <10 i

= logq 1 =log,q (mx10")
o logw m+ ]Dglol(y’

=logjgm+plogy, 10
=p+loggm

Here pis anintegerand 1 Sm<10.Now, 1 £#i <10
= logo 1< logom<log,, 10
= 0<loggm<I.
Thus, the logarithm of positive real number » consists of two parts:

e e

(i) The integral part 2, which is positive, negative or zero, is called characteristic.
(i) The decimal part log m, which is a real number between 0 and |, is called mantissa.

Thus, log n = Characteristic + Mantissa.

Note that it is only the characteristic that changes when the decimal point is moved. An advantage of using
the base 10 is thus revealed: if the characteristic is known, the decimal point may easily be placed. If the
number is known, the characteristic may be determined by inspection; that is, by observing the location of the
decimal point.

Although an understanding of the relation of the characteristic to the powers of 10 is necessary for
thorough comprehension of logarithms, the characteristic may be determined mechanically by the application
of the following rules:

1. For a number greatcr than |, the characteristic is posntwe and is one less than the number of digits to
the left of the decimal point in the number.

2. For a positive number less than 1, the characteristic is negative and has an absolute value one more
than the number of zeros between the decimal point and the first non-zero digit of the number.,

DYTSEIN  Write the characteristic of each of the following numbers by using their standard forms:

(i) 1235.5 (i) 346.41 (iii) 62.723 @v) 7.12345
) 0.35792 (vi) 0.034239 (viii) 0.002385 (viii) 0.0009468
Sal. L
Number Standard Form Characteristic
» 1235.5 1.2355% 10° 3
34641 3.4641x 10 : 2 1
62.723 6.2723% 10 ] |
7.12345 7.12345%10° 0 {
035792 3.5792x 10! |
- 0.034239 34239%x10% - *o,
0.002385 12.385% 107 -3
0.0009468 9.468x 10" : -4

Mantissa of the Loéaﬁthm of a Given Number

The logarithm table is used to find the mantissa of logarithms of numbers, 1t contains 90 rows and 20 column.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-l,
Ph.: 0651-2562523, 9835508812, 8507613968 .



R. K. MALIK’S JEE (MAIN & ADV.), MEDICAL

NJEWT'ON CLASS § + BOARD, NDA, FOUNDATION
1.1 . rigonometry ;

" Every row beings with a two-digit number 10, 11, 12, .., 98, 99 and every column is headed by a one-digit
number 0, 1, 2, 3, ..., 9. On the right of the table, we have a big column which is divided into 9 sub-columns
headed by the dlglt 1,2, 3, .., 9. This column is called the column of mean differences.

Note that the position of the decimal point in a number is immaterial for finding the mantissa. To find the
mantissa of a number, we consider first four digits from the left most side of the number. If the number in the
decimal form is less than one and it has four or more consecutive zeros to the right of the decimal point, then
its mantissa is calculated with the help of the num ber formed by digits beginning with the first non-zero digit. .
For example , to find the mantissa of 0.000032059, we consider the number 3205. If the given number has only
one digit, we replace it by a two-digit number obtained by adjoining zero to the right of the number. Thus, 2 is
to be replaced by 20 for finding the mantissa.

Significant Digits

The digits used to compute the mantissa of a given number are called its significant digits.

Example 1.45 R Write the significant digits in cach of the following numbers to compute the mantissa of

their logarithms : - ’
(i) 3.239 (i) 8 (iii) 0.9  (iv) 0.02
(v) 0.0367 (vi) 89 (vii) 0.0003 (viii) 0.00075
Sol.
Number Significant digits to find the mantissa
of its logarithm
3239 13239
8 80
09 9
- 0.02 g 20
0.0367 : ' 367
89 : 89
0.0003 . 30
0.00075 B 75

NEGATIVE CHARACTERISTICS

When a characteristic is negative, such as -2, we do not perform the subtraction, since this would involve a
negative mantissa. There are several ways of indicating a negative characteristic. Mantissas as presented in
the table in the appendix are always positive and the sign of the characteristic is indicated separately. For

example, where log 0.023 = 2.36173, the bar over the 2 indicates that only the characteristic is negative, that
is, the logarithm is -2 +0.36173.

IRCTITM I  Find the mantissa of the Iogarithmi)f the number 5395.

Sol. To find the mantissa of log 5395, we first look into the row starting with 53. In this row, look at the
number in the column headed by 9. The number is 7316.

o
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Mean Differences

12 3|45 6|7 8 9

i 7076 | 7084 | 7093 | 7101 | 7140 | 7118 | 7126 | 7135 | 7143 | 71521 2 3|3 4 5|6 7 8
7160 | 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7226 | 7235 |1 2 2 | 3 5|16 7 7
7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 é 1 24”2 4)5|6 6 7

dl1 2 2|3 5(6 6 7

7324 | 7332 | 7340 | 7348 | 7356 | 73684 | 7372 | 73B0 | 7388 | 73¢

Fig. 1.9

Now, move to the column of mean differences and look under the column headed by 5 in the row
corresponding to 53. We see the number 4 there. Add this number 4 to 7316 to get 7320. This is the.
required mantissa of log 5395. '
If we wish to find the log 5395, then we compute its characteristic also.

Clearly, the characteristic is 3. So, log 5395 =3.7320.

RPN ICYA Find the mantissa of the logarithm of the number 0.002359.

Sol. The first four digits beginning with the first non-zero digit on the right of the decimal point form the’
number 2359. To find the mantissa of log (0.002359), we first look in the row starting with 23. In this row, -
look at the number in the column headed by 5. The number is 3711.

Mean Differences

12 3|46 B|7 &8 8

211t 3222 | 3243.| 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404 10 12114 15 18

24 618
i 3494 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3508 |2 4 6 | 8 10 12[14 15
{23 3617 | 3636 | 3655 | 3674 | 3692 3720 | a747 | 37661 3784 |2 4 &7 9o 11(13 1&17)
77 3802 | 3820 | 3838 | 3856 | 3874 | 3692| 3909 | 3927 | 3045 | 3962 |2 4 5|7 9 11|12 14
uzsii 3070 | 3007 | 4014 | 4031 | 4048 | 40es)| 4082 | 4080 | 4116 | 4133 |2 3 5|7 9 10[12 14 15

||

Fig. 1.10

Now, move to the columm of mean difference and look under the column headed by 9 the row
corresponding to 23. We see the number 17 there.

Add this number to 3711. We get the number 3728. This is the required mantissa of log (0.002359).
Mantissa of log 23.598, log 2.3598 and 0.023598 is the same (only characteristic are different).

(BETITHIS L Use logarithm tables to find the logarithm of the following numbers:
(i) 25795 (ii) 25.795 : ' |
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-~ Sol.

(i) The characteristic of the logarithm of 25795 is 4.
To find the mantissa of the logarithm of 25795, we take the first four digits.
The number formed by the first four digits is 2579. Now, we look in the row starting with 25. In this row,
look at the number in the column'headed by 7. The number is 4099. Now, move to the column of mean
differences and look under the column headed by 9 in the row corrésponding to 25. We see that the
number there is 15.
Add this number to 4099. We get the number 4114. This is the requ1red mantissa. Hence, log (25795)
=44114

(i) The characteristic of the logarithm of 25.795 is 1, because there are two digits to the left of the decimal
pomt The mantissa is the same as in the above question. Hence, log 25.795 = 1314114,

'Similarly, log 2.5795=0.4114. and log (0.25795) =—1+0.4114 = 14114
Here — 1 + 04114 cannot be written as —1.4114, as-- 1.41 14 is a negative numberofmagmtude 1.4114,

whereas — | +0.4114 is equal to — 05886. In order to avoid this confusion, we write 1 for — 1 and thus

log(0.25795)= 1.4114 .

ANTILOGARITHM

The positive number » is called the antilogarithm of a number m if log n = m. If n is antilogarithm of m, we write
n=antilog m. For example,

() log 100=2 . = antilog 2= 100
(i) log431.5=2.6350 = antilog (2.6350)=431.5
(i) log0.1257=1.993 I - antilog (1.993)=0.1257

To find the antilog of a given number, we use the antilogarithm tables given at the end of the book. To find
n, when log # is given, we use only the mantissa part. The characteristic is used only in determining the
number of digits in the integral part or the number of zeros on the right side of the decimal point in the required
number,

To Find Antilog of a Number

Step I: Determine whether the decimal part of the given number is positive or negative. If it is negative,
_ make it positive by adding 1 to the decimal part and by subtracting 1 from the integral part.
For example, in—2.5983, the decimal part is — 0.5983 which is negative, So, write

~2.5983 =-2-0.5983
=—2—-1+1-0.5983
=-3+04017

= 3.4017

Step I1: In the antilogarithm table, look into the row containing the first two digits in the decimal part of the
given number.

Step I11: In the row obtained in step 11, look at the number in the column headed by the third digit in the
decimal part.

StepIV: In the row chosen in step 111, move in the column of mean differences and look at the number in the
column headed by the fourth digit in the decimal part. Add this number to number obtained in step I11.

Step V: Obtain the integral part (Characteristic) of the given number.
I1f the characteristic is positive and is equal to », then insert decimal point after (n+ 1) dlg]tS in the
number obtained in step I'V.

Office.: 606 , 6th Floor, Hariom Tower, Circular Roéd, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



’ JEE (MAIN & ADV.), MEDICAL
'E-EV'ﬁOMéL';L!éE% + BOARD, NDA, FOUNDATION
Logarithm and Its Applications 1.21

If n> 4, then write zeros on the right side to get (n + 1) digits.
If the characteristic is negative and is equal to ~ n or n, then on the right side of decimal point write
(n— 1) consecutive zeros and then write the number obtained in step IV.

VTR Find the antilogarithm of each of the foliowing :
(i) 2.7523 (i) 3.7523 (iii) 5.7523 (iv) 0.7523

(v) 1.7523 (vi) 2.7523 (vii) 3.7523 :
Sol. .
(i) The mantissa of 2.7523 is positive and is equal to 0.7523.
Now, look into the row starting 0.75. In this row, look at the number in the column headed by 2. The
number is 5649. Now in the same row move in the column of mean differences and look at the
number in the column headed by 3. The number there is 4. Add this number to 5649 to get 5653.
The characteristic is 2. So, the decimal point is put after 3 digits to get 565.3.
Hence, antilog (2.7523)=565. 3.
(i) The mantissa of 3.7523 is the same as the mantissa of the number in (i), but the characteristic is 3.
Hence, antilog (3.7523) = 5653.0.
(i) The mantissa of 5.7523 is the same as the mantissa of the number in (i), but the characteristic is 5
Hence, antilog (5.7523) = 565300.0.
(iv) Procecding as above , we have antilog (0.7523) = 5.653.

(v) In this case, the characteristic is 1, i.e.,=1.
Hence, antilog (1.7523) = 0.5653.

(Vi) Inthis case, the characteristic is 2 ,1.e.,=2. So, we write one zero on the right side of the decimal point.
Hence, antilog (2.7523) = 0.05653,

(vii) Proceeding as above, anlilog_(§.7523) =0.005653.

L LIEIE Evaluate ¥72.3 ,if log 0.723 = 1.8591 . g
Sol. Letx= 3723, T |

1
Then, logx=(72.3)"* = logx= 3 log 72.3

1
= logx= 3% 1.8591 = logx=0.6197

= x = antilog (0.6197)
=> x=4.166 (using antilog table) !

Using logarithms, find the value of 6.45 x 981.4. '

Sol. Letx=6.45x%9814,
Then, Ig x =log (6.45x981.4)
=log 6.45+10og 981.4
=0.8096 +2.9919 (using log table)
=3.8015
s x=antilog (3.8015)= 6331 (using antilog table)
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1.22 . Trigonometry.

PRI B Letx=(0.15)". Find the characteristic and mantissa of the logarithm of x to the base 10.
Assume log,,2 = 0.301 and log;10 = 0.477.
Sol. logx=1log(0.15)*"=20 lo i
g2 £ B 100 2
=20[log15-2]
=20[log3 +log5-2]
10

=20{—1 +log 3 —log 2]
=20[-1+0.477-0.301]

= 20%0.824=-16.48= 1752
Hence, characteristic =—17 and mantissa = 0.52.

| Example 1,53 EEERTTPLTN census, the population of India was found to be 8.7 x 107, 1f the population

increases at the rate of 2.5% every year, what would be the population in 2011 ?

Sol. Here, P, =8.7x107, r=2.5 and n=10.
Let P be the population in 201 1.

Then P=F, | e
100

=8.7x107 1+£
: 100

=8.7x107(1.025)"°
Taking log of both sides, we get

log P =log[ 8.7%107(1.025)'"]
=log 8.7 + log 107 +log (1.025)"°
=log 8.7+ 7log 10+ 10 log (1.025)
=0.9395+7+0.1070
=8.0465
= P =antilog (8.0465)=1.113 x 10* (using antilog table)

(BN CAEER Find the compound interest on ¥ 12000 for 10 years at the rate of 12% per annum
compounded annually.

Sol. We know that the amount A at the end of n years at the rate of 7% per annum when the interest is
compounded annually is given by

A T4 | '
100 -

Here, P=%T 12000, = 12and n=10.

3 gy {12000[“-13-] }
100
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25

[~ 10 '
=7 12000[2—8] ] i
25 ) .

1l
N
%
S
o]
wn
+
L
—t
o
e

: 10
Now, A= 12000 g
25

= log 4 =log 12000 + 10 (log 28 ~ log 25)
=4.0792+10(1.4472-1.3979)
=4.0792+0.493 = log A =4.5722

= A =antilog (4.5722) = 37350.

So, the amount after 10 years is ¥ 37350. ;

Hence, compound interest =¥ (37350 - 12000) =¥ 25350.

If P is the number of natural numbers whose logarithms to the base 10 have the
characteristic p and @ is the number of natural numbers logarithms of whose reciprocals
to the base 10 have the characteristic ~ g, then find the value of log,,P - log,,0.
Sol. 10°<P<10° = P=10"" 10" = P=9x 10P

Similarly, 109~ <0< 109= @=107-10¢""=107"'(10-1)=9x 107~}

*+ logoP —10g;0Q = logo(P/Q) = l0g,p10"4* ' = p—gq+ |
Let L denote antilog;, 0.6 and M denote the number of positive integers which have the

characteristic 4, when the base of log is 5 and N denote the value of 491110872} 4. 5-lorg4,
Find the value of LM/N,

Sol. L =antilogy, 0.6 =(32)10=2(V10=23=¢
M= Integer from 625 to 3125 =2500

N = 49(I—Ing, 2) L. 5-!0g,d

Example 1.55

Example 1.56

=49 X 7"2'081 2 + 5"!085 4

4 4 4 2
LM 8x2500x2
N 75 —‘1600
EXERCISES
Subjective Type Solutions on page 1.30

1. fx=logy,a,y= Idgm 2a,z= loém Ba,lbrove“that-l J;.r;vz =2yz.

2. Solve the equations for x and y: (’a“x)"’g3 = (4y)"B* glogx = 3logy
3. Ifa=log, 18, b =log,, 54, then find the value of ab + 5(a— b).
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4. Ify=a"""* andz=a'""®? then prove that x = e
5. Solvelog, 2 log, 2= log, 2.
6. Leta, b, c, d be positive mtegers such that log,b = 3/2 and log,d = 5/4. 1f (a - ¢) = 9, then find the value

of (b d).

7. Solve \Jlog(—x) = logx* (base is 10).

8. 1Ifa=b> 1, then find the largest possible value of the expression log,(a/b) + log,(b/a).

10.

11,

12.
13.

14,
15.

16. If

17.

(log, x)? - 21¢:)g9 X435

Solve 3 " =343,

: , ; 2x~3 }

Solve the inequality | [log, 1 LA

Find the number of solutions of equation 2* + 3* + 4" - 5% =0,

Solve x'°%* =2 and y"°&? =16.
Solve log,,2 + log,2x =-3/2,

Solve for x: (2%)'°% % = (3x)°%*

If logya log,a + log,b log.b +log,clog,c=3 (where a, b, ¢ are different positive real numbers # 1), then
find the value of abc.

log, N _ loga N -log, N
log. N log, N —log. N

,where N>0and N# 1, a, b, ¢ > 0 and not equal to 1, then prove that

b= ac. , »
Given a and b are positive numbers satisfying 4(log, a)* + (log, b)* = 1, then find the range of values
of aand b.

Objective Type Solutions on page 1.33

I

log, 18-s ) .
a. arational number b. an irrational numbgr ¢. a prime number d. none of these
Iflog, 5 = a and logs 6 = b, then log; 2 is equal to

1 1 1

. b. 2ab+ 1 d.

Nz 1] 2b+1 S 2ab -1
: ~4421

The value of x satisfying J3 HEBET Z1/94s
a2 b.3 c.4 d. none of these
2%%5 8 implies _ :
a.xe (0,00) b.xe (0, 1/5)wW(5,00) e.xe (I,) d.xe(1,2)
The number N =6 log,, 2 + log,, 31 lies between two successive integers whose sum is equal to
a.5 b, 7 ¢.9 d. 10
The value of 49171087 2) 4 571085 4 g
a.212 b.25/2 €. 625/16 ~d. none of these
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10.

11.

12.

13.

14,

151

16.

17.

18.

19.

20.
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a. odd integer b. primec number ¢. composite number  d. irrational

Iflog,x +log, y=1,x* +y=12, then the value of xy is |
a.9 b. 12 c. 15 d.2l

If tog, 3 =2 and log, 8 =3, then log, b is ‘
a. log; 2 b. log, 3 c. log; 4 . dilog,3

If (4)°%° 4 (9)'%2% = (10)°% ®, then x is equal to |
a2 b.3 10" - d.30 !
The value of log ab — log|b| =

a.loga ' b. log la]- ¢.—log a d. none of these

If (x+ )80+ = 100(x + 1), then ' 5 l

a. all the roots are positive real numbers. b. all the roots lie in the interval (0, 100)
c. all the roots lie in the interval [-1, 99] - d. none of these

If a, b, c are distinct positive numbers different from 1 such that (log, a log.a —log, a) + (log, b log. b |
—log, b) + (log, ¢ log, ¢ —log. c) =0, then abc is

a.0 b.e ¢l * d. none of these
Given that log (2) = 0.3010..., the number of digits in the number 2000%°%° is

a.6601 b. 6602 ¢, 6603 d. 6604

log, 24 log, 192

The value of is
loges 2 logys 2 ;
a.3 b.0 c.2 d. |
- : Y "
The set of all values of x satisfying K87 =g g '

a..a subset of R containing N b. a subset of R containing Z (set of all integers)
¢. is a finite set containing at Ieast two e]emems d. a finite set ’

b :
If In [a+b)=(lna+lnb}then—+—-iscqualto ‘
3 3 bh. a

2 i
a.l b.3 ' .5 d.7 |
The value of b for which the equation 2 log, s (bx + 28) =—logs (12 — 4x ~ x?) has coincident roots if
ab=-12 b.b=4 c.b=4dorb=-12 d.b=—4orb=12
IfS={xe N:2+ log, Jx+1>1 —Iogla,/4_x2 }, then
aS={1} b.S=Z c.S=N d. none of these
If @* - b° = 1, then the value of log (a’b") equals
a.9/5 b.4 2. d.8/5
If the equation 2 + 4" = 2V + 4* is solved for y in terms of x, where x <0, then the sum of the solutions is

a. x log,(1-2%) b.x +log,(1 -2%) ¢. log,(1-2% d. x log,(2*+1)
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22. The minimum value of the expression 2 log;x —10g,0.01, where x> 1, is

a2 b.0.1 a4 ‘ d.!
23. The value of 3"%¢° - 5% i

a.0 - 2 d. none of these
24. If a, b, c are consecutive positive integers and log (1 + ac) = 2K, then the value of X is

a. log b ' b.loga = d. ]

10

25. Iflogyx +log,2 = W log,y+log,2 andx#y thenx +y=

26.
27.
280

29.

30.

31.

32.

33.

34.

35,

a2 b, 65/8 ¢.37/6 _ d. none of these
Iflogyg| 1 |=x[log,y5~1], thenx=
2" 4+ x-1
a.4 b.3 c.2 d.]
IfS={xe R:(logys0.2 16) logs (5 —2x) <0}, then Sis equal to
a.[2.5,) b.[2,2.5) e.(2,2.5) d.(0,2.5)
Solution set of the inequality log,(x +2) (x +4) + log, 3 (x +2) < (1/2) logﬁ 7is
a.(-2,-1) b.(-2,3) e.(-1,3) d.(3,)
Iflog; {5 +4 logy (x— 1)} =2, thenx is equal to . _
a.2 b.4 c.8 d.log, 16
If 2x'9843 4 38 X = 27 then x is equal to
2.2 b.4 ' c.8 a6
Equation log, (3 —x) +10g; 55 (3 +x) =log, (1 —x) +log, 55 (2x + 1) has
a, only one prime solution ‘ b. two real solutions
¢. no real solution d. none of these
' 1+2log;2°
The value of —g:ig +(logg 2)? s
a2 b.3 c.4 d.1
" »
Product of roots of the equation log_g(S/x_z) =3 is
(logg x) |
a. 1 b. 172 ¢ 1/3 d. 1/4

Let a> | be a real number. Then the number of roots equation @*"%2* = 5 4+ 45829 hag
a.2 b. infinite ¢.0 , ' d.1

1 |
If(21.4)* = (0.00214)? = 100, then the value of — =g
a.0 b.1 c.2 d.4
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36.

37.

38.

39.

40.

41.

42.

43.

44.

48.

Logarithm and Its Applications 1.27

The solution set of the inequality log,, x*-16)s logo (4x—11)is
a. (4, ) b.(4,5) . c. (11/4,00) d.(11/4,5)

The number of roots of the equation log, - x + log;, Jx =0is

al b.2 c.3 d.0
The set of all x satisfying the equation B e oy 10 b
a. {1,9} b. {1,9,1/81} c. {1,4,1/81} d. {9, 1/81}
If xy2 = 4 and log; (log, x) + log, s (log; p)) = 1, then x equals
a.4 b.8 ¢. 16 d.o4
if2™=6"and 3™ =2"*! , then the value of (log 3 —log 2)/(x~y) is
a.l b. log, 3 - log;2 c. log (3/2) d. none of these
If log, x + log, y 2 6, then the least value of x + y is
a.4 b.8 c. 16 d.32
i fix) = tog [“‘—"J then

l-x
A fx) S =flx +x) ' b. flx+2)=2f(x+1)+£x)=0
e )+ fox-+ 1) = +x) d.fx,) +xy) =f(i'ﬂ?-]

14 xxy

#

Which  of the following is not the solution of log{_s__l] > [i_lJ ?
12§ 2 x

LIy o
als g b.(1,2) WNT D] d. none of these

[ x, and x, are the roots of the equation & - X" * = x with x, > x,, then
3

-

a.x, = 2x, b.x,= x} G 20y = x% d. x7 = x

The number of real values of the parameter & for which (log,s x)? = log,s x + log,s k = 0 with real
coefficients will have exactly one solution is

a.?2 b.1 c.4 d. none of these

Multiple Correct Answers Type Solutions on page 1.41

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct.

1.

For a> 0, # 1, the roots of the equation log,, a + log, @+ log a® =0 are given by

waa¥? B . c.a d.a"?

2
The real solutions of the equation 2**2. 5% = 10" is/are

a.l . b.2 c. —log,o (250) d.log;p4~3
logx lo lo

if BS o BL, 8 , then which of the following is/are true?
b=¢ c¢c=-a a-b

axyz=| b. X2 =1 e xtteypta b e | d. xyz =Xz
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4. Iflog, x. ldgs k=log,5, k#1, k>0, thenx is equal to
a.k b.1/5 &5 d. none of these

g X
5. If p, g € N satisfy the equation x_‘/; = (-\E) ; then p and ¢ are

a. relatively prime b. twin prime 7
€. coprime d. if log p is defined, then log,g is not and vice versa -

6. Which of'the following, when simplified, reduces to unity?

2log2 +log3
: . i 2 o~ L B
a 10g|05 |0g|020 (longZ) 1og 48 _ ]og4

' 1 64
¢. —logs log, /39 ; d. = ]ogjg (E]

7. 1f log @ x = b for permissible values of @ and x, then identify the statement (s) which can be correct.
a. If a and b are two irrational numbers, then x can be rational.
b. If a is rational and & is irrational, then x can be rational,
¢. If a is irrational and b is rational, then x can be rational.
d. If ais rational and b is rational, then x can be rational.
8. The equation log . (x—0.5) =log, ¢ s(x +1) has

a. two real solutions b. no prime solution c. one integral solution d. no irrational solution

9. The equation /I +log, J27 log;x+ 1 =0 has

a. no integral solution  b. one irrational solution e. two real solutions  d. no prime solution
10. Iflog;,,(4 — x) 2 log,,2 ~ log, ,(x — 1), then x belongs to

" 2.0, 7] b.[3,4) e.(1,3] d.[1,4)
k52 i
11. Ifthe equation x'%* = —, a+ 0, has exactly one solution for x, then the value of & is/are
a
2. 6+42 b. 2+ 64/3 c. 642 d.2- 63

Matrix-Match Type [N . ' Solutions on page 1.44

Each question contains statements given in two columns which have to be matched.
Statements (a, b, ¢, d) in column I have to be matched with statements (p, g, r, 8) in column I1. If the correct
matches are a-p, a-s, b-q, b-r, c-p, ¢-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

P q9 1 s

PO
PO
PO
lclolelo

o o

0

~Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Columnl Column 1]
a The'smallcst integer greater than p. 10
1 /[
+ is
log;m logy @
b Let3°=4,4"=5,5°=6,67=7,7°=8and §'=9. ;
Then the value of the product {abcedef) is @
¢, Characteristic of the logarithm of 2008 1o the
base 2 is : el
d If log,(log, (logs x)) = log,(logs (log, ¥)) =0,
then the value of (x — ) is 5.2
Column | Column I
|
a: The value of log, log, log, 256 + 2Iogxf§2 is g
' .6
b Iflog; (5x—2)-2 logz\/3x +1 =1-log; 4, i
thenx =
¢. Product of roots of the cquation 3
7Ing.,(.r‘-4x\+5)=(x_~ !) id
d Number of integers satisfying log, , 33
Vx =2 (log; 4 M x+1>0are
Columnl Column 11
. rational
a 2'°31:JEJ L is d
q. irrational

b. 3 Sl!log15 +—'-"'—;l"'—'—'—' IS
(=log,0.1)

C. l0g35 A Ings 27 iS

r. composite

d Product of roots of equation

x'B0% = 100 x s

S. prime

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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‘Integer Type Solutions on page 1.45

If log,b =2; log,c =2 and Jogzc = 3 + log,a, then the value of ¢/(ab) is

- 2. The value of (log,o2)* + log,,8 * 10g,o5 + (log,o5)’ is

3.

10.
11.

12.

13.

B
If loged = logeB = loge(4 + B), then {4;] (where [-] represents the greatest integer function)

equals

Integral value of x which satisfies the equation logy54 + log,16 = log 5 x — Iog%g— is

1 =ab
a—b

The difference of roots of the equation (log,x*)? = log,x® is

is

If a=logys175 and b = log,4,5875, then the value of

Sum of all integral values of x satisfying the inequality (3SRRa2-Ray _ edbiary s i

The least integer greater than log,15-10g,,2-l0g;1/6 is
2 = o 2 s
log, (2000) logs(2000)

The reciprocal of

Sum of integers satisfying \/logy, x—1 = 1/2 log, (x)+2> 0 is
Number of integers satisfying the inequality log,, x -3 > —11s
- —is

1
-5 IOg 2 8

X* =-x

Number of integers £ 10 satisfying the inequality 2 log,, (x - 1) <

-
The value of log[m+m)2 IS

ANSWERS AND SOLUTIONS

Subjective Type |

2

| +xyz =1+ (log,, @)(logs, 2a)(log,, 3a)
log a log 2a log 3a
log 2a log 3a log 4a

1
L Joga

log 4a
=log,.4a + log,,a
= log, 4d*
=2log, 2a
=2(log,, 2a)(log,, 3a) = 2yz

Office.: 606 , 6th Floor, Hariom Towér, Circular Road, Ranchi-l,-
"~ Ph.: 0651-2562523, 9835508812, 8507613968



’ JEE (MAIN & ADV.), MEDICAL
Evl\ffoMéLlﬂlsléEg ~ + BOARD, NDA, FOUNDATION
¥ Logarithm and Its Applications 1.31

2. (3x) = (4y)"®!, 4low = 3losy
=» (log 3)(log 3x) = (log 4)(log 4y) and (log x)(log 4) = (log y)(log 3)
=> (log 3)(log 3 + log x) = (log 4)(log 4 + log y) and (log x)(log 4) = (log ¥)(log 3)
=» (log 3)(log 3 + p) = (log 4)(log 4 + g) and p(log 4) = g(log 3) (where p=log x and ¢ = log y)

= (log 3)(]0;; 3+ qlLi:i)= log 4(log 4 + q) (eliminating p)
og

(log4)* - (log 3)
log4d -

= (log 3)*—(log 4)* =

=qg=-logd = logy=logd™' =>y=1/4
Now p(log 4) = g(log 3)

=> p(log 4) =—(log 4)(log 3)
=p=-log3

= logx=1log3 "'

=x=1/3

log, 18 1+ 2log, 3
log,12 2+log, 3

log, 54 1+ 3log, 3
log, 24 3+log,3

3. Wehavea=log,, 18 = and b = log,, 54 =

Putting x - log, 3, we have

ab+5(a-b)=l+2'r-l+3x+5 142x 1+3x
2+ x _3+x 24+x 3+x
C6x% 4+ 5x+145(=27 +1)
(x+2)(x+3)
B x* +5x+46 _.
x+2)(x+3)
1 1 ~log, x
4. log,y= ——, therefore, 1 —log,y=1- = a
ot 1-log, ot I-log,x 1-log, x
; 1-1 '
or l o8¢ ¥ ()
I=-log, y ~log, x
! ' ,
Butz=a'" 'Y = og, z= 1 =— +1
l1-log, » log, x
= =]-log,z=»log, x= ——
log, x 8a Ba 1-log, z
: ;
=='x____al-lozag,,z

5. Since log, 2 logy, 2 =l0gs, 2, wehavex>0,2x>0anddx>0andx# 1,2x= 1,4x # 1
==>x>0andx;tl,l,-- '

2 4
1 1 1

Then, . =
logy x log, 2x  log, 4x
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10,

. Trigonometry

= log, x . log, 2x = log, 4x

= logyx(1 +log, x) = (2 + log, x)

= (logyx)* =2 = log, x =++/2
cox= 282 e, 272 27
b=aandd=c"
Leta=x*andc=y" x,ye N .
=b=x;d=y

Givena—c =9, thenx’-y*=9

= (x =3")x +¥*) = 9. Hence, x~y* = 1 and x +? =9,

(No other combination in the set of + ve integers will be possible.)
x=5andy=2. Therefore, b—d=x> )" =125 -32=93.

. Since the equation can be satisfied only for x <0, hence vx? =|x| = —x. That is,

Jlog(=x) =log(-x) = log(-x) = [log(-x))*

= log(-x){1 —log(—x)] =0

iflog(-x)=0=>-x=1=x7-1

iflogyp(-x)=1 = -x=10=x==10 |
Let x = log,(a/b) + log,(b/a) = log,a— log,b + log,b — log,a =2 — (log,a + log,b)

-~ (iog,a - flog,b) <0

Hence, the maximum value is 0.

We have (log, x)s %logg X4gS = % (taking log on both sides to the base 3)

Putting logy x =y, we have y* - %y-f- 5= %

=229y +7=0,ie.,(Qy-7)(p=1)=0

=y=7/2 1 -
Therefore, either logogx = 1 orloggx=7/2

i.e., eitherx=9 orx=972=37

Inequality is true if

p ' 2 ;3
OS]ogz[zx_3J<f=>lS =2 <2

x-1. x—l
Nowzx 3_2<0 2x—-3-2x+2 0
xX- x-1
o = < 0= 1 »0 = ¥>1 - b T = i
p .
x—1 x—1 ; @

Office.: 606, 6th Floor, Haricgm Tower, Circular Road, Ranchi-l,
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and 2x—321=>2x—3d]20
x—1 x-—1
2x-3-x+1 o
g 22 ; lx 20:’2 >0=x220rx<1 )

Taking intersection of Eqgs. (i) and (ii), we have x 2 2.
N BV Ry S

2'\)? 3x 4)&‘
| = H = F=| =l
@ ) 5

Now the number of solutions of the equation is equal to number of times.

= Ex+ §x+ iIanci = | intersect
Y“15) "15) "5 4 \

A

e
i o X
0
Y .
Fig. 1.11

From the graph, equation has only one solution.

Let logx = =vx =)/ , | 0]
Also x' =2 and y" = 2*

= x =2 " (ii)
o y=2¥ , (iif)

Putting the values of x and y in Eq. (i), we have

2= 2" = 4P =1

/3
.t [i] : | (iv)

i 3
Using Ba, (v} in Eq, (i), we getz— (P -2

af3

Using Eq. (iv) in Eq. (iii), we get y = @y
Given equation is

1 & log,2x _ 3 .
1+log, x 2 2

1 -1+ log, x 3
= + =——
1+log, x 2 2
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14.

15.
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17,
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ST V. P AN
etl: ogzx—yzby 5775
=2+)y*+3y=0=3y=-1or-2
= 1+logx=-1or-2
=>10g}x=—~2 or -3

=x= 272or273

(2x) '°Su (3x)|°8a

= log,2[log 2 + log x] = log,3[log 3 + log x]
= (log;2)(log 2) —log,3 * log 3 = (log,3 — log,2) log x

log 2 log 3 -
og 5. 0g I 3=(10g3_‘

= —=log

log b log b log b

LY 2)% - (log 3 _ (]og 3-log2

‘ lOgb log b \
= log x =—(log 3 + log 2) =log (6)™

=2>x=1/6

logya . log.a+log.b . log.b+log.e. log,c=3

log a log a. log b log b M loge logc

logh loge logaloge logalogh
= (log @)* + (log b)* + (log ¢)* = 3(log a)(log b)(log ¢)
= loga tlogb 1 logc=0(as a, b, ¢ are different)

= log abe= 0= abc=1

log, N log, N —log, N
log. N log, N ~log. N

1 1
logyc logya logyb
log, @ 3 1

logy b logyc

Jogyc _logyc long—logNa
logy a logNa logy ¢ —logy b

s logy b—logy a .
logy ¢=logy b

= logy b-logy a=logyc—logyd
= bla=clb

= b* = ac

(log,b)> =1—(21og;0a)* 20
=(2logyo ay-1<0

=>(2 loglo a- ])(2 log,ga+1)<0

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION
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11 1
= log,ga€|-~,—|;a€ | —,10
b [ 2 2] [Jlo ]

l-(]()g") b)2 |
Similarly, (logga)’ = —Z—zo= (log,o b))} =120

= loggpbe [-1,1]=be [1—10- 10]

Objective Type | Mt N & -

1.b. Letlog, I18=pl/g, wherep,ge |

|4 1 1 p I m

where m, ne Jand n#0 = 3 =(2)"" = 3" =2" (possible only when m = n= 0 which is not true)
Hence, log, 18 is an irrational number,
2.d. Here,5=4%and 6= 5",
Let log; 2 =x, then 2 =3,
Now, 6 = 5" = (47 = 4% or 3 =22~!
Therefore, 2 = (222~ 1y = 292b=1) o y(2ab-1)=1.
3d, 3723 232 I o o Jog px=0 a1
4.b. Taking logarithm with base §, we have

x'o8s ¥ >5 = (logs x) (logs x) > 1 = (logsx— 1) (logsx+1)>0=logsx> l orlogsx<~1=x>Sor
x<1/5 ; .
Also we must have x > 0. Thus, x € (0, 1/5) W (5, ).

S.b. N=log,,64 +log;o31=log,q 1984 . Therefore,3<N<d4=7.

6.b. 490-108r2) 4 5I0msd =495 720Er2 4 §ologsd < gy 1 10
4 4 2
7. b- Iogz X —0_5 = Iogz\/; 5 |
= flog; x~0.5=05log,x=0y-05=0.5"=)" - 2p+ 1 =0=y=1 = logyx=1 =x=2

1
8.a. Let/=log,x(x,y>0,and 1), then t+-;=20r(t— 1=0

sot=logx=1,ie,x=y Wegetx®+x—12=0x=-4,3,
x =3 only (— 4 rejected)
9.c. log,8=3=3log,2=3=log,2=1
log, b=log, b.log,2=log, b.log;2.log,3 =1l.log;2.2=2log; 2=log; 4

10.c. (4)%93 4 (9)lo824 _ (1()lo8. 83

1

d10a,3 '
= (4)2 0 4 (9)282 2 = (10)°8 83 = 2 4 81 = (10)8 B = 83 = (10)°8 B = x=10
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11.b.

12. c.

i3. C.

14. c.

log ab is defined if ab > 0 or a and b have the same sign.

Case(i):a,b>0 '

= log ab - log|b| =log a + log b — log b=loga ' (1)
Case (ii): a. b <0 _
=> log ab - log|b| = log(— a) + log (-~ b) — log (- b) = log (-a) (i)
From Egs. (i) and (ii), we have log ab —log|b| = log |4|. .=

(x+ 1)“’2'0"‘“’ =100(x +1) = log;q(x + 1)"’&0‘“" Iogw(lOO(x +1)

logm(x+ l) logln(x+ l) 2+|0gm(x+ ])

Let l0g|0(x+ 1)“'}’ :

=) -p=-2=0=>y=20r-1 =>Iogw(x+l) 2 —l:>x+1-100 1/10=x= 990r 9/10
(log, alog.a~ 1)+ (log,b. log, b— 1)+ (log, clog,c—1)=0

loga.loga_*_]ogb_logb log ¢ logc

logb loge loga loge loga logb ‘
= (log @)’ + (log b)* + (log ¢)* =3 log alog & log ¢
= (loga+logh+loge)=0[Ifad+b*+c*~3abc=0,thena+ b+c=0ifazb+c]
= log abc = log 0 = abc= 1 '

Let x = 2000209

i

~ logx=2000 log,,(2000) = 2000 (log,,2 + 3) = 2000 (3.3010) = 6602 5

15. a.

16. d.

17.4d.

18.¢.

logy;24=1+a=log, 192=log, (16 x12)=4 +aand

Therefore, the number of digits is 6603.

=log,96=1log,2°x 12=3 +a

Letlog, 12 =a, then
& 10gog 2

=log, 12=a.
0812

Therefore, the given expression = (1 +a) (3 + a)—(4 + a)a=3.
Taking logarithm of both the sides with base 3, we have

logs(1 - x)2
log; x

= Togy (1—-x)2 =2 = (1—x)* =9 (clearly x % 3)
= x =4, - 2. Butx > 0, hence the solution set is {4}.

ln(a%—b] In ab IJ_

log, (1 —x)? logy x=2 = logyx=2

b
b Jab =4 +2a.b+b2 ab=>%+2+—=9

a

3

a b
S=t—=7
b a
2logs (bx + 28)
logs (1/5)*

For coincident roots, D=0 = (b +4)2 = 4(16)=>b+4==8

=_logs (12-4x—x*)=> bx +28=12 -dx —x*=>x* + (b +4)x + 16 =0

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi—l,
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19.a. 2+ log,Jx+1>1 —logm,};;_x?

20. a.

21, b.

22, ¢c.

23,8,

24. a,

25.d.

= |+ log, Jx+1~ log, J4—x2 >0
= log,2 + log, J.r-!-l ~ log, \/4 -x* >0

2,}x+1 2dx+1

= |ng\/4—2>0=:»\[4—2
-k -x

=4+ 1)2>4 -2 4x3 +8x+4>4 - =552 + 8x > 0= x>0 , (i)
Alsox+1>0and4-x*>0

=x>-land-2<x<2 , (ii)
From Egs. (i) and (ii), 0 <x <2 '
=x=lasxe N .

Given 4 log,a+ Slog, b= 0=:logab =—4/5 ()

>1

: 16
Now log,(a’6*)=5+4 Iogab=5+4(—§].~=5_ =X %

272+ 25(1-20=0
Putting 2¥ =1, we get
£ =1t+251-2%)=0where 1, =2” and t, = 2"
11, =2"(1-2%)
21h2=2%(1-2%
yyty,=x+logy(l-2%)
longOl

2 loggx - log, g8
10

=52 loggx + K 3 [l+ y]24
loglox

(where log,px =)

log5 loga
3Iog45= i
Let a=»log,5=logia=> ogd log 3
Ioga _log3
I 1
logS logd . 08577 logd

= g= Slug,S = 3!03.5_ Slng, 3=0
Leta=x-1,b=x,c=x+1
Now log (1 +ac)=log [l +(x=1)(x+1)]=logx*=2logx=2logb=>K=logh

10 |

1 1
?‘3'*'5 The given equation is of'the form p+~;=3+§—q+; wherep#qasx#y

=> logyx = 3. log;,l’= 1/3 =>x=23,}’=2'”=>x+y=8+2"-‘.
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26‘ d‘

27.b.

28. b.

29.b.

30. d.
31‘ d.

32.d.

33.d.

34.4d.

|35. c.

K.
BNT
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ON CLASSES Trigonometry |
RH.S.=x= - e e i i =0orx=
JLD. X [lﬂgm 5 “"IOglq 10]—x10810 B—loglo 2_1.' = zx +x-—l_ 2;( lt Cre Orex—] “Oorx"'l. .
(10g,6)(0.6)°) logs(5—2x) S0 =5-2x < | =x22 ' @)
Also,5-2x>0 ' (i)
From Eqs. (i) and (ii), we have x [ 2, 2.5) . :
(x+2)(x+4)>0andx+2>0 '

=x>-2

Now the inequality can be written as log; (x + 2) (x +4) - logs(x +2) <logy 7

=>log;(x+4)<log; 7=>x+4<Torx<3

We must havex—1>0 = x> 1 ; (i)
and5+4log; (x-1)>0=4logy; (x—1)>-5

:>l0g3(x—l)>-—%

=x—1>3 7 x> 1435 (ii)

From Eqgs. (i) and (ii), we getx > 1 + 3" Therefore, 5 + 4 log;(x=1)=9=>4log;(x-1)=4
=logy(x-1)=1=3x-1=3=>x=4

2 X083 4 B X =97 =y ) 30X | JOBY =99y IBT =9 =32 Jog, x =2, thereforex =42 = 16,
logy (3 —x) +10gg 25 (3 +x) =log, (_1 ~X)+10gy 55 2x+1)

= log, (3 —x)—log, (3 +x)=log, (1 —x)—log, (2x+ 1)

= log, (3 -x) +log, (2x+ 1)=log, (1 —x)+log, (3 +x)

=@ -x)(2x+1)=(1-x)(3+x)
=3+5x-2=3-2x—x%

=x2-7x=0

=x=1,7 .

Only x = 0 is the solution and x = 7 is to be rejected.

1+2l0g;2  (log;2)® _ (1 +logy2)’
(+log2)?  (I1+log;2)? (+logy2)’ |
Let loggx =y, then the given equation reduces to (1 —2y)A? =3,
=32 +2y—1=0=3* +3y—y-1=0
=3p(p+ 1= 1(p+ 1)=0=> loggx=y=1/3,~ |
=x=2,1/8
Given equation can be written as (@) = 5 +4a'%*

5052

Let %" =¢ then the given equation is 22— 47 -5 =0. We get (¢ —5) (t+ 1) =0
= 1= 50rt=-1 (rejected)
log, x

1
L @Bt =5 B 5y = §5'%7

(21.4)*= 100 = alog(21.4)=2 _
s log(21.4)=2/a : ' , ' (i)

Again (0.00214)" = 100, we get A(log 0.00214) =2 |
= hlog(21.4x 10H=2
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a .

36.b. X*~16S4x-11 =2x* -4x-550=3(x-5)(x+1)<0=>-1<x<5" (i)
Alsox?=16>0=>x<—4orx>4 (i)
Anddx-11>0=x>11/4 _ (iii)
From Egs. (i), (i) and (iii), we have x € (4, 5].

log x i “(/2)1og x
log3+(1/2)log x  log3+log x

37.h.

|0g3 X l |0g3 X 3
14 (1/2)logy x 2 (1 +logy x)

y \Y 7
14(y/2)  2(1+y)

2 |
=y + =0
[2+y 2(l+y))

=){4+4y+2+5]=0
= y=00ry=-6/5
=> logzx =0 or logyx =~ 6/5
=>x=]orx=39%3 '

38.b. Taking log of both the side with base 3, we have (log; x* + (log, x)* - 10) (log; x) = =2 log 3.
= logy x =0 or2 log, x + (log; x)*~8=0 '
=x=1,logyx=-1x3orlog;x=2,log;x=-4.

Hence,x=1,3%,3"=1,9,1/81.

39.d. log,(log, x) +log,s (log) ) =1
=» log; (log; x) - logz(log, ,v) = 1
= log; (log, (4/%)) ~ log;(log, ) = |
= log, (4/y%) = 3(log, o)
= log, (4/*) ==3(log,y) = log, (47) + (logy”) =0 =s 4y =1 =2y = /4 = x =64

Let logyx =y, we get

40. ¢. Taking log, we have (x + ) log2 =y (log 2 + log 3), therefore x log 2 =y log 3.

X Yy . X=y
o log3 log2 log3-log?2

A say .M

Also{x-1)log3=(y+ 1) log2.
orxlog3—ylog2=1log3+log2
Using Eq. (i), we get A [(log3)? - (log2)*] =log 3 + log 2
! ] 3
Am——— — = - =lopg =
oei—loes , therefore 7 log3 -log2=log 5

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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41.c. Givenlog,x +log,y26 = log, (xy)26

= xy 264
Also to define log, x and log, y, we have x>0, y > 0.
Since AM.2 GM. :

x;yzﬁy_ =x+y2 2.[xy 216

1+x 1+x
-x l-x

42.d. fix,)+fix,) =log (1—““—'. ]

43. c.

44.

45.a. log),x=

1+xx ;i-x +x
=log ] ¥ 1 2
Lo — X -y

I+ x] +X2 "
il !og l+x]xz '.:f X +x2
T e X%, )
1+‘X1XZ'

Given inequality is defined ifx > 2/5; x # 1

: i - 1 Q5
Casel: If x> ] = Q=g R xex +7 e
- W xr 3
= 2(x* + 1) < 5x '
=2x2_5x+2<0

= 2% —4x-x+2<0
=>{x-2)(2x-1)<0 )
=xe (l,2) ; ' . i)

Case II: % <¥< 1, then (x—2)(2x~1)>0.

2 % gy
-:.‘>xe[—5-, -Z-J : , | . | (ii)
From Eqs. (i) and (ii), we getx € (%, %] kL2

el _'xlnx=x3 .

Taking log on both sides, we getIn (& - x™) = In (x*)

=(nx)*-3Inx+2=0

=2(nx-2)(Inx-1)=0

Iflnx=2=x=¢

Iflnx=1=x=e¢

Since x, > x,, we getx; = ¢’ and x, = ¢
:>x22 =X
li\/l =4 loge k

2
s =16,1e., k=2,-2,2i,-2i,

. For exactly one solution, 4 log,s k= 1.
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Multiple Correct Answers Type . o - W

S =Xz
xaybzc - kpa(b-c)kpb{c-a)k;n{a—b) o )'(0 =
¥ cta a+b kp(b*-c)(h c) kp(c*‘a)(c a)kp(a-i‘b)(a b).:,ko_l

a,d.
log,, a+log.a*+ log,» a’ =0

1 2 3

= + + =0
log, ax log, x (log, a“x)

1 i 2 & 3 -
log, atlog, x log, x (2+log, x}

1 2 3
= + — 4
Let log,x =y, we have ¥l g By

=0
=67 +11y+4=0

=y=

b,c,d.
¥ +2 §6-x o 9x* gx’

_y ghxext _ grtox-2

= (6 ~x=x%) log,o 5 = (x* - x - 2) log,,2 (base 10)
= (6 —x~x) [1 =log,;10] = (x? - x = 2) log,2
=6-x-x2=(log,p2) [(* -x=2)~x*=x+ 6]

=6 —x~x = (log,p 2) (4~ 2x]
=x>+x-6=2(logp2) (x~2)

= (x+3)(x—2)=(log,p4) (x—2)

Therefore, eitherx =2 orx+3 = log, 4

s x % {og,h~3 = 1ogm(_.‘i_)  x=—log,,(250)
1000

a,b,c,d.
logy, x log, y log; z
Let = = -
b-¢c c¢-a a-b

= x= b~ = ppAe=a) 7= pla=h)
kp(b-c)kp[c—a)kp(a-b) =

y
bc.

log, x . logs k=
log xlog k
log k log 5

log, 5
5

X

—————— e - e " o

kp(:';-c)-!-p(c-a)-U-;(a-b)=kf),= 1

Office.: 606 , 6th Floor,-Hariom Tower, Circular Road, Ranchi-i, "
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log x =log. §
log 5
= logs x=
: logs x

= (logsx)*= 1 = logsx =+ |

=x=5*1 =x==,5

Lh | —

5. a,c,d.
x‘[; =(~/§)x,p,qu

= vVx logx =xlog Jx .

=>logx[\/_—~%}=0
= logx=0or [&—%jl =0

=x=]or4
6. a,b,c.

a. logw[?zﬁ] og (10X 2) + (log12)*= (1 — log,i2) (1 + logye2) + (logye22 =1

log 2° %3 |
" log(48/4) : _
c. — logs logy 9'1%=—log; log; 3" =—log,(1/5) =1

1 64Y 1 AV i

4 = logx | ¢ § (--) =g

| 6 gi}[w) 6 H\2 L -
7. asb,c,d. ' -

log,x=b=x=d"

- 4 ﬁJi '
. a.Fora=2 GEQam_ib=ﬁeQ;x=(ﬁ ) which is rational.

- b.Fora=2e Qand b=log,3 ¢ O;x=3 which is rational.

c. Fora= /2 andb=2;x=2
d. The option is obviously correct.
+ 8. hye,d.
log,(x-0.5) _ log,(x+1)
Clogy(x+1)  logy(x—0.5)

= [logy(x + 1)) = [logy(x—0.5)’]

= log,(x + 1) = logy(x —0.5) or - log,(x — 0.5)

If log,(x + 1) =logy(x —0.5) = x + 1 =x — 0.5 => no solution
If log,(x + 1) = log(x - 0.5)™ '

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1 2
t-(l/2) 2x -1

= x+ 1=

=@E+)(2x-1)=2
=2 +x-3=0
=2+ 3x=2x~3=0
=x=-1)2x+3)=0
= l(x=-3{2 rejected)
9. a,d. .

1+ s logs x+1=0
2logy x |,

Let logyx =y, we get

2N e 3 1 2y+3° |
l+—|y=-1=|1+— S = =5 S
.2y _ 2y) y 2y y

=22 +3p-2=0= 22 +4y—y-2=0=(y+2) 2y- 1)=0
y=120ry=~2=>x=3"(rejected) orx=1/9
10. a,h.
log) (4 —x) 2 logp2 —logp(x~1)
= logy (4 ~x)(x - 1) 2 log, ;2
= (4 <x)x—1)S2
=2 -5x+620
=(x-3)(x-2)20
=x23o0rx<2

Butxe (1,4)
=xe (1,2]U[3,4)
11. a,c .
(log, x*) log,x = (k 2) log, x -k  (taking log on base a)
Letlog, x =1, we get ' ‘
20— (k—2)t+ k=0
Putting D = 0 (has only one solution), we have
(k—2)*-8k=0
=k 12k+4=0

k='12¢J|"2§
e

—k=6142

Offlce 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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1.44 rigonometry

Matrix-Match Type (NI o o )

" lLa=qib—osic—=pid-or

: 1 1 '
a. We have + =log 3 + log 4 =log,12
ik e g, +log.A =log,

But 72 < 12 <7, we have 2 <log, 12<3.
h 3°=4; a=log;4

Similarly, b= log,5 etc.

Hence, abedef= log,4 - log,5 - log56 loge7 - log-,s logg9 = log,9 =2
c. We have to find characteristic of log,2008.
~ We know that log,1024 = 10 and log,2048 = 1 1, therefore

10 <log,2008 <11

Hence, it has characteristic = 10.

d log, (log; (logs x)) =0 =5 log,(logx)=1 = logyxr=2 =x=9

Similarly, we have log,(log, »=1

= log,y=3=y=8

Therefore,x -y =1,
2.a=s;b—picoqidor

a. A=log, log, log, 256 + 2log ; 2

= log, log, log, 4* + 2log, 122
=log, log,4+4log;2+4=1+4=5

b log; (Sx—2)—2log; \3x+1=1-log; 4
= logy (5x—2) —logs (3x + 1) +logy 4= |

= log,((sxT;f)?(ﬂ)=l: % =3=3x=]

R 7 -1y
=P ~4x+5=x-1]
=x2-5x+6=0
=S x-2)x-3)=0=>x=20rx=3
Also we must have x2—4x +5>0andx—1>0
= x> | (as x* —4x+ 5> 0 is true for all real numbers)

d x>0, -lj-logzx 2( =L )+1>0

= log, x—(log, x)>+2>0

= (logox)? - log, x =2 <0

Let log, x =1, we have # —¢—2<0
={-2)(1+1)<0=>-1<¢<2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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=-1<logx<2= % <x<4

Hence. the number of integers is 3, i.e., {1, 2, 3}.
a-qb-opsicoHp;d-=p,r

Wy
i 2|08ﬂﬁ,15= 2|0823rz’5 - 22/3!03;!5 - 2I05215 = 152/3

b 3 sl/logs5 1 ] = 13| 5lo8s7 ++ =\j[7+—l-—-—-——] =37+1) =2
J[ V(=logyy 0.1) J[ V(oo 0.17") ) ° logyq 10 el

log 5 log 27 . log 5 xg log 3 =.§_
log3log25 log3 2logs 2
d (log,ox)’ = log 100x =2+ log10x

Putting log x =1, we get ££ =2 +

=74-1-2=0

=>t=2o0rt=-1

= logl0x=2orlog 10x=~]

=x=1000rx=1/10

Hence, the product of roots is 10.

Integer Type

' ¢
1.(3) logyc =3 +logza = log; e 3=¢c=27a (1)

¢ logs5-logys27 =

log,b=2; logyc=2
= log,b - logyc=4= log,c=4=c=a" ~ (ii)
From Eqs. (i) and (ii), we get ¢ =3, c=81].
From relation (i), we have b=a* = 9.
Hence, c¢/(ab) = 3.
2.(1) Letlog,i0=pandliogslO=g
Hence,p+g=1
x=p+3pg+q
=(p+4q)’ -3pg(p+q)+3pq
=1-3pq+3pq
=]
3.(6) Letloged =logsB=1loge(4+ B)=x
=A=4B=6"and4A+B=9"
A+B=Y 247+ 6 =9
=5 2% 4 2% §F = 3

2x X
SORER
2 2

ﬁ(z)‘t:]*‘\[g | ‘ o

2 2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1+45 |

2

op

) i |
loge54 +1log,16=10g ;5 X —logss o

9
= | +2loge3 + log, 16 =2 logyx —logs 3
= 1+2log3 +log, 16 =2 log,x - logs2 + logg3
= 1 +log,16 =2 log,x — (logg2 + loge3)
= 1 +log,16=21log,x 1

4
= log, x
Letlogyx = ¢, we have (f—-2)(1 + 1) = 0

= {=20rf=-]
=x=4orl/2

=2 logyx -2

—~——

logg175 _ 2-+logg 7 -
logs 245 1+ 2logs 7
= a+2alogs7 =2+ logs7

a—2

a

= logs7= 1‘:5;

6.(8)

logs 875 3 +logs 7
b= logs 1715 1+ 3logs 7

=b+3blogs7=3 +logs7

b-3
=log7= 173

a-2  p-3 l-ab

From Eqgs. (i) and (ii); we get Tl 3 :>_a 5

(logyyx°) = logyx®
=> (3 log;x)* = 6 log,x
=3 3 logyyx (3 logym —2) =0

2
=x=1lorlogyx= 3

=x=27"=9
Difference=9—1 =8

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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7.3) Wemusthave [2-3x>0 and x>0 =>x € (0,4)

8.(3)

9.(6)

10.(5)

11.Q2)

12.(9)

Therefore, the integral values are 1,2, 3.
glogf tog.! |
Forx=1; [ 32 -(3 4 ) =3-3>32

Similarly, x = 2 satisfies but notx=3
Hence, the required sum = 3.
log, 15.logys2 . logs 1/6.
_logl5 log2 -logé6
log2 —log6 log3

= log;15 .
Let N=2log,4 + 3 log,5; where x = (2000)°

=log 4% + log,5°

]
= 2 . 3 o = —
=log4°-5 log( " (2000) 6

Hence reciprocal of given value is 6

,/logg x—1 —%log2 x+2>0x>0)

= Jlog, x—1 —%(logz x—l)+%>0
Let ,/logz x—=1=120, we have

logax?l =>x22

Then from Eq. (i), we have 1 - %rz —'l~% >0
=32 -2t-1<0

= 1/3<t<] .
From Egs. (1) and (ii), we have 0 </ < | -

0< flog, x—1 <1

0<logyx—1<1
l S-]0g2x<2
2€x<4

Hence, the integral values are 2 and 3, and their sum is 5.

logiplx~3[>-1
= pk-3|<2
= —2<x~-3<2
=>l<x<5,x=¢'3
Lx€e{2,4}
We must be x > 1

1

. 1
21 -N€ - - ——
e =1 3 log.r’..x 8

JEE (MAIN & ADV.), MEDICAL
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Logarithm and Its Applications 1.47

U]
(i)

(i)
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11 o
5 ——0%—“) +2logy (x—1)20

= log,2 —log,(x* —x) +6 log, (x— 1) 20
2(x — 1)° '
x(x~1)
_ sk
- 2(x-1

20

21

X
Putting x—1 =y, we have y > 0.
2 yS

-120
y+1

o .

% Mo e FOY
y+1

5_ —

2y" =2y+y 120
y+1

2y(y* -1)+y-1
=
y+l.

20

y-bl2yy+n (2D +1]
= . 20
y+1

y=1
= = 20=y21
y+1

=xe22d R
136) 3+ 243 = (¥7 +1)" and3 - 22 = (V-1
— .
J3+;J§+J3~2J5)2 log.s ((ﬁ+l)+(«ﬁ—]))

1
logza 23."2
9

ZSE:

= Iog(

6

Office.; 606 , 6th Floor, Hériom Tower, Circular Road, Ranchi-1,
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Measurement of Angles

Trigonometric Functions

Problems Based on Trigonometric Identities
Trigonometric Ratios for Complementary and Supplementary Angles
Trigonometric Ratios for Compound Angles
Transformation Formulae

Trigonometric Ratios of Multiples and Sub-Multiple Angles
Values of Trigonometric Ratios of Standard Angles

Sum of Sines or Cosines of n Angles in A.P.

Conditional Identities

Some Important Results and their Applications

Important Inequalities
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MEASUREMENT OF ANGLES

Angles in Trigonometry

In trigonometry, the idea of angle is more general; it may be positive or neg‘atfve and has any magnitude
(Fig.2.1).

8

A
2

0
Fig. 2.1

In trigonometry, as in case of geometry, the measure of angle is the amount of rotation from the direction of
one ray of the angle to the other. The initial and final positions of the revolving ray are respectively called the
initial side (arm) and terminal side (arm), and the revolving line is called the generating line or the radius vector.
For example, if 04 and OB are the initial and final p031t10ns of the revolving ray, then the angle formed will be
ZAOB.

Angles Exceedmg 360°

In geometry, we confine ourselves to angles from 0° to 360°. But there may be problems in which rotation
involves more than one revolution, for example. the rotation of a flywheel. In trigonometry, we generalise the
concept of angle to angles greater than 360°. This angle can be formed in the following way:

The revolving line (radius vector) starts from the initial position OA and makes n complete revolutlons in
anticlockwise direction and also a further angle ¢ in the same direction. We then have a certain angle f3, given
by B, =360° x n+ o, where 0° < &< 360° and n is a positive intcger or Zero.

Thus, there are infinitely many 3, angles with initial side OA and final side OB

For example, f3,= o, f;, = 360° + ct, B, = 720° + , etc.

B

360° + a.= B

720°+a=f,
- A

Fig. 2.2
Sign of Angles

Angles formed by anticlockwise rotation of the radius vector are taken as positive, whereas angles formed by
clockwise rotation of the radius vector are taken as negative.

Office.: 606, Gth Floor, Hariom Tower, Circular Road, Ranchi-1,
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8

~{360° - )

o) - A o ¥

Fig. 2.3

Relation between Degree and Radian _
Radian is a constant angle. One radian is the angle subtended by an arc of a circle at the centre. It is equal

to arc/radius. It is expressed as rad.

Fig. 2.4

Consider a circle with centre O and radius r. Let 4 be a point on the circle.
Join OA and cut off an arc of length equal to the radius of the circle.
Then, ZAOP =1 rad. Produce 4O to meet the circle at B.

= ZAOB=astraight angle = 2 right angles
We know that the angles at the centre of a circle are proportional to the arcs subtending them.

A’AOP* arcAP
ZAOB arcAPB

- LAOP
2 right angles  grr

[ are APB= % (circumfcrence):l

s <
2 right angles oy . 180
i

= ZAOP=

(+]
= srrad = 180°.

Hence, | rad =
n

Note:

e When an angle is expressed in radian, the word radian is generally omitled.
e 1°=60"(60 min) and 1°=60" (60 sec)
* Since 180°=ntrad. Therefore, 1°=n/180 rad.

Hence,30°= ——x30 =" rad,
180 6

450= 2 X45 = i rad,
180 4

T i g
§ i S =—
6 180)(60 3 rad,

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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90°= —— %90 == rad, etc.
180 7

o We have nrad=180°

180°
T

= |rad= -—[12820 7] =57°16"22" (approx)

e 180°=nmrad=1°= —ir—rad=(
180 7x180

o Sum of interior angles on convex polygon of n sides is (n —2)x rad.

) rad=0.01746 rad.

Example 2.1 Express 45° 20’10” in rad measure (7 = 3.1415).

10 .

1
degrees = —— degrees
ST

2 1
20'= w degrees = —degrees
60 3

16200+1 +120 16321

45°20'10" = (45 P l] degrees =
360 3

360 360
o (16321J _lex1 & . _ 16321 3.1416 51274054 _ o .
360 360 180 360 180 64800
LRI, Express 1.2 rad in degree measure.
I (12)%=12x ﬂdegrecs Gl X 182:7 | [ n——(approx)}

= 68.7272=68°(.7272 % 60) =68°(43.63) = 68° 43" (.63 x 60)” — 68° (43'37.8")

Find the length of an arc of a circle of radius 5 cm subtending a central angle measuring 15°,
Sol. Let s be the length of the arc subtending an angle 8% at the centre of a circle of radius r. Then, 8= s/r.

R R
Here,»=5cmand 8=15°= [ISXLJ :(1)

180 12
& s Sn
2 - = —== =5=—cm
r 12 5 12
Find in degrees the angle subtended at the centre of a circle of diameter 50 cm by an arc of
length 11 cm.
Sol. Here,r=25cmands=11cm.

/ R q N i 9
\r 25 25 =#

_ (U180 7]"
\25 22
(196 i i

= E) =(251] = 25°[lx60) = PaeR’
\, 3 5 5

"‘Office.; 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Example2.5 If arcs of same length in two circles subtend angles of 60° and 75° at their centres, find the
ratios of their radii.
Sol. Let r; and r, be the radii of the gwen circles and let their arcs of same length s subtend angles of 60°
and 75° at their centres.

R R
s R R
i 17 amn] 2, Sm
Now, 607 = (60’< ) -( J and 75°= (75x1J =[_)
' 180 3 130 12

n Sr T S Sz
ZelandZ=2 o —t =5 and —p == —=f ==—p =H4r, =51y iry=5:4
3 12 n 3 12 3 12

Hence, r;:r,=5:4.

L

i
-
|

GIIX N Assuming the distance of earth from the moon to be 38,400 km and the angle subtended by
the moon at the eye of a person on earth to be 31’, find the diamcter of the moon.

Sol.
A
c | =0
B
Fig. 2.5
Let AB be the diameter of the moon and O be the observer.
5 /4
Gi LAOB= 3} = — x —rad i
e 60 " 180

Since the angle subtended by the moon is very small, its diameter will be approximately equal to the
small arc of a circle whosc centre is the eye of the observer and the radius is the distance of the earth
from the moon. Also the moon subtends an angle of 317 at the centre of this circle.

= 9=i therefore 2l it S5, __AB_
r' 60 180 38400
31,2 g -
== x 38, 400 = 3464 — k
= A= X Tx180 6

ey
ne

=
H

Example 2.7 Find the angle between the minute hand and the hour hand of a clock when the time
is 7:20 AM.

Sol. We know that the hour hand completes one rotation in 12 hr, while the minute hand completés one
rotation in 60 min.
Therefore, the angle traced by the hour hand in 12 hr = 360°

Angle traced by the hour hand in 7 hr 20 min, i.e., 2—32 hr= [3320 X — 232] =220°

Also, the angle traced by the minute hand in 60 min = 360°

The angle traced by the minute hand in 20 min = (% X 20) “ 1207

Hence, the required angle between the two hands = 220° - 120° = 100°.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi- 1
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BTN R B - For each natural number, £, let C, denote a circle with radius £ centimeters and centre at
origin 0. On the circle C, a particle moves k centimetres in the counter-clockwise
direction. After completing its motion on C,, the particle moves to C; , , in the radial
direction, The motion of the particle continues in this manner. The particle starts at (1, 0).

" If the particle crosses the positive direction of x-axis for the first time on the circle C,,
then find the value of . |

Sol.

Ay
Cs

Fig. 2.6

The motion of the particle on the first four circles is shown with bold line in Fig. 2.6. Note that on every circle
the particle travels just 1 rad. The particle crosses the positive direction of x-axis first time on C,,, wherée n is
the least positive integer such that v 22x = n="1.

PRSI TR g H e T | SN R Te rpe

Concept Applicatlon Exerclse 2.4

1. A horse is tied to a post by a rope. If the horse moves along a circular path always keeping the rope tight
and describes 88 m when it has traced out 72° at the centre, find the length of the rope.

2. Ifthe angular diameter of the moon is 30’, how far from the eye a coin of diameter 2.2 cm can be kept to
hide the moon? .

3. Find in degrees and radians the angle between the hour hand and the minute hand of a clock at half past

* three.

4. There is an equilateral triangle with side 4 and a circle with the centre on the one of the vertex of that
triangle. The arc of that circle divides the triangle into two parts of equal area. How long is the radius of
the circle?

TRIGONOMETRIC FUNCTIONS
Trigonometric Functions of Acute Angles

An angle whose measure is greater than 0° but less than 90° is called an acute angle. Consider a right-angled
-~ triangle ABC with right angle at B. The side opposite to the right angle is called the hypotenuse, side opposite

to angle A is called the perpendicular for angle A4 and side opposite to the third angle is called the base for
angle 4.

Offlce 606 , 6th Floor, Harlom Tower Circular Road, Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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‘A b B A b B
Fig. 2.7

The ratio of any two sides of the triangle depends only on measure of aﬁgle A, for if we take a larger and

; . P h b : -
smaller right angle triangles as shown in Fig. 2.7, we have ’—l = F - _p_ (as these triangles are similar),
1 ' p *
Thus, the ratio of the lengths of any two sides of a triangle is completely determined by angle 4 alone and
.is independent of the size of the triangle. There are six possible ratios that can be formed from the three sides

of a right-angled triangle. Each of them has been given a name as follows.

-Definitions
@) sind=L - ) cade 2 ' (i) tan A= i
h : - h b
(iv) cotd= -!3- (v) secA= ’—’ (vi) cosec A= ﬁ

b P

The abbreviations stand for sine, cosine, tangent, cotangent, secant, and cosecant of 4, respectively. These
functions of angle 4 are called trigonometrical functions or trigonometrical ratios.

Example2.9 The circumference of a circle circumscribing an equilateral triangle is 24 units. Find
the area of the circle inscribed in the equilateral triangle.
Sol. 2aR=24n(R is the radius of circumcircle)

R=12

sin 30° =.~I% (» is the radius of incirclc)

r=—=6

Therefore, area of incircle = m? =367

Example2.10 lntr:angIeABC BC=8,CA=6and AB=10.Aline dmdmgthetrlangleABCmtotwo :

regions ol‘equal area is perpendicular to AB at the point X. Then find the value ofBX/\/_

C
Sol. From the ﬁgure 2( xy) =_8_x_6_ =24
2 2 6 8
xXxtan B=24 - y
xzx%=24 |
A B

P=32=x=442 » x__ % -

Fig'2.9

Office.: 606, 6th Floor, Hariom Tower, Circutar Road, Ranchi-1,
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RETITIFRIN  Let PQand RS be tangents at the extremities of the diameter PR of a circle of radius r. If PS

and RQ intersect at a point X on the circumference of the circle, then prove that 2r

. =JPQXRS ' s

Sol. From the figure, we have %% = (an (/2 - @)= cot 6. Q
and E—S-— =tan 6 " &
PR
PQ RS '
e S e, _ Ao & -0
PR PR _ - 2 "

= (PR =PQXPS .. 2
= (2rY’= PO X PS !

=2r= -JPQXPS Fig. 2.10

Example 2.12

Two circles of radii 4 cm and 1 cm touch each other externally and @ is the angle contained
by.their direct common tangents. Then find sin 0.

Sol.
Si 2 4
in ===
2 5 a2
3 a2
0 4 t l
o 5
0052 3
3 4 24
L sin 8=2x g g-—z—s'
Fig. 2.11

2
c .
= E (where, a, b, ¢ are

e AkY  Ifangle Cof triangle ABCis 90°, then prove that tan 4 + tan B
sides opposite to angles 4, B, C respectively)
Sol. Draw A4BC with £ZC=90°"

a b
tan A+tan B = — + —
h a
B a’ + b i .
ab ab ‘ ' a “
Fig. 2.12
‘Example 2.14 TR fdllowing diagram £ZBAO=tan™ '3, then find the ratio BC: CA
. B b
Sol. ..tan8=3
ocC B
P —— C
v tan 8, BC qote
BC 1tan@ 9
— = 2 =
=AC ooy tan“ =9 & . 9.4

Fig. 2.13

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Trigonometric Functions of Any Aﬁgle

Let 4 be a given angle with a specified initial ray. We introduce a rectangular coordinate system in the plane
with the vertex of angle A as the origin and the initial ray of angle 4 as the positive ray of the x-axis (Fig. 2.14)..
We choose any point P on the terminal ray of angle A. Let the coordinates of 2 be (x, y) and its dlstance from
the origin be r, then we define

G) sind=2 (i) cosd=2 (i) tanA=2
r r '
(iv) cotAd= 2 (v) secA= L2 (vi) cosec A= <
g x Y
' Y
P {(x%y)
NP (% y)
|
:yl (] r
X =3
K~ o) X
Fig. 2.14

« These quantities are functions of angle 4 alone. They do not depend on the choice of point / and the
terminal ray. If we choose a diffcrent point 2 (x7, 3”) on the terminal ray of A at a distance »’ from the origin, it
is clear that x” and y” will have the same sign as that of x and y, respectively, because of similar triangles AOPL
and AOP’L’.

Also, any trigonometrical function of an angle 4 is equal to the same trigonometrical function of any
angle 360n + A, where » is any integer since all these angles will have the same terminal ray. For example, sin
60° = sin 420° = sin (—300°). After the coordinate system has been introduced, the plane is divided into four
quadrants. An angle is said to be in that quadrant in which its terminal ray lies. For positive acute angles, this
definition gives the same result as in case of a right-angled triangle since both x and y are positive for any
point in the first quadrant, Consequently, they are the length of base and perpendicular of angle A4, '

Graphs and Other Useful Data of Trigonometric Functions
1. y=f(x)=sinx |
Domain — R, Range — [-1, 1]
Period — 21
sin’x , |sinx| € [0, 1]
snx=0=>x=nm,ne /
sinx=1=x=0@n+)2,nel
sinx=—~l =x=(4n- )2, ne /
sinx=sine=x=nn+(-1Y'a,ne /
sinx20=xe U[2nn , t+2nm)

nel

"

Office.: 606 , 6th Floor', Hariom Tower, Circular Road, Ranchi-1, |
Ph.: 0651-2562523, 9835508812, 8507613968
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a—\ I 1+ /\
+ t - — : > X
-7 -2 f 0 al2 - W 2r  5n/2

Fig.2.15

2. y=f(x)=rcosx
Domain — R, Range — [-1, 1]
Period - 2m
cos’x , |cosx| € [0, 1]
cosx=0=x=02n+ )2, ne I
cosx=1=x=2nn,nel
cosx=~1=x=2n+n,nel
cosx=cosd=x=2nnta,nel

cosx20=xe U[2mr—£, 2nr+ /2]
§ nel 2 ’
y

: ~. -
- M BOED CPZE

Fig. 2.16

3. y=f(x)=tanx
Domain = R~(2n+ w2, ne I
Range — (oo, 00)

Period— .
Discontinuowsatx=Q2n+ 1) w2, nel
tan’x , [tanx| € [0,.00) :
tanx=0=x=nm,ne/
tanx =tanx=>x=nnt A, ne/

Y
P

w
k] -

Fig, 2.17

Office.: 606 , 6th Floor, Hariom Tower, Cir_cUIar Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 °
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4. y=f(x)=cotx
Domain — R - nm, n € I; Range — (—<e, o2); Period — 7,
Discontinuous at x = nm, n € 1
cot’x, lcotx] € [0, o)
cotx=0=x=2n+1)nw/2,ne |

Y i

o
no 3

2r

roly

I 1
] I
) 1
I 1
| 1
I 1
I ]
I I
1 |
I ]
I 1
I 1
I |
| I
I I
I {
I 1
] 1
I I
1 I
1 I
| |
| i
I |
i I

Fig, 2.18

5. y=f(x)=secx
Domain — R~ (2n+ 1)w/2, n€ I; Range — (=o0, ~1] U [1, o)
Period — 27, sec’x , [secx| € [1, =)
K .

&

6. p=f(x)=cosecx
Domain > R~nm,ne I
Range — (—eo,—1] L[], 00)
Period — 27, cosec?x , cosecx] € [1, =)
y

_;q_'T _-j}_ 0 "E J'.'.'i 3'7: | 27
L 2 2 K & '
o B S o N -
:/\ 5/_\;
| [} 1
Fig. 2.20

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Trigonometry

Signs of the Trigonometric Ratios or Functions

The signs of trigonometric functions depend on the quadrant in which the terminal side of the angle lies. We
always take the length OP = r 1o be positive. Thus, sin 8= y/r has the sign of y and cos 8= x/r has the sign of
x. The sign of tan 8 depends on the signs of x and y and-similarly the signs of other trigonometric ratios are
determined by the signs of x and/or y. Sign can also be determined by the graphs. Thus, we have the following:

Function 1st 2nd 3rd 4th
quadrant quadrant quadrant quadrant
sin 0 +ve +ve -ve —-ve
cosec 8
cos 8 +ve -ve -ve +ve
sec 0
tan @ +ve -ve +ve -ve
cot 0

Variations in the Values of Trigonometric Functions in Different Quadrants

19 quadrant 2" quadrant 3™ quadrant 4" quadrant
sin @ T from0to | dfrom 1100 ! from01to-I T from-11t00
cos 6 dfrom1t00 4 from 0 to -1 T from =1 to 0 T fromOto |
tan 0 T from 010 00 T from —eoto 0 T from 0 to e T from —est0 0
cot 0 1 fromesto 0 4 from 0 to —ee  fromeot00 d from 0 to —eo
sec 0 T from 1 to ee T from ~ee o -1 L=l 10-e0 1 fromesto |
cosec 0 1 fromeato | T from 1 toee T from —ee to ~1 d from—1to~eo

Note:

+eo and —eo are iwo symbols. These are not real numbers. When we say that tan @ increases from 0 1o
oo gs 0 varies from 0 (0 /2, it means that tan @ increases in the interval (0, W2) and it attains
arbitrarily large positive values as 0 tends to n/2. Similarly, this happens for other trigonomeirical
Junctions as well.

Trigonometric Ratios of Standard Angles

Angle(8) — 30° 450 60°
T-Ratio |

sin 8 172 12 V312
cos 8 NEYY) N2 12
tan 13 I 45
cosec 6 2 2 213
sec 8 23 2 2
cot O 3 | 1143

Office.: 606 , 6th Floor, Hariom Towér, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Transformation of the Graphs of Tﬁgobometﬁc Functions

1. Todraw the graph of y = f{x + a); (> 0) from the graph of y = f{(x), shift the graph of y = f(x), a units left
along the x-axis.
Consider the following illustration.

Fig.2.21

To draw the graph of y = f{x — a); (a>0) from the graph of y = ﬂx) shift the graph of y = j(r) a units riglit
along the x-axis.
Consider the following illustration.

Fig. 2.22
2. To draw the graph of y = fix) + a; (a > 0) from the praph of y = fx), shift the graph of y = {x), @ units
upward along the y-axis.,
To draw the graph of y = f{x) — a; (a > 0) from the graph of y = f{x), shift the graph of y = f{x), a units
downward along the y-axis.

N

i
0
'
.
'
'
i
*
)
1]
i
1
[
i
I
)
]
i
1
1]
1
0
1
'
'
'
.
'
'
1]
'
1
L]
)
1]
L]
3
'
'
1
i

L e B S S i
1
i
1
'
1
¥
'
]
0

-

Fig. 2,23
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3. Ify=fix) has period T, then period of y = f{ax) is 7/|a|.
Y y=sin (2x)' .
y = sin x

G P HEE AN

| i ] 1 1 - 1 *, ] ]
. f A
A i ot ' VA i ., | 1 VA

207, B3m2N\_ 7/ a2\ ] _;dzl\/!fc-_:_’ndz Aoz X

| [ ] L) —1r 1 ] 1

Period of y =sin (x/2) is 2r/(1/2) = 4x
4. Sincey = |[f{x)| 20, to draw the graph of y = |f{x)|, take the mirror of the graph of y = f{x) in x-axis for

Ax) <0, retaining the graph for f{x) > 0.
Consider the following illustrations.

- y=|sinx|

1
1
|
I
|
1
L
i
I

Fig. 2.26

Office.: 606', 6th Floor, Hariom Tower, Cifcular Road, Ranchi-l,
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Here period of fix) = |cosx|is &

|tan x|

y:

af{x) from the graph of y f(x)

5. Graphofy

........
.....

it i D) et
1-:;_

L 2 R, S
H |

1

[}

1

1

|
-t

|

et e

H
1

i
i

i

o
=
— - | el
Il g
=t <
= (]
8 - -
= =
A
2
=
o
o
=]
==
D
20
B
z
2
ﬂw —
e —
= T OH
—
= H
= S
= -
— o «1
W ST <8
+| 1
I en v | e
1) il 1]
- I
- -
= @ o
= o <
-
S

is not possible as—1 < sing< 1.

=§
3

Sol. b.sin @

+p2_

1

i$ not possible, as

1+p2

numerator is always greater than the denominator for

l—p2

in

l—p2

cos @

does not lie in [-1, 1].

2

l+p2

l-p

0. Hence,

any value of p other than p

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1. ;
sec 0= 5 is not possible as sec @& (—oo, —1] U [, 0).

tan 6= 1002 is possible as tan @ can take any real value.

IDCHILI A Which of the following is greatest? '
~ a tanl ~ b tan4 ¢ tan7 d tan10

Sol. a.tan4 = tan(rr + (4 — ) = tan(4 — 1) = tan(0.86)
tan7 =tan(27+ (7 - 2m)) = tan(7 — 27) = tan(0.72)
tan10 =tan(37+ (10 - 371)) = tan(10 - 37) = tan(0.58)
Now 1>0.86>0.72>0.58

= tanl > tan (0.86) > tan(0.72) > tan(0.58) [as 1, 0.86, 0.72, 0.58 lie in the first quadrant and tan
functions increase in all the quadrant] ;

Hence, tan] is greatest.
IBEIDIPR WA Which of the following is least?
a. sin 3 h sin 2 c.sinl d sin 7
Sol. d.sin 3 =sin[z— (mr—3)] =sin(z—3) =sin(0.14)
sin 2 =sin[7— (n—2)] =sin{x—2) =sin(1.14)
sin 7 = sin[27+ (7 - 27)] = sin(7-27) = sin(0.72)
Now 1.14>1>0.72>0.14 ’

= sin(1.14) > sinl > sin(0.72) > sin(0.14) [as 1.14, 1, 0.72, 0.14 lie in the first quadrant and sine
functions increase in the first quadrant] '

Hence, sin 3 is least.

Alternative solution:

Fig. 2.30

From the graph, obviously sin 3 js least.

BEUPALE If A =4sin0+ cos’6, then which of the following is not true? .

a. Maximum value of 4 is 5 . b Minimum value of 4is—4
¢. Maximum value of A occurs when sin@=1/2 d Minimum value of A4 occurs when sin@=1
Sol. a,c,d. i g

F(8)= 4sin@+ cos?0=4sin@+ | —sin’0
= 5_(4—4sind+ sin’0) = 5 — (sin@—2)*
Now maximum value of /() occurs when (sin@-— 2)? is minimum. | i
Minimum value of (sin@—2)? occurs when sin8@= 1, then maximum value of f(B)is 5—(] —By =4
Also minimum value of f(6) occurs when (sin@—2)* is maximum.
Maximum value of (sin@—-2)* occurs when sin@=—1, then minimum value of f(6) is 5 — (-1 -2)’* =4,

Office.: 606, 6th Floor, Hariom Tower, Circular‘Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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- ' . 4xy
DRTNINIPALI Is the equation sec’f= = possible for real values of x and y?

(x +y
s 2 4xy
Sol. Given, sec® 8= ———
(x+y)
: 2 ; 4xy
Sincesec“8 21, we get 21

, (x+)

= (+y)i<dxy

= (x+y)*—4xy<0or(x—y)*<0

But for real values of x and y, (x—y)* 2 0

Since (x—y)?=0, x=y.Alsox+y#0=>x#0,y+0

4xy
Therefore, the given equation sec? 8= - 5 is possible for real values of x and y only when x = y (x # 0).

(x+y

N
ISEDINIPRIN Show that'the equation sin@=x + — is impossible if x is real.
- X

¢ | :
Sol. Given,sin f=x+ —
X

2
sin‘@=x*+ -IT+2.\' l=.1r2 +—]2—+2=[x_l) +4>4
% X X X X

which is not possible since sin % < 1.

Example 2.21

If sin’@, + sin@, + sin’@, =0, then which of the following is not the possible value of cos6,
+cos 6, + cos 6. .

a3 h -3 ' ¢ -1 d -2
Sol. d
sin%@, + sin?@, + sin*6; =0
= sin’8, =sin’6, =sin*8; =0 = c0s’0,, cos’By, c0s’0;=1 = ¢0s6,, o8, cosB, =+ |
cos @, + cos@, + cosé; can be -3 (when all arc-1) '

#

or3 - (when all are +1)
or—I1 (when any two are —1 and one +1)
or | (when any two are +1 and one ~1)

but =2 is not a possible value.

BN Pl For real values of 8, which of the following is/are positive?
a. cos(cos 6) b cos (sin'6) ¢. sin {cos 6) d sin (sin 0)
Sol.a,b. cos 6, sin @€ [-1, 1] or (value lies in 1* or 4" quadrant)
For which cos (sin ) is always greater than 0.
sin (cos 6) <0, when cos 8¢ [-1, 0] and sin(sin 8)> 0 when sin 8¢ [0, 1]

1
NI DWAN Find the range of f{x) = dcosx -3

Sol. =1 £cosx<1
= -4 <4cos5x<4
=-7<4cosx-3<1

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, .Ranchi-l,
Ph.: 0651-2562523, 9835508812, 8507613968 '
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=>-7<4cosx-3<0or0<4cosx-3<1 (- 4&05;:—3#0)

1 | 1
== — > o ree > — > | ‘ i
7 4cosx-3 4cosx J

1 1 [
dcosx -3 - i i)

Eximple2.24 EITDRLT range of fix) =

Ssinx -6

Sol. =l <sinx< |
=-5<5sinx<5 N

=>=l1£5sinx-6<-1

¢ -
-]l ——Z

= S5sinx—-6 ]”l
— iy (o
S5sinx -6 & =1~

XPTAIPRLM  Find the range of f{x) = cos® x + sec? x
Sol. We have
fx) = cos® x + sec? x
= (cos x - scc x)? + 2 cos x sec x
=2+ (cosx—secx)’ 22

TP PIM Find the range of f{x) =sin? x — 3 sin x + 2

Sol. fix) =sin®x—3sinx+2 |
" =(sinx=3/2)’+2-9/4
=(sinx~-3/2)*~1/4
~1<sinx<1
=-52<sinx=-3/2< ~1/2
= 1/4<(sinx-3/2)*<25/4 -
= 0<(sinx-3/2-1/4< 6

Example2.27 ERALGEGT range'ofﬂ.t)¥ \/sinz.\: -6sinx+9+3.

Sol. Aix) = \/Sin2 xX—06sinx+9+3

= J(sinx = 3)? +3

=|sinx—3|+3
Now -] <sinx <!
=-4<sinx-3<-2
=2<sinx-3|<4
= 58sinx~-3|+3<7

Offlce 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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[RCONN PRI M Find the range of f{x) = cosec? x + 25 sec® x.

Sol. f{x) =(1+cot’x)+25(1 +tan’x)
- =26+cot? x+25 tan’ x
=36+ 10 + (cot’ x + 25 tan® x — 2 cot x 5 tan x)

=36+ (cotx—5 tan x)? > 36

RELIIRLE  Find the value of x for which f{x) = /sin x - cos x is defined, x € [0, 27].

r———

- -

T 10 Mo,
A8 O .

% )
~n/4 / 5n/4 Bn 7; :
I | [} 1 ] I 1
il AN e, O
R <G ‘N T S (o RN i
Fig. 2.31
4 r 5w
From the graph, sin x 2 cos x, forx [I’ TJ
REIPRIM Which of the following is highest?
a. cosec 1 b cosec 2 * ¢. cosec 4 d cosec (—6)

Sol. d. Consider sin 1, sin 2 and ~sin 6 (sin 4 is negative; hence, cosec 4 cannot be maximum).

Yy
3
. i i i ; -
1 ] ] i 1 ]
o sman TR | — 1 I —— S— S -
: : : 1 ! :
] ] ] I [} ]
: 1 | ' : i
] 1 ) 2 L]
—m/2 72 T ) 2T
| i | ! |
Eaieant S fmmmmeannnn v emen A e e
| 1 1 | ] 1
Fig. 2.32

From the graph, sin (-6) is least, hence cosec (—6) is maximum.

BETINIPAINE  Solve tan x> cot x, wherex € |0, 27].

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Sol.
Yy

[} 1 ] ] (] 1 | ] ]

i : o3 41 A
0 JEPRLIE W 5 O, % WS 5 - —

\ I | ] N | | ( |

5 A A . P S

: i i i | 1 ! |- i
e e i L o o o 2 DY SR ¢

| | i ' i : i H |

l \ i H i : ! i i

| | (] ] | 1 1
S e WS — W O

: AR VAN &\«

l } i H | i ! i i

| | 1 R g

T T T = |

L /4 bi7) 3n/d4 7 5n/4  3n/ 4 JS2n

a S N N/
TR RYA T YT AT

| i ] i i ) . i ]

: NCH G A\

1 I 1] 1 1] 1 L} 1 1}

I \ 1 l i | \ i i

| COINY € N

: I NG | N 1]

| i ! i ; ! i ' i
WP ... P ), R N

g 4 \ ) it ! | ! ! !

Fig. 2.33

We find that tan x = cot x

Therefore, values of tan x are more than the values of cot x.

That is, values of x for which graph of y = tan x is above the graph of y = cot x.
From the graph, it is clear that x € (717’4 w2) VB4, my U (5w, 3m2) w(Tn/4, 2r).

T ke

gQ‘Corncerat’J‘-\pplric:atlt:m Exercise 2.2

* S o g $THERN o P IR + byt venk Wl

. Find the least value of 2 sin®* 8+ 3 cos? 6.
. Find the range of f(x) = sin (cos x).

. Find the range of 12 sin 89 sin’ 6.

. Find the minimum value of 9 tan? 8+ 4 cot? 6,
. Which of following is correct (where n e N)?
2

(T TJF R ICIEC

+1 '
a sin 9—”— h sin 8= c. sec 0= £+—2 d sec 8=

1 n
n n+l n-1 Jn? +1

. If sin? 6, + sin’ B, + -+ + sin® 6,= 0, then find the minimum value of cos @, + cos 6, + - +cos 8,.
. If sin? 8=x? — 3x + 3 is meaningful, then find the values of x.

8. Find the range of f{x) = \/4 - 1/1 +tan® x .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi- 1
Ph 0651- 2562523 9835508812 8507613968
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1

. Fi fRx)= ————.,

9. Find the range of f{x) 3Jcos x| =3
10. Find the range of f{x) = cos’x + sin’x - I.

1. Find the minimum value of the function f{x) = (1 +sinx)(]1 +cosx), Vx € R.

12. Prove that (sin 8+ cosec 6)* + (cos 0+ sec 6)2 2 9.

PROBLEMS BASED ON TRIGONOMETRIC IDENTITIES

Show that 2(sin®x + cos® x) = 3(sin* x + cos*x) + 1 =0.

Example 2.32

Sol.  2(sin® + cos® x) — 3(sin" x + cos™x) -+ 1
=2[(sin%x)® + (cos? x)*] - 3(sin* x + cos*x) + | = 2[(sin’x + cos? x)* — 3sin®xcos’x(sin’x + cos’x)]
= 3[(sin? x + cos?x)? - 2 sin® xcos®x] + 1 =2[1 - 3sin’xcos’x] = 3[1 — 2 sin® xcos’x] + 1 =0

1+sinf®
1-sin@

Sol. L.H.8.= 1+Sf"9 - |+s?n9 .l+sfn9
1-sin@ 19%in8 14510

_ (1+sin 6)’ =J(I +sin0)’
1-sin® @ cos? @

; iy
AETINIPREE Prove that =secld + tan@ —-,—;-< 0 <-E ’

A 1 +sin@ B ] +sin9 B 2\ialD
cosf cos@ cos@ -
= RHS.

1 1 1
ccA-tanA cosA COSA  secA +tanA
| | | 1
secA—-tan A cosA cmA secA+tanA

IBCTUNIPREN Prove that »

Sol. To prove

J 1 1 - : .
r, + = * = - @
secA-tanA sccA4+tanA  CosA CoSA  cos A
1 ] _ seCA+tanA+sccA—tanA . 2

Now LHS.= * = :
sccA—tanA secA+tanA  (secA —tan A)(sccA +tanA)  cosA

Example 2,35 EUREN 8+5cos =5, then show that 5sin 8—3 cos 8=+3.

Sol. Given,3sin@+5cos8=5 0]
Let5sin -3 cos 8=x ' (i)
Squaring and adding, we get
(9sin’6+ 25¢c0s20+ 30sinBcos 6) + (25sin?0+ 9 cos?@- 30sin Hcos 6) =25 +x?
= 9(sin? B+ cos?6) + 25 (sin?0+ cos?6) = 25 + x?-. ;

.= 34=25+xorx*=9 -

- .- -

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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= x=*3 .

I (sec A + tan A) (sec B + tan B) (secC + tan C) = (sec A — tanA) (sec B — tan B) (secC—tanC),

prove that the value of each side is + 1.

Sol. Let (sec4 +tan A)(sec B + tan B) (sec C +tan C) =x- ()
(sec A —tan A) (sec B—tan B) (sec C—tan C)=x. ‘ (ii)
Multiplying Eqs. (i) and (ii), we get ' " '

(sec’4 — tan®4)(sec?B — tanB)(sec’C — tan*C) = x*
o’r.r2 = ] ' y

Sox=d |

Example2.36 -

Hence, each side is equal to + 1.

Iftan@+secH= 1.5, find sin @, tan 8, and sech.

Sol. Given, sec@+tan@= 2 - ; ' 0)
g 2
1 2
N ~tanf=————— = = (see Fig. 2,34 i
ow, secf—tanf o+ A (see Fig. 2,34) (i)
— : 4 ' w2 13
Adding Egs. (i) and (ii), we get 2sec8 = ) +§ = %
sech= L |
12
tanf = =, | :
e = 12 : Flg. 2.34
and sin@ = e
13
Example 2.38 If cosec O sin @=m and sec&- cosO=n, climinate 6.
Sol. Given cosec 6~ sin 8=m, or —-]— —sin@=m
: sin @
| —sin’@ cos’ @ . _ _ .
Of, = =1, Of ~=- =m ()]
sinf sin@
Again sec 8- cos@=n, or - cosf=n
. cos@
o, A0 MR (i)
Y " cos@ :
2
Frowi B4, i), sing= 252 (i)
m
cos’ @
Putting in Eq. (ii), we get — =n, or cos® @ = m*n
* m°cosf
| ;
cos 0= (rr:2r3)3 ,or cos? 8= (:n2:|)3 ' (iv)

Office.: 606 , 6th Flbor, Hariom Tower, Circular Road, Ranchi-1,
Ph.:.0651-2562523, 9835508812, 8507613968
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2.\3 2 2 I 2 i
. 42
L cos’ 6 (m n) m3n3 5 = -
From Eq. (iii), sin 0= = = = m3n3 =(mn*)3
m m m
2
sin%@= (rrlr12)3 )

Adding Egs. (iv) and (v) , we get
2
(,‘,,2,,)3 + (n1n2)3 =c0s’ @ +sin’ @

; 2 2
or,( zn)3 +(nu12)3 =]

4 . 4
cos’A sin A
Example2.39 i} < — :“2 = 1, then prove that
‘ cos"B  sin“B 2 4
a sin'A + sinB = 2 sin*4 sin’B b cosqu_ ssz =1
. . cos“A  sin“A

cos' A sin® A

Sol. Given, 5 — =1(coszﬁ+sin2A)
-cos“B  sin“ B
4 ' . 4
s A
= c°2 —cos2A=sin2A-sm2A
cos” B : sin® B

cos? A(cos2 A —cos? B) (s;in2 B —sin® A)

= 3 = sin’ A —
cos” B ; sin“ B
2 - 9
cos“ A 2 2 sin“ A
= cos“ A —cos“ B} = [1—-(:0523-1—(:082/4]
(:082 B( ) sinz B ( ) ( )
COSEA 2 2 sinzA 2 2
= 7 (cos A —cos ‘B): — (cos A = cos B)
cos“ B sin“ B

2

2 . 2
= (cos!A—cos’B) | <=2 A_smzA =0
cos“B  sin“B

when cos?4 ~ cos?B =0, cos?4 = cos’B ' 0]
cos? A . sin® A

when — —
cos“ B sin“ B

=0, cos’ Asin* B =sin? Acos’ B

= ¢0s?A(1 - cos’B) = (1 — cos’4) cos’B
= c0s*A ~ cos’A cos® B = cos’B — cos’A cos’B
= cos’4 = cos’B (ii)

Thus, in.both the cases, cos’4 = cos’B.

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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1 - sin%4 = 1 —sin’B, or sin’4 = sin’B ' (iii)
a LH.S.=sin'4 +sin'B
= (sin?4 — sin?B)? + 2 sin’4 sin*B = 2 sin’4 sin’ B=R.H.S. [ sin’4 =sin’B]

4 . | 3. . ik
h L.H.S.:cos B sin®B _cos"B sin"B

- +
cos’A sin’A  cos’B sin’B

= cos’B + sin*B = |

BETN PR [fx=sec 8—tan Oand y = cosec 8+ cot 6, then prove thatxy +1=py—x.

1-sin 1+cos6 1—sin@+cos @

Sol. xy+1= , +] = -
cos@ sinf sinfcos@

(sin @ +cos? 8) (sin 6 -cos0)
sinfcos O sin 8cos @

(tan 8+ cot 6) 9 (sec 8~ cosec 6)

= (cosec 8+ cot @) —(sec O—tan @) =y -x

Concept Application Exercise 2.3

1. Show that 3(sin x —cos x)* + 6(sin x + cos x)* + 4 (sin® x + cos® x) = 13.
2. If sec @+ tan 8= p, then find the value of tan 6.

3. If (1 +sin A) (1 +sin B) (1 +sin C) =(1 —sin 4) (1 —sin B) (1 —sin C), then find the value of (1 + sin 4)
(1+sin B) (1 +sin C).

4, If (sec 8+ tan 6) (sec ¢ + tan @) (sec y+ tan ) =tan Btan @tan y, then (sec 9 tan 6) (sec ¢~ tan ¢)
(sec w—tan y) is equal to

a cot fcot pcoty b tan Otan ptan y
- e tan@+tang+tany  d cot @+ cot ¢+ cot

-

5. 1f icosC-J«iLZsinﬁl:l, iz;iné’—lccusf?:l,then eliminate 6.
a b a b

6. Ifa+ btan 8= sec Band b—atan 6= 3 sec 6, then find the value of &* + b2,

7.1f asin* x + bcos’ x=c, bsin® y+ acos’y=dand atan x = b tan y, then prove that
a* _ (d-a)c-a)
p: (b-c)b-d)

TRIGONOMETRIC RATIOS FOR COMPLEMENTARY AND SUPPLEMENTARY ANGLES

In each of the following figures, x and y are positive. Also triangles OPM, OP'M’, or OP’M are congruent.

Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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.

sin(~6) = -sind

cos(—6) = cos8

r r
cos (—@) = % = cos 8, tan(-6) =——i— =tan@

Taking the reciprocals of these
trigonometric ratios, we have cosec(—6)
= - cosec 8, sec(~6) = sec Oand cot(—6)
=—cotf

y
r Pix, y)
. 8 -
i o) - (M
NP (%, -y)
¥ y’

sin(90° —~ 6) = cos@

c05(90° — 8) =sinB

sin(90 — ) = = = c0s @
. r

¢0s(90—8)= L =sin@
r

tan(90 - 6) =X = cot 8
b

" y
sin(90° + 6) = cos® sin(90 + @)= = = cos@ \
r P/ (-3, N M" 5
¢0s(90°+ @) =—sinf cos(90 + 6) = e ~8in @
r g P(x, y)
tan(90+9)=—x-=:£=—coté? "'o @ G x
- P g
yf
; y y Ry Y4
sin (180° - @) =sin@ Now, sin(180—-8)= -; =sinf A’ i
X el P(x, y)
cos (180°—6) cos(180—0) = ——=—-cosf o
_ 4 180/~ 0
= —cosf and, tan(180 -~ )= =~—=-1anf M’ (¢} M
—-X v
_‘I
sin (180° + 6) =5in(180 + 6) =+ —= =—sing I A
g Pix, y)
=_sin @ cos(180 + ) = — = —cos 0 180- '
r X’ M’ "
cos (180°+ 6) tan(180+ )= —===1ané
-x X
=—cos 6 e
y'

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968




K's JEE (MAIN & ADV.), MEDICAL
IEEVI\%OM'CA\LIZ!S!éEé + BOARD, NDA, FOUNDATION

2.26 Trigonometry

Since the terminal sides of co-terminal angles coincide, hence thelr trlgonometrlca[ ratios are same.

Clearly, 360° — @ and — @ are coterminal angles. ,

Therefore, sin(360° — 0) = sin(—0) = -sin 6, cos(360° — H) = cos(—8) = cos 6, and tan(360° — 6) = tan(—6)

=—tan 6. Similarly, cosec(360° — 0) = ~cosec 6, sec(360° - 8) = sec Aand cot(360° - 8) =—cot 0.

Also @and 360° + Qare co-terminal angles. Therefore, sin(360° + 8) = sin 6, cos(360° + 8) = cos 6, tan(360°
+ @) =tan 6, sec(360° + 8) = sec O, cosec(360° + 0) = cosec Band cot(360° + 6) = cot 6.

In fact, for any positive integer », (360° X n+ 8) is co-terminal to 8. Therefore, for any positive integer n, we
have sin(360° X n+ @) =sin 8, cos (360° X n+ G) = cos 6, tan(360° x n + ) = tan 6, cosec (360° X n+ ) = cosec 6,
sec(360° x n + 0) =secBand cot(360° x n + 6) = cot 0.

'l‘lx_nmplc PRI Prove that sin (—420°) (cos 390°) + cos (- 660°) (sin 330°) =-1.

Sol. L.H.S.=sin(-420°) (cos 390°) +¢0s (—660°) (sin 330°)
=—5in 420° cos 390° + cos 660° sin 330° [ = sin(-8)=-sin O, cos(—0) = cos 0]
=—sin (90° X 4 + 60°) cos (90° x 4 + 30°) + cos (90° X 7 + 30°) sin(90° x 3 + 60°)
= —(sin 60°) (cos 30°) + (sin 30°) (—cos 60°)

c0s(90° + B)sec(—0)tan(180° -9)
sec(360° — 0)sin(180° + O)cot(90° -0) -

RET XYM Prove that

cos(QO“’ +8)sec(=0) tan(180°—8)  _ (—sinB)(secH)(—tanB) _
sec(360° —8)sin(180° + B)cot(90°-8)  (secB)—sin B)(tan ) a

Sol. LHS= =R.H.S.

RATTINSRRE If A, B, C, D are angles of a cyclic quadrilateral, then prove that
cos A +cosB+cosC+cosD=0.
Sol. We know that the opposite angles of a eyclic quadrilateral are supplementary, i.e.,A+C=7m and B+ D=nr.
A=p-Cand B=n-D
= cosd=cos(n—C)=—cos C
and cos B = cos (m— D) = —cos D - -
cos A+ cos B+cos C+cos D=-cos C—cos D+cosC+cos D=0

Show that tan 1° tan2°... tan89°= 1.
Sol. L.H.S. = (tan]1°tan89°) (tan2° tan88°) .. (tan44° tan46°) tan4 5°
= [tan1°tan(90°- 1°)] [tan2° tan(90° —2°)] ... [tan 44° tan(90° — 44°)}tan4 5°
= (tan1° cot1°) (tan2° cot2°) ... (tand4® cotd4°)tan4 5°
=1 [+ tan @cot @=1 andtan45°=1]

Example 2.44

Exa NPALE  Show that sin>5° + sin® 10° + sin® 15° + --- +sin?90° = 9% ;
Sol. L.H.S.=(sin®5° + sin’85°) + (sin*10° + sin®80°) + - + (sin®40° + sin?50°) + sin45° + sin?90°
= (sin®5° + 00825°) +(sin®10° + cos?10°) + - + (sin®40° + c0s?40°) + sin45° + sin®90°

2
=(1+1+1+1+1+1+1+1)+[L} +1=01

J2 2

Office.: 606 , 6th Floor, Har'iom Tower, Circular Road, Ranchi-1,
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(RETINIRETN  Find the v»fs-nluecnfcoszi + cnszﬁ +cos? ki +cnsz7—n.
16 16 16
. ~ M ‘ ” ”
Sol. L.H.S.= cos? i+cos*3—ﬂ'+cos2 (E - 3—” +CO¢2( —)
16 16 2 16 2 16
= cos? Z +cos? ] + sin23—n +5in? =
16 16 16 16
g . aq® 2 3m 2 37
= | cos® — + sin“ — | +| cos” —+ sin“ —
[ 16 16) ( 16 16)
=141=2 :

Ifsin (120°-a)=sin (120°- ), 0 < &, B< 7, then find the relation between czand .
Sol. Ifsin A =gin B, where 4=120° - and B=120°- f3
= A=BorA=n-Bie,A+B=x
= 120°-a=120°-f, or 120° =+ 120°- 3= 180°
= a=fora+ f=60°

Concept Application Exercise 2.4

1. In triangle ABC prove that
a. sind =sin(8 +C)
h sin24 =-sin(2B+2C)
¢. cosA =—cos(4+ B)

. (A+B) S
d tan| —— |=cot—
2 2

2. Prove that sin (~420°) (cos 390°) + cos(=660°) (sin 330°) =-1,
3. Prove that
1

a tan 720° —cos 270° —sin 150° cos 120° = &-

h sin 780° sin 480° +cos 120°sin 150°= —

1
4. Ifa= g prove that cos & cos 2@ cos 3 cos 4 cos Sacos 6= T

5. Find the value of lan—tan3—tan5—ntan7—nlan9—n

20 20 20 20 200
cot 54° . tan 20°
tan36° cot70°

7 4
7. Prove that sin? £+sin2 1—r-+sin2 ki +sin? i =2
18 9 18 9

8. Prove that sec(g-{r-—t?]sec(e—s—zjﬂan [5—ﬂ+9) tan(e—?—’E)=—l _
2 2 2 2

9. In any quadrilateral ABCD, prove that
a sin(A+B)+sin(C+D)=0
h cos(A + By=cos (C+ D)

6. Find the value of

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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2.28 Trigonometry

TRIGONOMETRIC RATIOS FOR COMPOUND ANGLES

Cosine of the Difference and Sum of Two Angles

1. cos(4—B)=cosAcosB+sinAsinB
2. cos(A+B)=cosAcos B-sinAsinB
for all angles A4 and 8.
Proof:
1. cos(4-B)
Let X’OX and YOY’ be the coordinate axes. Consider a unit circle wuth O as the centre (Fig. 2. 35)

Y Py(cos A, sin A)

y
P3[cos (A~ B), sin (A - B)]
\ (cos B, sin B) '
A Pa{cos B, sin B) Pl . B Py(cos A, sin A)

’ B . y A
X - X X' ’
' a4 . Po(1,0) e

P3
[cos (A - B), sin (A~ B)) }
r .
¥y M
Fig. 2.35

Let P, P, and P, be the three points on the circle such that ZXOP, = 4, ZXOP, = B and ZXOP,=A - B.

As we know that the terminal side of any angle intersects the circle with centre at O and unit radius at a
point whose coordinates are the cosine and sine of the angle. Therefore, coordinates of P, P, and P; are
(cos A, sin A4), (cos B, sin B) and (cos (4 — B), sin (4 — B)), respectively.

We know that equal chords of a circle make equal angles at its centre and chords Py P; and PP, subtend
equal angles at O. Therefore,

Chord .PQP_; = Chord P|P2

= y{cos(A=B)~1) +(sin(A~B)—0}? =+/(cos B~cos A)? +(sin B—sin A)?

=  {cos(4 - B)~ 1}%+ sin’(4 - B) = (cos B—cos A)? + (sin B - sm A)?
Y cosz(A =B)-2cos(A-B)+ 1+ sin%(4 ~ B) cos? B+ cos? 4 -2 cos 4 cos B +sin’ B
- +sin* A —2sin A sin B

= 2-2cos(4-B)=2-2cosA4cos B~2sinAsinB
= cos(4~B)=cosAcosB+sinAsinB
2. cos(A4+B) : . '
=cos (4 —(-B)) ' 0]
= c0s$ A cos (-B) + sin A sin(-B) [Using Eq. (i)]

=¢os A cos B—sin 4 sin B [ cos (—B)=cos B, sin (~B) =—sin B]
Hence, cos (4 + B)=cos A cos B-sinAsin B b

SATT RN ettt - - ——— S P —— - —

Note: : |
This method of proof of the abme SJormula is true for all values of angles A and B whether positive,

zero or negam'e

———
£
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Sine of the Difference and Sum of Two Angles

l'
2(

Proof:
1.

20

Proof:

sin(A—-B)=sinAcos B-cosAsinB

sin(4+ B)=sinAcos B+cosAsinB
We have ;
sin (4 — B) = c0s(90° - (4 — B)) _ [ cos (90°—8)=sin 6]
=¢0s ((90°-A4)+B)
= ¢0s (90° - 4) cos B - sin (90° — 4) sin B
=sinA cosB ~ cos4 sinB
sin (4 + B)=sin(4 — (—B)) (1)
= sin 4 cos (-B) — cos 4 sin (-B) [ Using equation (i)]
=sinAcos B+cosAsinB [ sin(-=B) = -sin B]
Tangent of the Difference and Sum of Two Angles
- tan A +tan B
I—-tan Atan B
b () tan A—tan B
I+tan Atan B
. We have
tan (A + B) = sin(A+B) _ sinAcosB +c?s Asrn B
cos(A+B) cosAcosB-sinAsinB
5 TN RS (i) {On dividing the numerator and denominator by cos 4 cos B8]
I-tan Atan B
tan(4 — B) = tan (4 + (-8))
tan A+ tan(—-B) . ;
= Using Eq.
1—tan A tan(-B) [Using Eq. (i)}
_ tanA-tan B
I+1an Atan B
Similarly, it can be proved that
.cot(A +B)= cot Acot B-1
cot B+cot A
cotAcot B +1

andcot(A—B)=
cot B—cot A

Some More Results

e s

sin(4 + B) sin (4 — B) = sin®* 4 — sin® B= cos® B—cos* 4
cos(4 + B) cos(A — B) = cos’ A —sin* B = cos? B—sin’ 4
sin(4+ B+ C)=sin A cos Bcos C+cos A sin Bcos C+ cos 4 cos BsinC—sinAdsinBsinC
cos(A + B+ C)=cos 4 cos B cos C—cos A4 sin B sin C—sin A4 cos Bsin C—sin A4 sin Bcos C
tan A +tan B +tan C —tan Atan Btan C

] —~tan Atan B—tan BtanC ~tanCtan A

tan(4 + B+C) =

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Proof:

I. sin(4 + B) sin(4 — B) = (sin A cos B+ cos 4 sin B) (sin 4 cos B —cos A sin B)
= sin’ 4 cos? B—cos® A4 sin® B
=sin? A4 (1 - sin? B)= (1 - sin® A) sin’ B
= sin? 4 —sin? A sin? B - sin® B +sin’ 4 sin® B=sin> A —sin’ B
=(1 - cos? A)—(1 —cos? B) =cos? B-cos? 4
2 cos(A+B)cos(4-B)= (cosA cos B sin A sin B) (cos 4 cos B+ sin A sin B)
= cos? 4 cos” B-sin’ Asin’B .
=cos? A (| —sin® B) — (1 —cos® A) sin® B = cos’4 —sin’ B
= (1 —sin? 4) — (1 - cos® B) = cos? B ~sin’ 4
5. tan(4 + B+ CO)=t1an{(4+ B)+ ()

tan A+tan B
+tanC

& tan(A+ B)+tanC _ _l-tanAtan B - tan A+tan B+tanC —tan Atan Btan C
I-tan(A+B)tanC | _[ tanA+tan B tanc 1—tanAtan B—tan BtanC —tan C tan A
~ {l-tanAan B

sin(B - C) " sin(C - A) ’ sin(A-B)
cosB cosC cosCcosA cosA cosB

(ETN L Prove that
Sol. Firsttermof L.H.S.is

. B_C » - ) g . .
sin ( ) _sinBcosC —cosBsinC _ sinB cosC co_sB sinC o T i G

cos B cosC cos BeosC cosBcosC cosBcecosC

Similarly, second term of L.H.S. = tanC ~tan4
and, third term of L.H.S. =tanA —tan B
Now L.H.S., =(tan 8 —tan C) + (tanC — tanA) + (tan4 —tan 8) = 0.

RPN PR U If sin asin B— cos acos B+ 1 =0, then prove that 1 + cot atan B=0.

Sol. Given, sin asin f~cos acos f+1=0
or cos ¢.cos B-sin sin f= 1
orcos(a+ ff)=1 : @
coset sin 8
sina  cosf3
_ sina cos § + cosasin B
sina cos f§

_ sin{a + B)
sing cos 8

S [ sin? (@+ )= 1—cos? (@+ B)=1~1=0]
sina cos f8 :

Now 1 +cot atan f=1 +

[l |
=
x
th

RETAP AW Show that cos? 0+ cos?(a+ 8)—2 cos @ cos Ocos (e + 0) is independent of 6.

Sol. cos?@+ cos’(a+ 6) -2 cos @ cos 8 cos (d+ 6) = cos? 6+ cos(a+ 0)[cos(a+ 0) - 2 cos a cos 6]
= c0s*0 + cos(a + B)[cos a cos §— sin arsin §—2 cos acos 6]
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= cos’6— cos( + @)[cos @ cos @+ sin xsin 6]
= 00529—_- cos(x+ @) cos(ax~ 6)
= c0s20 — [cos’a — sin0] = cos8 + sin*0— cos* ot
= 1 — cos?e, which is independent of 6.
ETALPAIN  [f3tan 8tan =1, then prove that 2 cos (8+ @) = cos(0- @).

Sol. Given, 31an 8tan ¢= | orcot Ocot ¢=3

cosf cosp 3
b Sin@ sing 1
By componendo and dividendo, we get

cos@ cos @ +sinfsing 3 +1
cosf cosp—sinfsing 3 -1

cos(@ - ) 5
cos(8+¢)
= 2cos(0+ @) =cos(0-¢)
Example 252 ERCTICEY B L, cos(A+B)= —5-», find the value of tan 24 where A and B lie between
Oandwd. V10 ' v29© '
tan (A + B) +1tan (A-B)
1 - tan{A+B) tan(A - B)

Sol. tan2A4 =tan[(4 +B)+(4~B)] = (i)

n
Giventhat,0<A<% m_1d0<.r§'«<Z
0< A+B< X
2
b5 n 1
Also, - —<A—B < —and sin(4 — B) = ~===(+)ve
4 4 ( ) J10 ()
0<A-B<Z
4
Now, sin (4 - B) =

0)

(&1 tad | o=
ﬁm )
o <

= tan{4-B)
cos(A+B)=

= tan{4+B)= 5 (i)
From Egs. (i), (ii) and (iii), we get

‘Office.: 606 , 6th Floor, Hariom Tower, Ciréular Road, Ranchi-1,
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¢0s10° +sin10°
RGTHIN (PSR Prove that e = tan S5Y,
cos10° -sin 10

- cosl0°+sin10°  14tan10°  tand5°+tani0° © -
i - - =tan(45°+ 10°)=tan 55° (dividing by cos10°
c0s10°~sin10° 1-tan10® 1-tan45° tani0° ( ) ( g by cos10°)

S
=
_|
@)
Z
0
—
>
0
)

SHINIPE N Prove that tan 70° = 2tan 50° + tan 20°,

tan 50° +tan 20°
1—tan 50° tan 20°

Sol. tan70°=tan (50° +20°) = (i)
=> tan 70° (1 —tan 50° tan 20°) = tan50° + tan 20°
= tan70°—tanS0° tan 20° tan70° = tan50° + tan20°
= tan70° =1an70° tan50° tan20°+ tan50° + tan20°
= tan(90° —20°) tan50° tan20? + tan50° + tan 20°
= cot 20° tan 50° tan 20° + tan 50° + tan 20°
=tan 50° + tan 50° -+ tan 20° = 2tan 50° + tan 20°

Iixzinlplc PRARN LetA, B, Cbethree angles such that A + B+ t‘= 7. 1f tan A- tan B=2. Then find the value

of cos A cosB.
cosC
Sol. GiventanA4 -tanB=2

cosAcosB _ cosA-cosB _ CosA-cos B
cosC cos(A+ B) sinAsinB-cosAcosB

Let y=

R\

“ A N 21

Range of f(0) = acos® + bsin0

Let a=r sinaand b = r cosq, then * = o® + b? and tana = alb
Now f(8) = acos@ + b sin@=r sin orcos@+r cos asin @ = r sin(8+ a) Va? +b* sm(G-}-tan ‘%J

Now-—] £ sin(@-f-tan" g) < 1

= —Ja? +b? <ya? +b° sin[&ﬂan"’ %)SJaz +b?

Hence, range is [—\/az +b°, \/02 +b? ]
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(BT R  Find the maximum value of A3 sinx+ cos x and x for which a maximum value occurs.

Sol. /3 sinx+cosx= 2(%—?— sin x+%sin x) =2 sin (x + m/6) |

which is maximum when x + /6 = /2 or x = 60° and has a maximum value 2.

XTVINPXVE  Find the maximum and minimum values of cos? 8- 6 sin @ cos 6+ 3 sin® 6+ 2.

Sol. cos? @~6sin @cos @+ 3 sin? G#2

- l+c2526_35in29+3(1-—02529)+2

= 4—~cos28-3sin 20

Now, —cos268—-3sin20 € [—.Jﬁ, JE]

= 4-cos20-3sin20e [4-@, 4+J1_0]

Concept Application Exercise 2.5

cot A cot B

X ;
l+cotA l4cotB
. Iftan 4 —tan B =x and cot B — cot A =y, then find the value of cot(4 — B).
3. Ifxis A.M. of tan 2/9 and tan 52718 and y is A.M. of tan 7/9 and tan 72/18, then relate x and y.
- AT
4. Prove that X 229 n 29 =tan 30tan 6.
I—tan”“ 20tan“ @ &
5. 1f A+ B=45° show that (I +tan 4) (1 +tan B) = 2.
6. Iftan A= 1/2, tan B= 1/3, then prove that cos 24 =sin 25.

1. If A+ B=225° then find the value of

b

7. Find the maximum value of | + sin(% +9] +2sin (% —6] for all real values of 8.

8. Find the maximum and minimum valﬁes of 6 sinxcosx+4cos2x.
9. If p(x) = sin x (sin® x + 3)+cosx (cos® x +4)+ % sin® 2x + 5, then find the range of p(x).

10. Find the value of cosjr— sinEE +-cos£ + Sin-zr- coss—n- —sin£ |
12 12 4 12 12 4
‘M. Ifcos(a+ B) +sin(e— B) =0 and tan B 1, then find the value of tan a.
12, Ifsin 4 +cos 24 = 1/2 and cos A + sin 24 = 1/3, then find the value of sin 34.

13. If sinx + siny + sin z= 0 = cos x + cos y + cos z, then find the value of expression cos(6-x) + cos(8-y)
+ cos(8-z).
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TRANSFORMATION FORMULAE

Formulae to Transform the Product into Sum or Difference
We know that

sin A cos B +cos A sin B=sin (4 + B) ‘ (i)

sinA4 cos B —cos 4 sin B =sin (4 - B) (ii)

cos A cos B—sinA4 sin B=cos (4 + B) - (i)

cos A cos B+ sin A sin B=cos (4-B) (iv)
Adding Eqs. (i) and (ii), we obtain , ' .

2 sin A cos B=sin (4 + B) +sin(4 - B)- . : (v)
Subtracting Eqs. (ii) from (i), we get

2 cos A sin B =sin (A + B)—sin (4 - B) @ (vi)
Adding Egs. (iii) and (iv), we gét [

2 cos A cos B=cos (A4 + B)+cos(4-B) ' (vii)
Subtracting Egs. (iii) from (iv), we get -

2 sin A sin B=cos (4 — B)—cos (4 + B) ' | (vii)

Formulae to Transform the Sum or Difference into Product

LetA+B=CandA—-B8=D.Then 4= E—‘;—D and B = -C%D-

Substituting the values of 4, B, C, and D in Egs. (v), (vi), (vii), (viii), we get

sin C+sin D= Zsin(C+P)cos(g) , ‘ ()
') 2
sin C—sinD-—-Zsin(C;'D)cos(C;D] ' ' )

+
cos C+cos D=2cos (C

& )cos[ F ; D) (x)

cos D-cos C=2sin (C;D)sin(C;—D) i

D] ) [C—DJ
sin| =
. . 2
or cos C—cos D =2 sin (C;D]sin[D;C]

These four formulae are used to convert the sum or difference-of two sines or two cosines into the product
of sines and cosines.

(xii)

v

; +
or cos C—cos D= —2§in(c

I
=

RECDINIPRLA 1fsin 4 =sin B and cos A = cos B, then prove that sin

Sol. WehavesinA=sinBandcosA4=cos B
= sinA-sinB=0andcosA-cosB=0
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=3 Zsin(A—B cos A48 =0 and —2sin(A_B sin(f—ﬁjzﬂ
2 ) 2 L2

=0, which is common for both the equations.

=> sin

Prove that cos 55° + cos 65° + ¢os 175° =0,

Example 2,59
Sol. L.H.S.=cos 55°+ cos 65°+cos 175°

55° +65°  55°-65°
0$ cos

+ cos175°

= 2¢
= 2¢0s 60°cos (—5%) +cos 175°=2 % % c0s5° +cos (180°-5°) =cos5°-cos5°=0

Prove that cos 18° —sin 18° = JZ sin 27°.

Example 2.60
Sol. L.H.S.=cos 18°~sin 18°=cos 18°—sin (90° ~ 72°) = cos 18%—cos 72°

1894+ 72° . 72°—18°
= 2sin sin
2 2

= 25in 45° sin27°=2% 5in27° = /2 sin 27°
Example X3 Prove that -

sin5A -sin3A
cosSA +cos3A4

sinA +s5in3A4
cos A +cos3A

=tan2A

=tan A

Sol.

. (5A-3A 5A+3A) ;
" g —sin3A i v &l 2 2sin Acos4A
sin 5A —sin _ i =tan A=R.H.S.

a LHS. = = . -
cos5A +cos3A ZCOS(SA;?:A)COS(SA;M] 2cosdAcos A

JA+A 3A-A

in3A+sin A R0 2 s 2 sin2Acos A

hHS STl o S = SO = an24=RHS.
cos3A+cos A ZCos( )cos[ ) cos2Acos A ‘

2
; a+ + +a
RN XYH] Prove that cos @+ cos f+ cos y+ cos(a+ B+ ) =4 cos > £ cos g > ? cost B

Sol. L.H.S.=cos a+cos f+cos y+cos (a+ f+7)
= (cos o+ cos )+ [cos Y+ cos (ax+ B+ ¥))

\ _ _ )
a+ﬁ cos[a ﬁ)+2cos[a+ﬁ+7+7j cos[a+ﬁ+}’ y) :
2 ) 2 2 : 2

= 2cos[a+ﬁ\cos(a—_ﬂ)+2cos[a;ﬁ] cos[a+g+27j

= 2c05[

. 2 ) 2
- ZCos[a;ﬁ:{cos[aT_ﬂ)ntcos(_a+g+2?’)}
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_ (a-B  o+p+2y oa+p+2y o-pB
a+B) > T2 g 8
= 2005[ ] 2cos > cos >

\

; /
= 2cos(a+ﬁJ 2¢cos aﬂl)cos[ﬁﬂ’] =4cos[a+ﬁ)cos[ﬁ-+T)cos(y+a)=R.H.S.
2 . 24 L2 L 2 2 2
p .th tsinA+sin2A+ sindA + sin5A v o
S oS A+ cos2A +cos4A +cosSA -
sin A+sin2A+ sin4A +sin5A

cos A+cos2A+cosdA+cosSA

Example 2.63

Sol.

_ (sinSA+ sin A} +(sin4A+sin 24)
(cos5A +cos A) +(cos4A+cos24)

'_, 28in3A cos2A + 2sin3Acos A
- 2c0s3Acos2A +2cos 3Acpé A

_ 2sin3A{cos 2A + cos A)
2cos3A(cos2A+cos A)

cosA + cosB ) sinA +sinB | . A-B
| 4| ————| =2cot

=tan3A

Example2.64 EBgynT3 that[ or 0, accordingly as n is

sinA —sinB coSA - cos B
even or odd. )
A+B e BN ~A+R A-BY
2¢cos > cos > 2sin > cos 2
Bk LG 2458 A | A Y O+B _ B-A
2cos sin | 2sin sin
2 2 2
. A\ A _RY | _
= [cot B] +(—cot B] [+ sin(— 0)=-sin 0]
W 2
A-B n ,A-B , "
= cot” +(=1)" cot =cot" A7 [1+(~—1) ]
0,if n is odd v | |
- - ifniseven.
2cot” A = B,

Example 2.65

Prove that (cos @+ cos f)* + (sin &+ sin f)* =4 cos’ (%) .
Sol. L.H.S.=(cos a+cos f)* +(sin a+sin B)* ' |

—{Zcos(a;ﬁ)cos(azé)}2+ {Zsin[a;ﬁ]cos(a;ﬁ]}%
= 4cos’ [a_;@){cosz a;ﬁ+sin2 a; ﬁ}
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- 4cosz(a-ﬁ) [ cosz——qgﬁ-&sinz _a;-ﬁ =l:|

IRVTIN PRI 1f sec (8+ a) + sec (0— @) =2 sec 6, then show that cos® 8= 1 +cos .
Sol. sec (0+ @) +sec(0-0)=2sec O
1 | 2

+ —
cos(@+q) cos(B-q) cos@

cos(@-a)+cos(B+a) 2
cos(@+a)cos(f—-x) cosf

2cosBcosa 2

o cos?@-sin®a  cosé

= 08’0 coso = cos’0 - sin’a

= sina=cos*6 (1 —coscr)

= | -cos?r=cos*0(1 ~cost) = 1+cosa=cos’O

In quadritaterat 4BCp ifsin( 232 cos( 252 +sin 22 eos( £52) -2,

then find the value of sin-'1 sin— sin— sin—.
y 2 2
Sol. sin( g

B A-B ([ C+D Cc-D
cos + sin cos =2
i B e W

— —;-[sinA+sinB+sinC+ sinD]=2

=sind+sinB+sinC+sinD=4

ﬂsinisingsingsing =1/4
2 2 2

Concept Application Exercise 2.6

1. a. Prove that sin 65° + cos 65° = V2 cos 20°,
b. Prove thatsin47°+cos 77°=cos 1 7°.
2. Prove that cos 80° + cos 40° —cos 20°= 0.
3. Prove that sin 10° + sin 20° + sin 40° -+ sin 50° = sin 70° + sin 80°.

n 2 on r
4. Prove that cos ? +cos ? +¢08§ — +cos— =0,

. . 1 1 Qa+ 2
5. If sin a—sin = — and cos - cos &= —, show that cot 4 —-.

3 2 2 3
A+B
6. If cosec A + sec A = cosec B+ sec B, prove that tan 4 tan B = cot

7. Prove that sin 25° cos 1 15°= %(Sil’l 40°-1).
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8. Ifcosd= i—, then find the value of 32 sin [g]sin [5_}{]

2
w Lo RN ' 4
9. Ifx cos 8=y cos (’6+T) =7 C0$ (9 +-3—), prove that xy + yz +zx =0,
10. If y sin @=x sin(268+ @), show that (x + y) cot (8+ ¢) = (¥ —~x) cot 6.
1t. 1If cos (A + B) sin (C + D) = cos (A - B) sin (C - D), prove that cot4 cotBcot C=cot D.

12. If tan{4 + B) = 3 tan A, prove that _
a. sin(24 + B)=2sin B b sin2(4 + B) +sin24 =2 sin 28

TRIGONOMETRIC RATIOS OF MULTIPLES AND SUB-MULTIPLE ANGLES

Formulae for Multiple Angles
1. cos24 = cos(4 + A) = cos’A —sin’d = | —2sin’4 = 2c08°A - |
Also sin® A= %flmcoszA) ,cos2A = %(1 +¢0s2A)
2. sin24 =sin(A + 4) =sind cosA + sind cosA = 2sind cosA

tanA+tanA _ 2tanA
I-tanAtanA  j-tan’ A

3. tan24 =tan(d +A)=

4. sin 34 =sin(24 + 4)
- =gin 24 cos A +¢os 24 sin A =2 sinA cos A cos A+ (1 -2 sin* 4) sin 4

=2sinA cos? A +sin A =2 sin® A
=2sinA (1 ~sin® A) +sinA-2sin* 4
=2 sinA—2sin> 4 +sin4 -2 sin’ 4
=3sind-4sin’4

5. ¢0s 34 =cos(24 + A)
= c0s 24 ¢0s A —sin 24 sin A=(2cos? A~ 1)cos A—2sin 4 cos A sin 4
=2 cos® A—cos 4 -2 cos 4 (1 —cos® A)
=2cos’ A—cosA—2cosA+2cos’ A

=405’ 4A—3 cos A
6. sin2A4 and ¢os 24 in terms of tan A

. : 2sin Acos A 2tan A
sin24 =2sinAcos A= = 7= -
_ COS“A +sin“A  1+tan“A

[dividing numerator and denominator by cos? A)
cos? A-sin® A - 1-tan? A
cos’A+sin A 1+tan® A

[dividing numerator and denominator by cos® 4]

cos 24 =cos? A —sin? A=

I—~cos2A

Also tan’4 =
_ 1+cos2A
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7. In the formula of tan(4 + B + C), putting B=A and C = A4, we get

3tan A —tan’ A

tan 34 = 5
1-31an“ A

cot® A—3cot A
3cot? A-1

Sy =83+ 85 =8+

1-8, +84 =8+

Similarly, we can prove that cot 34 =

8. tan(Al +‘A2‘+“ '”Ah)=

where
S, =tan 4, +tan 4, + --- + tan 4, = Sum of the tangents of the separate angles,
S, =tan A, tan 4, + tan 4, tan 45 + --- = Sum of the product of tangents taken two at a time,
Sy =tan A, tan A, tan A; +tan A, tan 45 tan A, + --- = Sum of the product of tangents taken three at a time,
and so on. '
" If  Ay=A,=--=A,= A, then we have

S, = ntan 4, S, ="C, tan? 4, S; ="C; tan’ 4, ---

RGP AT I  Prove that
sin2d sin2@
—_—  =tan® —=cot#
a. 1+cos20 b 1-cos20

1+sin28+cos28 -

—1+sin0-cos£?

c. = =cotf d - = tan 0/2
1+sin20-cos20 1+sind +cos0
cos 20 cosf n 0
—— — =t{an(7/4 -0 - A
P NS “‘“(4 2]
Sol. _
4 LHS. = sin 20 N 2sinfcosb - tan6 = RHS.
14+cos28 2¢c0s° 0
b LHS = ‘s1n29 % ZschosB:cme:R‘H'S.
1=cos 28 2sin’ @
o LHSEe 1+sin 20 +c0s26 _ (1+4cos 20) +sin 28
T 148in20-c08268  (1-cos26) +sin 20
= 2cos? 0 +2sinBcos O
2sin® @+ 2sinHcos B
_ 2c?39(c036+s.m 9 _ c-?)sﬂ — col§ =R.HS.
2sinB(cos@+sin8) sinf
4 LHS. = l+sin@—cos@ (1—cos8)+sinb

1+sinB+cos@ (14+cos@) +sinf

.20 .0 6 2.9(.§_+ g)
2s5in ~é—+2$m§-cosa—— sz Slﬂ2 0082

o ..0 6
2c0s2§+23m-2—c0s5 2cos%(sin%+cosg)

= lang =R.H.S.
2 .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1+8in 26

sin(E—ZB)
2
biA
1+ —-28
ol E-20)
2sin [E- Bjcos [-—’E —9)
4 4
2 cos? (3—9]
4 .

tan [5—9] =RHS.
4

(@ m 8 (n 8
.8 N L,
cost _ Sm(2 ) zZ%m[4 2](:03[4 2] o (n 0

= Iy ———]zR.H.S.
1+sin8 1+cos(£w9) > [E_g] 4 2,
2 4 2)

1+5in28 _(1+tan0 )
1-sin2¢ |1-tan@ )’

Il

f. LHS.=

IDETINI R Prove that

1+ sin 260
1-sin20

Sol. LH.S.=

sin’ @ +cos” @ +2sinOcos O
sin’ 0 +cos? 8 —2sin Hcos O

¥ 2 2 _
[M) - [1 il 9) (dividing numerator and denominator by cos 6)
sinf —cos 0 l1-tan@ _

BENTNISR/UM If o+ B=90°, find the maximum value of sin asin f.

Sol. Lety = sin asin B=sin asin (90° - &) = sin & cos o= %sin 20

Wi‘liCh has the maximum value 1/2 whensin2a=1.
1- tan? [-;5 » A]

= sinZA.
1+ tan’ [% . A]

1—tan2(£—AJ 2
: 4 _1-tan“ @

Sot. — =22
- 1+tan2(£—AJ l+tan” 6
4

“

AR A R Prove that

[whereg——- A= 6‘] =cos 20= cos[%-—ZA] = gin 24

' , A-B
BN AP Prove that (cosA cos B)* + (sm A —sin B)* = 4 sin? .

Sol. LHS.= (cosA —Cos B)2+(smA sin B
= cos 2 4+ cos’ B~2¢c0s A cos B+ sin® 4 + sin® B - 2sin 4 smB

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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= (cos® 4 +sin® 4 ) + (cos? B + sin® B) — 2(cos A cos B + sin A sin B)

=2-2c05(4 - B)=2( 1 - cos(4 - B)) =4 sin?

IfsinA= 3 and 0° <A <90°, find the values of sin 2A4, cos 24, tan 2A4, and sin 44,

Example2.73

. ; 3 ,
-Sol. Givensind = —and 4 is an acute angle.

5
cosAd = % [ Ais acute]
andtanA=—3~
4
Now,sin2A=2sinAcosA=2xgxi=.2i
5 § 25
coszA=l—2sir|2A=]—2><i=l
20 €20
2x3 6 6
2tan A v ) g
tan24 = = WS S =.§><E=E
1-tan“A A\ 1__2. Yo7 1
\\L 7 16 16
sin4A=25in2AcosZA=2x2ix-l=.?£6. ;
250 25 o>

,prove that a+2f8= %,wherelk a< % and 0 < g < 3"

1
(SO AER Iftan = —, sinf =
7"

1 .
tana +tan2f ?+tan2ﬁ ) : 0

- Sol. tan(a+2f)=
1 —tan@ tan2f3 L]
: 1—-—tan2
7 tan 28

|
2X—
Now, tan2f= —2nf - "3 3 [tan f> 0as 0 < < 2]
1-tan ﬁ l_l 4
9
Substituting the value of tan 28 in Eq. (i), we get
. 1.2 |
‘ 1 .3 25
] - =X~
7 4

Now, 0 < < Z and 0<ﬁ<£
2 2
3

0<2f<xmbuttan2f= Z>O

=3 0<2ﬁ<%

Hence,0 < a+2f8<m

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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In the interval (0, 7), tan O takes value 1 at /4 orily

a%25=%

' (T (PAEN Show that \/2+J2+,/2+2cos 80 =2cos 0,‘ 0<@<nl/l6.

Sol. LHS.= \/2+J2+J2(1+00389)
: 2 : 289
= 2+J2+\/2(2cos 46) _ l+c0s88 =2co8 —2-

= \/2+\/2+\/(4cosz 46)

= 242+ 2c0s46

= 2+4/2(1 +cos 46) -

= \/24»\/2(2‘:032 28) : [+ 1 +cos40=2 cos’26)

= J2+2c0520 = JA(1+c0s28) = 2(2c0s*f) =2cos H=R.H.S.
sec80 -1 A tan 8¢ :
secd0—1 tan20

RCN N Prove that

1- i
sec80-1 _ cosgg_l _l—cosBB_x cos 40
sec40 -1 L | cos80  1-cos4d
cos 46

Sol. L.H.S.=

80
' 3 ST 1
i 2sin248 \ oD +1=c0s80 = 2sin 3 2sin” 40

in2 ,
cos80  2sin“ 26 - | and ]_cos48=2sin2%=23in220

_ (2sin46cos 48) " sin46
~ cos80 2sin” 26
~ [2sin49c0546)x(25in26c0326]
cos 86 2sin’® 26
_ (Sin 2(48)) " [cos 29] _ [sin 86 ) 0 [cosmj
cos 86 sin 20 cos 86 sin 26
laned WO
)

= tan 86 col 20 =
tan

RETNN Al Show that V3 cosec 20° - sec 20° =4,

: e
Sol. LHS.= */5 1 =\/§t'3m20° sin 20
sin20° cos 20° sin 20°cos 20°

Office.: 606 , 6th Floor, Hariom ToWer, Circular Road', Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



R. K. MALIK'S
NEWTON CLASSES

Ve

2(—— cos 20° — %sin 20°)

2

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

Trigonometric Ratios and Identities 2.43

sin 20°cos 20°

2 (sin 60° cos 20°~cos 60°sin 20°)

sin 20°cos 20°

25in (60° - 20°)

2sin40°

sin 20° cos 20°

4sin 40°

sin 20°cos 20°

4sin 40°
= Asind0® _,

2sin 20°cos 20°

Prove that [l + COS o ][1 + COS 1{] (1 + ¢os i’-’-) (l + COS 7—” = 1
8 8 8 8 8

Sol. We have cos ;?_ér_ = COS (Jr - %) = _ cOS (L

Example2.78

Sn [ 371‘)
andcos — =cos [T - —
8 8

sin 40°

8
In

=@ C0§ —

8

LHS = (l + COS E] (1 + Cos 95—] [I - COS éf—r) (l - COS E)
8 8 8 8
n ._

o 'g |

(l-cos £)(l—cos 3—”)] lt'.'l—cn:)st9=2sin2 E]
i 4 4 , 2
P —1[1—1)-1—11145

2 4\ 2, 8

2 n 5
VTINICrAL N Prove that cos* = +cos* ~3—~7-r~ +cos’ o +cos? 7_7: = E
8 8 8 8 2

Sol. We have 7—” =f——and — =g ——
8 8 - 8
I n Sr
= c0S— =-c0s— and cos — = -CcoS—
8 8 8

T n 5t
= cos® — =cos’ = and cos® — =cos* —
8 B 8 8

3n
n

437r

L.H.S.= 2¢cos* % +2 cos‘%

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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2 2
= 2[(0052 %) +[0082 3%] }
n 2 x| ‘
1+cos— 1+cos— '
- 20— al - 4 | [ l+cos20 _ 2 6]

= %{(1 4 cos %)z-f (l + cos -zi)z }2
a4

J1+cos x + /1 - cosx [x £)
,/l +cos x — ,fl - cosx

Jl+cosx+fl —cosx _ \jz - —+\/Zsm 2.

VNN RN  If 7<x <27, provethat ——————— —————

Sol. L.HS.=
,}l +cosx—,/1—cosx ,2 . ’2v.m x
-= \/ECOS'Z- +‘J§ Sil’l-z-
P o W
2| cos= |- /2| sin=
‘J_ (.‘.052 J_ S.Il'l2
X . R
cos—| + |sin—
lcosZ | +]sin|
) . " X
cos— | — |sin—
|cos |~ fsin> |
—(;cos£+sin-’E
> ——3—-—2- ' [ T<x<2m, .. S £<?r]
--cc:ra-{—sini ' - 2 2
"2 - . ¥

= cos x/2 is negative and sin x/2 is positive.

cos> —sin>  cot = —1 , . .
= 2 £ = 2 [dividing numerator and denominator by sin x/2]

X o X
cos— +sin— cot—+1
-2 2 2

= cot E-+-£)=R.H.S.
2 4 .

= d - 2_ 2

a-pf P a b.

DATUIN PRI  [fsin a+ sin f=a and cos @+ cos f=b, prove that tan = g
a® +

Sol. Given, sin o+ sin f=a ' . ; , ‘ (i)
~andcos &+ cos fi=b : | : (i)

Office.: 606 , 6th F.Ioor', Hariom f,ower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Now (cos &+ cos B)? + (sin &+ sin B)* = b* + a®

= cos? a+cos?B+ 2 cos arcosf + sinta + sin?B + 2sin a sin f= b+ a?

= (cos’a+ sin’ @)+ (cos’B+ sin’ [3).+ 2(cos @ ¢os B+ sin arsin f) = a? + b
= 2+2cos(a=P)=a*+b

at +b* -2

—

_—— . 1 ~cos(— B)
o T“i\,Hcos(a-ﬂ)

orcos{a-3)=

, a? +b% -2 s
- 4 — -b
=4+ 5 22 — =% —-—f g
a“+b° -2 a‘ +b
]_{.._..._.._

2

‘ acos@+b
g tan g,prow&that cosa= —L.
a+b a+bcosg

0
Example 2.82 ERIFEN 3 =

2]
|

: b @ : ' |
L G ,lan —= tan — (
So jven, tan g g , i)

Now, cos 8=

li

a+b
cos? 2

B (a+b) cos E-—(a b)sm2 (g

h 1 @
2

a(cos2 % — sin® g}t b (cos - £ 4 sin? g]

a co*;z‘p-l sin ¢]+b(cos 29 sn’gj
2 2 2 2

(a+b) cos’ %«k(a - b)sin

_acosgt+b
a+ bcos@

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



? ) ' JEE (MAIN & ADV.), MEDICAL
IﬁEVI\ﬁrowéLlﬂlsléEé +.BOARD, NDA, FOUNDATION
2.46 _ Trigonometry
BSPIEER I cos 0= cos acos B, prove that tan 2 ; % tan 4 ;a = tan® !21
Sol. Given, cos 8= cosa cosf3, we have cos B= o (i)
; : _ cos i
_cos@
New: lanzﬁ _1 —cosf _ cos ¢
2 l+cosf cosd
cos o
_ cosa —cos@
cosa + cosf
5 sin & +0 . G-« _
sin 3 sin 3 8 P A
= = tan 1an
20039+a cosa-a 2 2
2 )

Concept Applibation Exercise 2.7

. Prove that

. Prove that

10.
.

12.

. Prove that cot 8—tan 8=2 cot 286

cos@ —sinf

. Prove that ——————— =sec 26 ~ tan 26.

cos@ +sind.

. Prove that tan (% + 9)— tan (%— 9) = 2tan 28,

. Prove that | +tan tan 20 =sec 20.

14sin2A—-cos2A »
14+8in2A+cos2A

3

an A,

. Show that l 4. o

sinl0° cosl0®

. Prove that cosec 4 =2 cot 24 cos A =2sin 4.

1+sin2A cosA+sinA (n ]
= - =tan| —+ A
c0s2A cosA-sinA 4

. Prove that cos3@sin 30+ sin? Ocos 39= %sin 40.

Prove that tan 9+' tan(60° + @) + tan(120° + @) =3 tan 36.
If et and B are the two different roots of equation a cos 8+ b sin 8= ¢, prove that
2ab a® - b?
a tan(ax+ f)= —— h cos(a+ f)= ——
" a?-bt a® +b?
cosa —cos f§ B

if cos 8=

v 97
, prove that one-of the values of tan 5 is tan E cot —,

1 —cosex cos B 2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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(a -b)

(a +b)

13. If tan Btan ¢=

14. If @is an acute angle and sin-';3 =, f\z—_l, find tan @ in terms of x.
x

15. Prove that (1 -+ sec26)(1 + sec48)(1 + sec86) =

sin®3A _ cos® 3A

. prove that (a— b cos 20) (a— b cos 2¢) is independent of 8and ¢.

tan 80
tan@ ’

16. Prove that

sin A cos® A

I7. If A=110°, then prove that =—tan 4.

18. In triangle ABC,a=3,b=4and c=5. Then find the value of sin 4 + sin 2B+ sin 3C.

= 8 cos 24,

1+ \/l + tan? 24

tan 2A

VALUES OF TRIGONOMETRIC RATIOS OF STANDARD ANGLES

1. Value of sin15°, cos15°, sin75°, cos75°, tan15°, tan75°:

sin15°=sgin (45°~30°) = sin45°c0s30° -~ 5in30°c0s45° = —=—

1 431

_ 1B 11 B
2)? 2z 22

Also, sinl 5°=¢0§75°=—cos105°

Similarly, we can prove that cos15° =

\5-{-]
22

Also, cos15° =5in75°=sin105°

tan15°=tan (60°—45°) =

tan75°=tan .(60" +45°%) = "

2. Value of sin 18°,cos18°:
Let 6= 18°, then 56=90°'

tan 60° —tan45° _\/5—1 _9 \/5
1+1an60° tan45° 341

tan 60°+ tan 45° _J§+l —243
—tan60° tan45° 31

2 sin Bcos §=4 cos’® 6—3 cos 0
2 sin 0=4 cos’ -3 . [dividing by cos 6]
2sin0=4() -sin’ 8)-3=1-4sin’ 6 :

244416 _-222J5 1445

8 4

= 260+368=90°
= 26=90°-30
= s§in26=sin(90°-36)
= sin260=cos 36
-
)
=>
= 4sin>0+2sinf-1=0
= sin@=
8
6=18°

Office.: 606 , 6th

Floor, Hariom Tower, Circular Road, Ranchi-1,
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sin 8= sin 18° > 0, for 18° lies in the first quadrant.

J5-1

sin 6, i.e., sm18°=—

Value of cos 18°:

2 ‘ :
cos? 18°=1-sin? 18°=1- ___Jg"'_ z1_5+1—2\/§ _ 10+245
4 16 16
= 00518°=% 10425 ; [ cos 18°>0]

3. Value of cos 36°, sin36°:

2
" c0s36° =1-2sin’18°=1-2 (\EJIJ - V5 +1

4,

Value of sin 36°;

J§+[J2 __6+25 _16-6-25 _10-2{5
4

sin? 36° = 1—cos?36° = |-
6 16 16

sin36°= %JIO—.LE | . - [ sin 36°> 0]

NS — v v — - " — M TET e | T Sy

J5+1
4

Note:
® sin 54°=5in (90° ~36°) = c0§36° =

® 05 54° = cos (90° 36") = sm 36°= -—(JIO—- Z_ﬁ)

[

1° 1°
4. Value of tan 7?,cot 7-5-: _

Let 8= 7%", then 28=15°

tan 8= agoned [ 1 =cos2@=2sin’ @and sin26= 2 sin écosﬂj
sin 20 ;
e f—i-l .
wlooslS | 2p (221 B Byia-1y
sin15° J_ i
J_

o

Value of cot 821?:

’ ' o 10
cot82%° = cot (90° - 7»15—)=tan 712- (B =JEYE 1)

. 10
Value of cot ‘7-2-:

Q

Let 8= 7%, then26=15°

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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| V341
| 5 .
Now, cotg= 1Fe0s20 _ 1+cosls® _ T 22+ 3 e (Bavaa+])
sin 20 sinl15° J3—] J3—1
2

o

Value of tan 32%:

tan 8230 = tan (90° - 7-—) = cot 7— - (\/§+~/—)(\5+1)

All these values are tabulated as follows:

7.50 150 18° 22.5° 36° 67.5° 750
N Ji-a6-2B | fi-i| F-N| 2E2LANO-M5] ez | B
s 4 22 4 2 4 2 22

J8+2v6+2v2 | V3+1 | lo+25] J2+2 Vel | y2-42 | -1
v 2 22 4 2 4 2. 22
tan | (V3-V2)(V2-1)| 2-3 -——M N2 -2 5 - 2./5 V2 +1 2+ 43
cot| (VI+V2)(VZ+1)| 2448 |J5+245) V2 +i (H%) B~ | 3-8

Example 2,84 Find the angle 8 whose cosine is equal to its tangent.
Sol. Given,cos #=tan® = cos’ §=sin@

= | -sin’@=sinBorsin’ B+sin§-1=0
= sin = _1‘;‘5:2 %=2sin18°

= O=sin""(2sin 18°)

Find the value of cos 12° + cos 84° + cos 156° + cos 132°.

Sol. cos 12° + cos 84° +cos 156° +cos 132°
- =(cos 12° 4+ cos 132°) + (cos 84° +cos 156°)

' 12° +132° i 1 ™ g 84° +156° |- 156° — 84°
=2COS T cos T— G 2COS.—2"-- COS —2-

=2c0s 72° cos 60° + 2cos 120° cos 36°
=2sin 18° cos 60° + 2cos 120° cos 36°

)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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‘Example 2.86 S g{N75 that cos 36° cos 72° cos 108° cos 144° = IIE :

Sol. .cos 36° cos 72° cos 108° cos 144°
= ¢0s 36° sin 18° (—sin 18°) (~cos 36°)

= cos? 36°sm |8°—(\/§+1J (\E—IT

4 4
2
(V)51 1
4 4 16
= ‘Concept ApphEgtlgnuﬁgqfégé{ig_
5 +1

1. Prove that sin® 48° — cos? 12° = - 2
2. Prove that 4 (sin 24° + cos 6°) = ﬁ-i- \/1_5
3. Find the value of sin47°+sin61° —sin 11° —sin 25°.

SUM OF SINES OR COSINES OF N ANGLES IN A.P.

np _
S Sin "'2—' B
sin o+ sin (o + off) + sin (@ +2B) + -+ +sin (¢ +n-1p) = B X sin|:a+(n—1)ij|
sin —
2
Proof:
Let S=sin a+sin (a+ B) +sin (¢ +20) + --- +sin (¢ +n—1p)
Here angle are in A.P. and common difference of angles = 3
Multiplying both sides by 2 sin -g— , we get
28 sin §= Zsinasing-&—hin(a +B) sin§+---+ 2sin(o +ﬁﬁ)sing ; ()
Now, 2 sin ¢ sin £=cos[a—--‘@~ —-CO0$ ¢'Jc+E
2 2 2

2 sin (a+ﬂ)sing%cos[a+—§) [a+—3£]

2sin(ot+2f) sin - cos((x +£] - cos.[a +§E)
2 2 7

2sin(or +5Tiﬁ)sin§ = cos|:a +(2n-3) ﬂ_—cos [a(2n ~1)-§}

Adding, we get R.H.S. of Eq. (i) =cos (o: - g] ~cos'l:a +(2n —l)gJ |

Offlce 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph 0651- 2562523 9835508812 8507613968
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or 2 sin -ES =25in[a+(n_1)_§_ Sinﬂ
2 a2
np

qm—z— B
= S= B sm[a+(n-l)5

$in =
2

-

In the above result replacing aby n/2 + &, we get
. . sinﬂ-ﬁ- B
cos X+ cos (@ + )+ cos(a+2f)+ - +cos(a+ n=1p) = 2 cos[a+(n-— 1)5]

B

sin—
2

2n an 6x
Example 2.87 Find the value of cos - + COS — +COS —

2 4
Sol. §= cos—’i-i-cos—ﬁ+cm15£
7 7 7

: n
sin| 3—
7 r 3n
—tcos| —+—
o T 7
sin| —
7
o] O ar (I \ (7T
2sin| — |cos| — sin| — |—sin| —
i 7 r . 7§ 7) |
o 2% . 2r
2sin| —|( - 2sin —J 2
7 7

Prove that sin 0+ sin 30+ sin 58+ ---+sin 2n-1) 8=

sin’n@
sin@

Example 2.88

. (29)]
sin| n| —
[ . (9+(2n—])9)
sin
(@) U
2
sin®nf
siné

Sol. sin@+sin3@+sinS@+ - +sin(2n-1) 0=

Concept Application Exercise 2.9

1. Find the value of cos ﬁ+cos::—]+co‘;-51—]—+cos-?]—f +cos?1—y;

2. Find the average value of sin 2°, sin 4°, sin 6°, ..., sin 180°.
n=1
3. Find the value of Zsm

r=l

271'
n

Office.: 606 , 6th Floor, Hariom Tower, Circular Road; Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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CONDITIONAL IDENTITIES

Some Standard Identities in Triangle
1. tan A +tan B +tan C =tan'4 tan B tan C

Proof:
InAABC,wehave A+ B+C=1nx
= A+B=n-C
= tan(4+B)=tan(r-C)
 tan A+ tan B

=—tanC
> l—tanAtan B -

= tanAd+tan B=-—tan C +tan A tan Btan C
= tanA +tan B+tan C =tan A tan Btan C

A B C B .. A
2. tan— tan — +tan—tan— + tan— tan—=1
2 2 2" 2 O
Proof:

Since A + B+ C = n, we have

[A' BJ (n CJ C
=tan | —+—|[(=tan | — —— | =cot —
\2 2 i » 2

A B
tan— + tan —
% 2 2 & 1
r A B 6
l-tan — tan—  tan—
2 2 2
\ i .
A € B C A B
=> tan — tan— + tan — tan — =] — tan —tan —
2 2 2 2 2 2

= tan 3 tan E— + tan E tan £Hangtam é =]
2 2 2 2 2
3. sin 24 + sin 28+ sin 2C =4 sin 4 sin B'sin C
Proof: _
{sin 24 +sin2B) +sin 2C =2 sin (4 + B) cos (A - B) +sin2C
=2sim(x—C)cos(A—B) +sin2C
=2sinC cos (4 —B)+2sinCcos C
=2sin C [cos (4 — B) + cosC]
. =2s8inC [cos (4 —B)+cos {n—(A+ B)}]
- =2sinC[cos (4 —B)—cos (4 +B)]
=2sinCx2sinAsin B=4sinA4 sin BsinC

Office.: 606 , 6th Flobr, Hariom Tower, Circular Road, R'anchi-l,'
Ph.: 0651-2562523, 9835508812, 8507613968



R. K. MALIK'S
NEWTON CLASSES

44

Proof:

Proof;

c0s2A+¢cos2B+¢cos2C=—1-4cosA cosBcosC

(cos2A4 +cos2B)+cos2C

=2 ¢0s (4 + B) cos (4 - B) + 2cos*C - |

=2 cos (1~ C) cos (A - B) + 2cos>C -1

=-2 cos C cos (4 — B) + 2c0s’C 1

=-2cos C[cos (4 - B)—cos C] ~1
=—-2¢0s C[cos (A —B)~cos {mr— (4 + B)}] -1
=-2¢0s C [cos (4 - B) +cos (4 + B)] -1

=—] ~4cos A cos Becos C '

cosA+cosB+cosC=1+4sin %singsin%

(cos 4 +cos B)+cos C— |
A+B A-B

= 2 cos cos +cos C -1
. '2 2 .
- i:!cos(£ —chos A8 +cosC -1
) 2 2 .
= 2sin < cos #1=2sin? £ 1
2 2
=2 sin —C-cos L A Zsinzg
2 75
: c[ A-8. el
= 2s8in —| cos - sin —
2 2 2
C A-B : T A+ B
=2¢0s—| cos —-8in| — -
2[ 2 (2 2 ]]
15 A-B A+B]
= 2sin— | cos — COS
2 2 2

Proof:

& . A . B o M B e T
= 2sin—| 2sin —sin — | =4sin — sin —sin —
* 2 2 . 2 2 2

. ) . A. B £
sindA+sinB+sinC=4 cos— Cos— COs—

(sin4 +sin B)+sinC

=2sin A;B cos % _28 +sinC

=Zsin[£-—£)cosA-B +sinC
2 2 2

c . C
= 2¢0s— COS +28in —cos —
2 2 2
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¢ A-B . o
= 2 ¢05 —| cos + sin—
‘2[ 2 2]

£ A-B . (;r A+B]
= 2¢08—| cos +sin|——
2[ 2 2 2

A-B 'A+B]
+ COS8 5

= 2¢08 E [cos
2

-

A B C
= 4008 = COS—COS=—
2 2 2

Note: .
tan A +tan B +tan C =tan 4 tan Btan Cis true for A + B + C = nm, wheren € N.

TN ELN 1A+ B+ C=180° prove that cos? A + cos? B + cos* C=1-2 cos A cas B cos C.

1+cos2A 1+cos2B 1+cos2C
+ +

Sol. cos? A + cos? B+ cos? C =
: \ 2 2

—

= —(cos2A+cos2B+cos2C) + %

[ L)

r | —

3
(—l-4cosAcosBcosC)+-2-

= | — 2c0sA4 cosB cosC |

Prove that in triangle ABC, c0s*A + cos? B —cos> C=1~2sin A sin B cos C.
Sol. cos’4 + cos® B - cos? C = cos®4 + sin’ C —sin* B
= cos?A + sin(C + B)sin(C - B)
= | —sin®4 + sin Asin (C - B)
= | —sin A[sind - sin (C - B)]
= | —sin A[sin(B + C)—sin (C=B)] -
=1~2sin4sin BcosC

Example 2.91 In triangle ABC, prove that

sin (B+C—=A)+sin(C+A~B)+sin(4+B-C)=4sinA sin Bsin C.

Sol. sin(B+C—A4)+sin(C+A4-B)+sin(4+ B-C)=sin(n—24)+sin(nr—2B)+ sin(r-2C)
| =sin 24 +sin 2B +sin 2C=4sin 4 sin Bsin C
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2y 2z _ 2x 2y X%

2x
SETNDI Ay E 1f .x + p + 2 =xpz, prove that + + = ;
- 1-x l-y2 bg?  Yx*i- 9% 1-2?

(%] ]
P
b
H

Sol. Letx=tan4,v=tanB,z=tanC
Now x +y+z=xpz

tan A +tanB+tanC=tanA4 tan Btan C

A+B+C=nnr

24+2B+2C=2nn

1an2,4+1an2B+tan2C——1an2A1anZBlan2C .
2tan A % 2tan B " 2tanC _ 2tanA  2tanB  21anC
1-tan’A 1-tan’B 1-1an’C 1-tn’A 1-tan’ Bl-tan’C
2x 2y " 22" 2x 2y 22

-f.
l=x ‘l-—yz |

L 40

=

T 1=x? 1-y? =72

A B L C
Exampie 2.93 IfA+ B+ C=m, prove that sin’ -g— + sin? -g- —sin? % =1-2¢cos — €OS— Sin —,

2 2 2
Soal. sinzi—sinzg-ksinzB "sn(A+C)51n Al -+-1—cosz-!i
2 2 2 2 2 2

B (B) , [A—C) , B
= cos| — |sin - C08° —+1
2 2 2
” (B) .(A~C) B
= cos| — || sin - cos— {+1
2 P 2
4 (8)[, (A—C)' . [A+C]]
=cos{ — [{ sin —8in + 1
2 2 2

A n. C
=]-2cos — cos— sin—
-2 2 2

AVIINILPAZN  The product of the sines of the angles of a triangle is p and the product ofthelr cosines
is . Show that the tangents of the angles are the roots of the equatlon gx? = pa? + (1 4+ q)
x-p=0.

Sol. From the question, sind sinB sinC = p and cosA cosB cosC =g

14 a
. tand4 tanB tanC = :}’ y )

g P . "
Also, tand + tanB + tanC = tan4 tanB tanC = ; (i)
Now, tan4 tanB + tanB tanC + tanC tanA '
_sinAsinBcosC +sinBsinC cos A +sinC sin Acos B

cos Acos BeosC

1 ;
% [(sin®4 + sin?B - sin*C) + (sin?B + sin®C §in’4) + sin®C + sin’4 = sin®B)]
[ A+ B+C=mand2sind sinB cosC = sin’4 + sin’B —sin*C)

-
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I .
= ~2l— [sin®4 +sin’B + sin’C} = 5[3 ~ (c0s2A +cos2B + cos 2C)] = .. {14 cosA cosB cosC) = ] (1+g)
q q q

The equation whose roots are tand, tan3 tanC will be given by
x? = (tand + tanB + tanC)x* + (tanA tanB + tanB tanC + tanC tand)x — tan4 tanB tanC =0
2 l +q

orx®— =x? A-—-O org —px+(1+gx-p=0
9 q q

Concept Application Exercise 2.10

1. In triangle ABC, prove that

B
a cos? L cos? L —c':)s2£ =2cosﬁ cos—-sin—q
2 2 ' 2 2

h cosz-g-+ cosz-g- + cos? £
2.IfA+B+C=m/2, showthat

a sm2A +sin2 B+ sin? C=1=2sinA sin BsinC

b cos® A4 +cos? B+cos? C=2+2sinAsinBsinC
3.  a.1fA+B=C, prove that cos’4 + cos’ B+ cos’ C= 1 + 2 cos A cos B cos C.

h If @+ 3= 60°, prove that cos? @+ cos? B—cos acos = 3/4.
4. Prove that cos’(f~7) + cosz('y— q) + cos¥ (- B) =1+ 2cos (8~ &) cos (y- @) cos (-~ f).
5. 1fA+ B+ C=n/2, show that

a cotA+cotB+cotC=cotAcotBcotC

bh tandtan B+tan Btan C+tan Ctan A = |
6. If 4 + B+ C= x, prove that '

a tan 34 +tan 3B +tan 3C =tan 34 tan 3B tan 3C

\ -
=2+ 2sin f-sm—smE
2 2

A B i A B
h cot 5+cot3+cot-—=cot—col-——cot—

coSA__ cos B i cosC
sinBsinC sinCsinA  sin Asin B

7. 14+ B+ C= x, prove that

SOME IMPORTANT RESULTS AND THEIR APPLICATIONS

Result 1. cos A cos (60 - A4) cos (60 + A) = % cos 34

Proof:

We have
L.H.S.=cos 4 cos (60 - A) cos (60 + A) .
= cos A4 (cos® 60° —sin® 4) [ cos (4 + B) cos (A — B) = cos® A —sin® B]

= cosA(l—sinz A] =cosA(l. —(l—co»s2 A)) = COS§ A[—E-I-COSz A
4 4 _ 4

= ;—cos A,(—3+4cosz A) = %(4&:033 A ~ 3cos A)

%cos3A=R.H.S.
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Result 2. sin 4 sin (60 — A) sin (60 + 4) = % sin3A4

Proof:

We have
L.H.S. =sin 4 sin (60— A4) sin (60 + 4)
= gin 4 (sin? 60° — sin® 4) [ sin (4 + B) sin (4 — B) = sin® 4 — sin® B]

e . 1
sin A (—— —sin? A) = = sin A(3—4sin2 A)
4 4

1 )

—(SSin A—dsin’ A)

4

- l:;in3A =R.H.S.
4

Result 3, tan ¢ tan (60° — o) tan (60° + &) = tan 3¢
Using the above two results, we ¢an prove this result

: 1
IREDIEPALE  Prove that cos 20° cos 40° cos 60° cos 80° = —.

16
Sol. cos 20° cos 40° cos 80° cos 60° = cos 20° cos(60° - 20°) cos (60° + 20°) cos 60°
1
= —l-cos(3><20°) cos 60° = lcos2 60° = lxml- = —
4 4 4 4 16
ETDIPAE  Prove that sin 10° sin 30° sin 50° sin 70° = 11_6

Sol. sin 10° sin 30° sin 50° sin 70° = sin 10° sin (60° =10°) sin (60° + 10°) sin 30°

lsin(3 %10°) sin 30° = X sin?30° = -
4 4 16

IDETINIIPRYA  Prove that tan 20° tan 40° tan 80° = tan 60°.
Sol. tan 20° tan 40° tan 80°
= tan 20° tan (60°—20°) tan (60° + 20°) = tan (3 x 20°) = tan 60°
sin2" A
2" sin A
Proof: LHS. =cosA cos 24 cos 2?4 cos 2’4 -+~ cos 2" 14

Result 4. cos 4 cos 24 cos 224 cos 2°4 - cos 2" 1 4=

1
= 5o [(2sin A cos 4) cos 24 cos 2’4 cos2°4 -+ cos 21_.]'4]

1 -
T [(sin 24 c08 24 cos 224 cos 2°A -+ cos 2"~ 4]

1 i
= —— [(25in24 cos 24) cos 224 cos 2°4 -+ cos 2" 4]
- 2°smA

o A[sinZ(ZA).cos 224 cos 2°4 -+ cos 2" 4]
sin A :

= A'[(zsinzzA c0s 224) cos 2°4 -+ cos 2" 'A]
sin

Office.: 606, 6th Floor, Hariom Tower, Circular Road, R"anchi-‘l,,
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1 o F
Sin

1 N
T [(sin 2°4 cos 2°4 cos 24 - cos2" ' 4]
3 sin -

1
& e [ 5in 2"~ A pos 27~} 4]

2" ! sin A
! |
= ——— [25in2""! A cos 2"~ 4]
2" sin A
| i
= in(2x2""' 4
2" sin A it} ' )
] ; h
B sin2”"A=R.H.S.
2" sin A
Example 2.98 Ifo=— 1,show that cos@cos 20 2¢052%0 --- cos2""'@= -2—1;
L3 = -

Sol. In the above result, put 6= —
2" +1

' s T f 2" +1-1
sin o sin b4
sin 276 N1 _ 2" +1

= RHS.=——" = =
2" sin 6 2"sin( ﬂ.) 2"sin‘( T ]

2n an 8n 147 1
Prove that cos — €08 — €08 —— (08§ ——n = —

Example 2,99 ;
15 15 A5 16

Sol. We have

L.H.8.=cos -21 Cos i?-{ cos -Sf-cos (7; ..
15 15 15 15
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2% sin A 2% sin A
sin (15 A+ A)  —sin (7+A)

16 sin A 16sin A
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—cos A cos 24 cos 22 A cos 23A,wheréA= w15

[ 154=n]

RO LPANI]  Prove that sin 6° sin 42° sin 66° sin 78° = %

Sol. sin 6°sin42° sin 66° sin 78°
" =sin 6° cos 48° cos 24° cos 12°

- 2% 5in12°cos 12° cos 24°¢os 48°
2*sin12°
g (+}
= sin 6° :;m96
2°sin12°
_ 2sin6%cos6® _ sinl2° 1
2%sin12°  2'sin12° 16

Concept Application Exercise 2.11

. n : |
L Ifa= I—S-, prove that cos 2a cos 4a cos 8a cos 14a= E

2. Prove that sin 20° sin 40° sin 60° sin 80° = "l% X

3. Prove that cos 10° cos 30° cos 50° c0s70° = T% :

IMPORTANT INEQUALITIES

Example 2.101
Sol. InAABC,
tand +tan B+tanC=tanAtan Btan C
tan A +tan 8+tanC
3

Also, > 3ftan A tan BtanC

In AARC, tan A + tan B +tan C23 \@ ywhere A, B, C are acute angles.

[sinccAM.2GM.]

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 -



R. K. MALIK’ S - JEE (MAIN & ADV.), MEDICAL

NEWTON CLASS + BOARD, NDA, FOUNDATION
2.60 Tngonometry

= tanAtanBtanC2 ';‘/tan A tan Btan C

= tan’ Atan’ Btan’C 227

= tanAtan BtanC23+3 [cubing both sides)

=, tanAd +tan B+tan C2343

IZ.\'nmhlc )ALl InAABC, prove that cos A + cos B + cos C<3/2.

Sol. Let cosd + cosB + cosC=x

= 2co0s Ay cos(A_JB +l—25in2£=x
2 2 2

)+1—-2sin2%= X

A_B]-Hr—lzo
2

This is quadratic in sin C/2 which is real. So, discriminant D 2 0.

- [
=» 2sin —cos
2

= 2sin? £—2sin Ecos[
2 2

4 cos® (#)—-4 X2(x=1)20

= 2(x-1)<cos? (A;B)

= 2(x-=1<I
= X533
Thus, cosA + cosB +cosC < 3/2

. o N o
Note: SincecosA+cosB+cosC=1+4 SIF=— sin — sin —

We have sin i;- sin g sin E_ < l

28
Students are advised (o remember this as a standard result,

ISR ALX]  Find the least value of sec A + sec B + sec Cin an acute angle triangle.

Sol. In an acute angle triangle, sec 4, sec B and sec C are positive.
NowA.M.2H.M.
- sec A +secB+secC 3
3 cos A +cos B+cosC
But in AABC, cos A+cos B+cos C<£3/2
sec A +sec B+secC

= 22
3

= sec A+secB+secC26
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[‘,\'Implt SUEY In A4BC, prove that cosec i + cosec gh:osec %2 6.

Sol. In AABC, we know that sin% singsings %

NowA.M.2GM.
A B C
cosec — +cosec — + cosec — / . /3
) A B
= 2| cosec — cosec— cosec —
3 \ 2 2 2 J
A B C / 173
COSCC — +COsec — + CcosSec —
- 2 2 2 I
3 i 3
SIm —Ss1n —Ssin—
' 2 P 2

\

A B C
_cosec T +cosec Fy + cosec —

- 222"

A B &
= coscC 5 +cosec — + cosec —2— 26

EXERCISES

Subjective Type . Solutions on page 2.85

1. Are theset of angles @and Bgiven by a= (Zn +%] n+Aand f=mn+(-1)" [-’% —A) same, where

n,mel?

2. IfABCisatriangle andtan -g-, tan g, tan% are in H.P., then find the minimum value of cot B/2.

Find the sum of the series cosec 8 + cosec 28 + cosec -46'+ v+ tO M terms. _
In AABC, if sin® 8= sin (4 ~ 6) sin (B~ 8) sin (C — ), prove that cot 8= cot A + cot B+ cot C.

&

. : . e B D
5. Intriangle ABC, prove that sm-:2-+smz+sm5$-§. Hence, deduce that

T+A #w+8B +C 1
cos cos cos <-—.
4 4 4 8
6. If £ = s = 5 , then show that 2 %m (a )= 0

tan(@+ ) tan(@+pB) tan(@+7%)’

7. Iftan 68= p/q, find the value of l(pcoscc 20 - gsec20) in terms of pand g.

8 If0<a<m2 and sin o+ cos o+ tan o+ cot @+ sec o+ cosec =7, then prove that sin 20is aroot of
the equation x* —44x ~ 36 = 0.

9. Provethat 1 +cot8< cot i’ for 0 < @< 7. Find @ when equality sign holds.

10. Show that 2"“’f+2°"“22I -2
C

' A B
11. If 4, B and C are the angles of a triangle, show that tan? ry +tan? 7 +tan® z 2 1.

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



R

K. MALIK’ S JEE (MAIN & ADV.), MEDICAL

NEWTON CLASS . _ .+ BOARD, NDA, FOUNDATION
2.§2 Trlgonometry :
12. Let 4, B, C be three angles such that 4 = 7/4 and tan 8 tan C = p. Find all possible values ofp such that
A, B, C are the angles of a triangle.
13. Eliminate x from the equations, sin (@ +x) =2b and sin(a - x) = 2c. ’
o
14. Iftan = M(-)S—,provemanan(a B)= (I—n)tana
| - nsin’a .
sinx sin3x cos9x |
+ + - -
15. Show that ——= + ——— + ———~ o [tan 27x - tan x].
n
16. Prove that s toacilid = (2c0s0 -1)(2cos 20 - 1)(2cos 226 -1)-+-(2cos 2" 19 - 1).
2cos8+1 ‘
17. Prove that g g

o =(1+sec20)(l +sec228) (1+sec 236)---(1 +sec2"8).
an

Objective Type Solutions on page 2. 92

Each question has four choices a, b, ¢, and d, out of which only one answer is correct. Find the correct answer.

Which of the following is correct?

a sin 1°>sin | b sin I°<sin | . "¢ sin 1°=sin 1 dsinl°=~ls%sinl
> x4yt
The cquation sin* 8= “—=— is possible if
2xy
ax=y hx=-y 2wy d none of these
[f 1 +sinx +sin? x + sin® x + - oo is equal to 4 + 2~f§, 0 <x <, then x is equal to
a 2 , h — C = or 5 d = or ;?f_
6 4 3 6 3 3
Sinx cosx tan x 1
If = =—— =k thenbc+ — + i it
” P X nbe+ —+ oy isequaito
1 1 '
a.k(a-!-l) . hlj[a‘*‘—] c. — : 4=
a _ @ k? &
: . . B : ’
If A, B, C are angles of a triangle, then 2sin % cosec 3 sin —g —sin A cot -g— —cosAIs
A independent of 4, B, C " b functionof 4, B
c. function of C . ‘d none of these

The least value of 6 tan® ¢+ 54 cot? ¢+ 18 is

I 54 when A.M. 2 GM. is applicable for 6 tan ¢, 54 cot? ¢, 18.

Il: 54 when A.M. >G.M is applicable for 6 tan” ¢, 54 cot’ ¢ and 18 added further,
Mi: 78 when tan? ¢ = cot2 9.

a. | is correct h Tand Il are correct

c. 111 is correct d none of the above is correct
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5sin@—3cos @

7. If5tan 8=4, then is equal to
5sin@+2cos@ " :
a0 bl ¢ 1/6 dé
8. If2 sec 20=tan ¢ + cot ¢, then one of the values of @+ ¢ is
a n/2 ‘h /4 e /3 d none of these
9. Ifsinx + cosec x = 2, then sin” x + cosec” x is equal to
a2 h 2" &2 " Ag™
10. A quadratic equation whose roots are cosec? 8 and sec? 8 can be
a xX’-5x+2=0 h?-3x+6=0 c.x*-5x+5=0 d none of these
3 - + .
1. fr<a< —Zf-,then Jl i LI Jll Sl is equal to
2 1+cosax I-cosax :
2 2 |
. - Iy ¢ — T -
sino sino sinQ sin o

n 2n in 4n b4 6n X
12. The value of cos — + cos — +cos — 4 C0s — + COS — +cosT+cos—7—- [

a | , h-l. c.0 d none of these
13. The least value of 2 sin 8+ 3 cos® Qs .

R ° h2 &3 d5
14. The greatest value of sin* 8+ cos* 8 is

a 12 h | ' [ d3
15. Iff(x) = cos® 8+ sec’ 6, then

a f(x)<I hf(x)=1 c.2>f(x)>1 Cd ()22

16. 1f£(x) = sin®x + cos® x, then range of f(x) is

o [51] s (73]

17. Ifa<3cosx+5sin(x-m/6) < b forallx, then (a, b) is

C. El] d none of these

a (—\fl_‘). \[1—5) h(=17,17) c (—\fi’_l. m) ‘. none of these
18. The equation sin x (sin x + cos x) = k has real solutions if and only if & is a real number such that
' 1-+/2 [ ++/2
a;osgs”z‘/z_ h2-3<k<2+3 ¢ 0<k<2- 3 d 2‘/_5;.-5 *2‘/_
19. Ifcot (e+ ) =0, then sin (+ 23) can be
a -sina h sin ¢. COS d cos 8
20. If co:G = £ e - e , then x + y +z is equal to
cos| =—| cos|@+—
3 3 _
a | “ho ¢ -l “d none of these
21. sin® x + cos™ x lies between
a —-land | h 0and | ¢. land?2 d none of these
22. The roots of the equation 4x* -2 J5 x+1=0are. .
a. sin 36°,sin 18° b sin 18°, cos 36° ¢. sin 36°, cos 18° d cos 18° cos 36°
- 3m g 1 ;
23. f — <o <, then [2cotx+——— isequalto
4 : sin® o
a l+cota h~1-cota ¢ 1 —coto d-1+cotxx

Office.: 606 , 6th Floor, Hariom Tower, Circular Roéd, Ranchi-1,
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; rigonometry

If/(8)=5 cos 6+ 3 cos (9-4--’35) + 3, then range of /(0) is '

a [-5.11] h {-3,9] c. [-2,10] d [-4,10]
If @, B, 7, & are the smallest positive angles in ascending order of magnitude which have their sines

- ; i 0 ; i -
equal to the positive quantity k. then the value of 4 sin Y + 3 sin g +2 sm% + sin 3 is cqual to

a 2vJ1-k h 241+ k c. ];k d none of these

Let AgA, A, Ay A4 Ag be a regular hexagon inscribed in a circle of unit radius. Then the product of the
lengths of the line segments 4y A4, Ay.4; and Ay A4, is

a. 3/4 b 33 ¢ 3 d 3V312
If sin 6, + sin 6, + sin 0, = 3, then cos 6, + cos 6, + cos 6; is equal to
&3 h2 e do
" -
[f sin? 8= 12‘—'“ then x must be
2x ‘
a -3 \ h -2 (| d none of these

Ifsin (@ + B)=1,sin(a—f)= % then tan (@ +2) tan (2 + B) is equal to, &, B & (0, /2)

a l h—1 c. 0 d none of these
Which of the following is not the value of sin 27° — cos 27°?

y3-+5 V5-3/5 N5
2 2 A

If cosec @— cot 8=g, then the value of cosec 8 is

B - d none of these

aqg+ b hg- ] & l(q+l] d nonc of these
q q 2

1
If sin 8+ cos 8= 5 and 0 £0<m thentan 8 is

a ~4/3 h-34 c. 3/4 d 473
2sin0 l=cos@+sinf |
Ifx= ——, then ' is equal to
I+cosO+sin8 - 1+siné
al+x - o Bl c.x d I/x
If @= m/4n, then the value of tan Btan 26 -+« tan (2n-=2) Btan 2n - 1)0Ois
a -l h ] ¢. 0 d 2

2(sin1°+sin 2°+sin3°+ -+ +5in 89°)

The value of the expression 2(cos 1°+c08 20+ -+ c0s 44°) 4 1 equals
a 2 | h W2 e 172 d
If sec @ and cosec a are the roots of ¥ — px + ¢ + 0, then
ap=q(g-2) © hpP=glg+2) e.pr+g=29g d none of these

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Trigonometric Ratios and Identities ' 2,65

If sin x + sin® x = 1, then the value of cos'? x + 3 cos'® x + 3 cos® x + cos® x - 2 is equal to

a0 hl c. -}
Ifcos (4 — B)=3/5 and tan 4 tan 8= 2, then
a cos Acos B=1/5 h sinA4sin B=-2/5

If(1 +tan &) (1 +tande) =2, @ e (0, #/16) then exis equal to
20 30 40
1f A =5in45°+ cos45° and B =sin 44° + cos 44°, then
a A>8B hA<B cCA=DB
l[ﬁ cos 23°—sin 23“] is equal to
4 : )
a cos43° h cos 7° €. cos 53°
6, — +
If cos 6, = 2 cos 6,, then tan — 21 ) equal to
i 4 b c !
- 3
Value.of 3+cot 80° cot 20° | n
e Ol ot80°+cor20° oAU 1O
a cot20° b tan 50° ¢, cot 50°

If tan =2 sin o sin ycosec (e + 7), then cot ; cot B, cot y are in

a AP b GP. CERE

c.cos Acos B=~1/5

d

d?2

d sindsinB=-=1/5.

=
60

d none of these

d none of these

d cot +20°

d none of these

] o | ;
In l-riangle ABC, ifsin A cos B= y and 3 tan A4 = tan B, then cot? 4 is equal to

a2 h3 ¢ 4
tan 100° +tan 125°+ tan 100° tan 125° is equal to
al h 172 . c -l

tan 20° + tan 40° + /3 tan 20° tan 40° is equal to
1 . 1
a8 —fF h «/5 C. ——=
3 3
J2 —sina-cosa .
- is equal to
Sin @ —¢cos &

a sec(g—ﬁj h cos[i—g)
2 8 8 2

If sin 6, ~sin 8, = a and cos &, + cos 8, = b, then
a dd+h>4 h+b2<4

i 1+s!n2x =cot(a+x)Vxe R~ (nﬂ'+£),rre N, then a can be
1-sin2x 4
a T b £ : C. E
Sl 2 4

4

@ 7
¢ tan| ——=1.
(2 8)

C.a+b23

d>5

dl

d-+3

d cot E—£]
2 2

d o+ b <2

d none of these
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51. Iftan zis equal to the integral-solution of the inequality 4x° - 16x + 15 <0 and cos fBis equal to the slope

52.

S3.
54,

§5.

56.

57.

58.
59.

60.

61.

62.

63.

of the bisector of the first quadrant, then sin (& + B) sin (@ — f3) is equal to

a ~3~ b s € - d 2
5 5 J5 5
If SoRie—y) | SOMRME 0, then the value of tan x tan y tan z tan ¢ is equal to
cos(x+y) cos(z—t) ‘ .

a l : h ~1 e 2 ' d -2
Letf(n)=2 cos nx ¥ ne N, thenf(1) f(n+ 1)~f(n)is equal to -

a. f(n+3) h f(n+2) . e f(nt1)f(2) d f(n+2)f(2)
If in triangle 4ABC, sin A cos B=1/4 and 3 tan A = tan B, then the triangle is

a. right angled . h equilateral c. isosceles d none of these
If 4 and B are acute positive angles satisfying the equations 3 sin®> 4 + 2 sin> B = 1 and

3s8in2A4 —-2sin28=0,then4 +2 Bisequal to

an b.-:E c.£ d.£
: 2 4 6

ot @ _Sn :
Letf(8)= e and o+ = T,thenthevalue f@f(p)is

b, —;;— - c.2 - d none of these

a

| —

Ify=(1+tan A) (1 —tan B) where A — B= %,then(y+ 1Y*is equal to *

a9 h 4 ' ¢ 27 d 8l
If sin (v + 2z —x), sin (z +x - y), sin (x + y —z) are in A.P., then tan x, tan y, tan z are in

a AP b GP. : ¢. HP d none of these
If cos or+cos =0 =sin ¢+ sin B, then cos 2+ cos 2 is equal to

a =2sin(a+f) b -2 cos (+ ) ¢. 2 sin(a+ f3) d 2 cos (o + )

If x|, x,, X3, ..., x,, are in A.P. whose common difference is @, then the value of sin & (sec x; sec x,
+ sec x, sec x3 + .-+ sec x,_; secx,) is

sin(n—1)a sinnot : ,
i Ff—— b ——— casin(n—1)acosx,cosx, d sinnocosx, cosx, .
COS X| COS X;, COS Xy COS X, :

' 52 . T 7 .
If tan 3 x and tan = are in A.P. and tan -g—,y and tan 25 are also in AP, then .
a2x=y hx>2 C.X=y | ~d none of these
Let x = sin 1°, then the value of the expression
1 1 1 1
+ ot
c0s0°-cosl® cosl®cos2° cos2°-cos3® cos44°.cos 4

a x h 1/x C. \/ilx d.x!ﬁ

50 is equal to

Let ocand, 8 be such that < o~ B <3m ifsin ¢ + sin f=— % and cos & + cos ff = — 16%’ then the

value of cos e ; B is

Office.: 606 , 6th Floor, Hériom Tower, Circular Road, Ranchi-1,
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a - . h e <. o d -
130 130 65 65
64. If an(.1‘+ ¥) = (Hb, then s is equal to
sin(x-y) a-b tan y
L
L B 2 ¢ ab d none of these
a b
sin36 +sin 50 +sin 70 +8in 90 |
65. is equal to
c0s 36 +cos 58 +cos 78 + cos 90 x
a lan 360 h cot 38 ¢. tan 660 d cot 60
66. 1fx, v, zareinA.P, then L is equal to
COSZ—COoS X
a tany h cot y ¢. siny d cos y
67. 1fcos25° +5sin 25° = p, then cos 50° is '
a \/2-112 b - 2 p? ¢ }?\/2_—-192 d —pAf2-p?
W PR |
68. — BT s?n i is equal to
sin Acos A—sin Bcos B
a tan (4 -B) h tan (4 + B) ¢. cot(A~B) d cot(4+B)
69. IftanA4 = l-_COSB , then tan 24 is
sin B
a tan 24 =tan B h tan 24 =tan’ B
¢. tan 24 =tan*B+ 2 tan B d none of these 4
70. Ifa+b=3~cosdBand a-h=4sin 206, then ab is always less than or equal to
2
a & h 1 : ¢ — d 2
2 3 4
71. The value of cos? 10° - cos 10° cos50° + cos? 50° is equal to
a ‘ h : c. 9— d3
3 3 4
72. The numerical value of tan 20° tan 80° cot 50° is equal to
] 1
a \5 h — C. 2\/5 d —
V3 | 243
73. Iftan? 8= 2 tan® ¢+ |, then cos 20 + sin® ¢ equals
a -l h0 (| d none of these
74. The value of cot 70° +4 cos 70° is
1 1
a —= h /3 ¢ 243 d -
J3 2
X+ X
75. If x; and x, are two distinct roots of the equation a cos x + b sin x = ¢, then tan 1772 g equal to
a b c a
a - h — € - d —
b a a &

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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76.
b

78.

79,
80.

81.

82.

83.

84.

85.

86.

87.

88.

< .. Trigonometry

Given that (1 +J1+_x) tany =1+ J1=x . Then sin 4y is equal to

a 4x b 2x &«x d none of these
If cos x = tan y, cos y =tan z, cos z = tan x, then the value of sinx 1s

a. 2cos 18° b cos 18° c. sinl8° d 25in18°
If sin 26 = cos 3 and G is an acute angle, then sin 6 equals

e O o Y541 g 25-!
4 4 4 4
< . . ¢ % 9] 62 i
If 6, and 6, are two values lying in [0, 27] for which tan 8= A, then tan = tan 2 is equal to
a0 h —i G2 d |
If tan 8= Vn where ne N, =2, then sec 28 is always |
a. arational number h an irrational number ¢. a positive integer d a negative integer

; : 7 X
If sinx + cos x = ) where x € A, then tan 5 is equal to

3 3 ' B

d. none of these
P o T n T
The value of sin? §+sm2 ? Y sin? == Rgin> ~—8— 18

a | h 2 s q.l-]i d.2l
. 8 -8

Ifxe [n‘, %), then 4 cos? (g._%) + \/4sin4 x+sin? 2x is always equal to

a l h 2 ¢.—2 d none of these

n

cos’ x sin 2x = Zar sin(r x) .Vx € R, then

x=0 )

a n=5a=172 bhn=5a=1/4 c.n=35a=1/8 dn=5a=1/4

The value of cos 2(0+ ¢) +4 cos(8+ ¢ ) sin Bsin ¢+ 2 sin® ¢ is
a. independent of O only . h independent of ¢ only
¢. independent of both 8 and ¢ d dependent on 0 and ¢

Ifcos2 B= M, then tan A4, tan B, tan C are in
cos(A—-C)

a AP h GP. ¢..H.P d none of these

. o

If cosx= 2cos_y . where x, y € (0, 7), then tan i cot i is equal to

2=cosy . ' 2 2

a V2 h V3 ¢ =

. " k3
) % 5
If tan x = b/a, then J(a+b) fla—b) + J(a—b)f(a +b) is equal to .
a 2sinx/+sin2x h 2cosx/+/ cos 2x ¢. 2 cos x /+/sin 2x d 2 sinx/~cos2x

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1, |
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89, If isaroot of 25 cos® 8+ 5 cos 6~ 12=0, g < @ < m, then sin 2ax is equal to

90.

91.

92.

93.

94.
95,

96.

97,

98.
94,

100,

101.

24
0 = i L i
25 25 18 18
The value of tan 9° — tan 27° —tan 63° +tan 81°is
a 2 h 3 ¢4 - d none of these
Ifsin™ a+sin™ b +sin” ¢= 7, then avl—a® +bV1-b* +cvl—c? is cqual to
a atb+c _ b a’b*c? ¢. 2abc d dabe
IfA+B+C=3nm/2,thencos 24 +¢cos 2B+ ¢os 2C is equal to
al~-dcosdcosBecosC h 4sinAdsinBsinC
c.l_+2cosAcosBcosC d 1—-4sinAsinBsinC
In triangle ABC, tan % tun%, tun% are in H.P, then the value of cot g—x cot —(22 1s equal to
a l ' h2 e 3 d4
In any triangle ABC, sin® A4 — sin? B + sin® C is always equal to
a. 2 sin A sin Bcos C h 2sinAcosBsinC
¢. 2sinAdcosBeosC d 2sinAsinBsinC .
]ftan a tan B+ tam2 B tan® y+ tan? y tan® o+ 2 tan® cctan® Btan® y =1, then the value of
sin? @+ sin® B+ sin® y is
a3 h 2 e & d none of thesc
in A +si Si a
in triangle ABC, 51_" i q!n 2 +<fn ke is equal to
sinA+sin B—sinC
a. tan Aco! i h cot-‘-“:-t'mE ¢. cot 2 cotl—j d tan & lan£
N 2 5 2R 2 4
Sin2A+8in2B+8in2C
- - - is equal to
sinA+4+sinB+sinC
3 8sin ﬁsinﬁsing ; h ii'»cos-}!L-cc.»s‘,-licos:£
292 2 2 2 2
A B C
c. Btan-}—‘tanglanE d 8cot—cot—cot—
) 2 2 2
Ifcos? A + cos? B+cos® C= |, then A ABC is
a. equilateral h isosceles ¢. right angled d nonc of these
[n triangle ABC, tan A +tan B + tan C = 6 and tan 4 tan 8 = 2, then the values of tan 4, tan B, tan C are
a 1,2,3 h 3,2/3,7/3 ; c. 4,172,372 . d none of these
The value of tan 6° tan 42° tan 66° tan 78° is
a h 172 c. 1/4 d /8

Ifo<a< %, then'cz(cosec ) is

a. less than /6 b greater than /6 ¢. less than n/3 d greater than 7/3

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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102. If @ is eliminated from the equations x = a cos(6 ~ &) and y = b cos (8 - f), then
2

2 y
X ¥ Ay :
— 4+ =—-—=cos (0.— It
™ N (—P) isequalto
: -
a sec (a-B) h qosecz (o-PB) ¢. cos (- B) d sin (0.—B)

103. If cosa{sine+Jsin29+sin2aHsk. then the value'of k is

a VJl+cos®a h V1+sin’a e. V2+sin®a d V2+cos’

104. If sin 8, sin 8, —cos 6, cos 6, + | =0, then the value of tan (6,/2)cot (8,/2) is always equal to
a -1 hl ¢ 2 4 d-2 :

105. The numerical value of tan % +2 tan %’E +4 tan i + 8 tan 8?” is equal to
a -sJi h -5A/3 c. 5V3 d Sh3

106. tan® =—-33tan* Z+27@n?l is equal to
9 9 9

a0 b 3 ¢.3 d9
107. [fcosx+cosy—cos(x+y)= -;—, then
ax+y=0 hx=2 - Y A d 2x=y
108. Ifasinx+hcos(x+6)+bcos(x—8)=d, then the minimum value of [cos €| is equal to
a —Md* -g* h 1 d*-a® . ¢ = d* -a? " d none of these
2|b| 2al 2|d|
sinx |
109. If q!na ==, =59 =§ where x,y e | 0, a , then the value of tan (x + y) is equal to
siny 2 cosy 2 2 - )
a 13 h V14 e. 17 - a5

J1+cosx ++/1-cosx

110. Ifxe (n 27)and
J1+cosx —+1—cos x

. S ¢ N
=cot (a + 5], then a is equal to

r

n :
a & h — c =— d none of these
4 2 3 | :
111, Iftanx=ntany, ne R*, then the maximum value of sec? (x — ) is equal to
2 2 2 2
+. + 1 +1) +1
" (n+1) p BtD e ntl) q n .)
2n n 2 an

112, Ifcot? x = cot (x —y) cot (x — z), then cot 2x is cqual to (where x # % 77/4)
] ] - - 1 ’
a —i(tan y+tan z) b 5(cot y+cot z) c. E(sin y+sin z) d none of these

113. If4, 5, Care acute positive angles such that 4 + 8 + C = mand cot 4 cot B cot C =k, then
a.K<——-—- th—- c.K<%' d.K>%

33 343
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114. Ifu=y/a? cos? 6 + b? sin® 0 +4/a’ sin? 6 + b2 cos? @, then the difference between the maximum and
minimum values of 1 is given by

a 2(a*+ bY) h 2ya? + b? ¢ (a+h)? d (a—h)?
115, If (sin x + cos x)* + k sin x cos x = 1 holds V x € R, then the value of k equals

a 2 h 2 e -2 d3
116. The range of & for which the inequality k cos’x—kcosx+120Vxe (=00, o), is

a.k<:21— h.%l-SkS4 c k>4 d%SkSS
117. The minimum vertical distance between the graphs of y =2 + sinx and y = cos x is

a 2 bl e V2 d2-+2
118. If 8=3aandsin 9=—£JL———2 The value of the expression a cosec @—b sec ais

a“+b
- h 2ya® +b? c.a+b ' d none of these

a [22 + b7

119. Ifthe equation cot® x —2 cosec? x + a* = 0 has at least one solution, then the sum of all possible integral
values of ‘a’ is equal to
a4 h 3 o\ d0
120. Ifthe inequality sin’x +'a cos x + @ > | + cos x holds for any x € R then the largest negative integral
value of “‘a’ 1s
a —4 h -3 ¢ -2 o d-l :
121. Intriangle ABC if angle C is 90° and area of triangle is 30 sq. units, then the minimum possible value of
the hypotenuse ¢ is equal to
a 3042 b 60v/2 e 1202 d 30
122. The distance between the two parallel lines is 1 unit. A point ‘4’ is chosen to lic between the lines ata
distance ‘d’ from onec of them. Triangle ABC is equilateral with B on one line and C on the other paralle}
line. The length of the side of the equilateral triangle is

2 ‘. %
a.g\fd2+d+l ) el ¢. 2/d* —d +1 d a2 -d+]1

3
123. Given that a, b, ¢ are the sides of a triangle ABC which is right angled at C, then the minimum value of

2
ZN\is

a0 h 4 c.6 d 8
124. Lety=(sin x + cosec x)? + (cos x + sec x)? + (cos x + sec x)?, then the minimum value of y, V x € R, is
a7 h 3 ¢.9 do

Solutions on page 2.116

Multiple Correct A_ns_'viférs‘-'_T_-yp;é

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct.
1. ifcos Bis the geometric mean between sin ¢ and cos &, where 0 < @, < 7/2, then cos 2 is equal to

i-2smt [ E-p h-2cost |2 +a c. 2 sin’ (§-+a) d 2 cos® (E—a
4 4 4 4

2. 1f0<B< and 8197 ¢ +81°°¢ = 30 then Bis
a 30° h 60° e d 150°
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3. Suppose ABCD (in order) is a quadrilateral inscribed in a circle. Which of the following is/are always true?
a secB=sec D b cot4+cotC=0 ¢. cosec A = cosec C d tan B+tan D=0
4. Which of the following statements are always correct (where O denotes the set of ratmnals)"

a. cos 20€ Qandsin20e Q = tan f¢ Q (if defined)
b tan 8€ Q = sin 29, cos 28and tan 20 e Q (if defined)
c. ifsin @€ Qand cos O Q = tan 30e Qif defined)

d ifsin e O =>cos30€ O
5. Which of the following quantities are rational?

[1175) _ (57;] (QE] (47:)-

a. sin sin | — b. cosec | — | sec | —

12 12 10 5

¢. sin® (E) + cos? (E) d (] + cos EE] (l + 08 4_1:] (l + cos E) .
8 8 9 9 9

6. In which of the following sets the inequality sin®x + cos® x > 5/8 holds good?

a (-8, w8) b (3778, 57/8) ; c. (w/4,374) d (778,97/8)
7. Which of the following inequalities hold true in any triangle ABC?
A B O 4 A B 33
a sin — sin — sin — <€ — hcos—-cos-—cos—<—.
2 2 2 .8 _ 2 2 2 8
c.sinz--}i +sin2£+sin2£<~§ dc032ﬁ+c0522+002252
2 4 ; 2. 274
8. For o= n/7 which of the following hold(s) good? ,
A tan atan 2¢ctan 3¢ = tan 3¢ — tan 2'0:— tan o
h cosec o= cosec 2 + cosec 4
e cosa—cos2atcos3Ia=1/2
d 8 cos acos 2acosda=1
9. Which of the following is/are correct? -
a (tan x)" M0 (cotx)" "D, Vx e (0,4) . b 4Meoseercghheosex g e (0, m/2)
c. (l/z)ln(cosx) < (1/3)]n(cosx) Vxe (0, 7‘./2) d 2]:1 (tan x) >2!n(sinx)’ Vxe (0, 7&'/2)

10. Which of the following do/does not reduce to unity?

sin (180° + A) cot (90° + A) cos (360° — A) cosec A
& %an (180° + A) tan (90° + A) sin (- A)

sin (—A) _ tan (90° + A) & cos A
sin (180° + A) cot A sin (90° + A)

sin 24°cos 6° — sin 6° cos 24°
& = ; -
sin 21° cos 39° —cos 51° sin 69°

cos (90° + A) sec (— A) tan (180° — A) .
sec (360° + A) sin (180° + A) cot (90° — A)

Office.: 606 , 6th Floor, Hariom Tower, Circulér Road, Ranchi-l,A
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11. Which of the following identities, wherever defined, hold(s) good?
a cot a~tan @=2cot2¢ h tan(45°+ ) —tan (45° - &) =2 cosec 2
c. tan (45° + @) +tan (45° — @) =2 sec 2 d tano+cota=2tan 2

12. A circle centred at O has radius 1 and contains the point 4. Segment 4B is tangent to the circle at 4 and
ZAOB = 8. If point C'lies on O4 and BC bisects the angle ABO, then OC equals

‘B
6
0 o A
Fig. 2.36
2 :
: cos® 6 . | - sin 6
a sec B(sec@—-tan 8) h N 0 1 +snd —
13. The expression (tan® x + 2 tan’ x + 1) cos® x when x = 71/12 can be equal to
a 42-3) h 4(+/2 +1) ¢. 16 cos? /12 d 165sin? /12

14. Let o, Band y be some angles in the first quadrant satisfying tan (o + ) = 15/8 and cosec ¥ = 17/8, then
which of the following hold(s) good?

aatfty=nxn ' h cot @ cot Bcot y=cot @+ cot S+ cot ¥
¢, tan @+ tan B+ tan ¥ = tan @ tan Btan ¥y d tan atan B+ tan Stan y+tan ¥ tan = 1
15. (a+2)sinx+(2a-1)cos ¢=(2a+ 1)iftan oxis , . '
a. 3/4 h 4/3 ¢. 2al(a@+1) d2al(d-1)
16. Let fix) = log (log, (log; (sin x + a))) be defined for every real value of x, then the possible value of
ais
a3 h4 .5 . d6

17. If 5> 1,sin#> 0, cos ¢ > 0 and log,(sin £) = x, then log,(cos #) is equal to

a %logb(l—bz“) h 2 log (1 - #%)
¢. log, V1-b>* logy(1 - b™) A

3
18. The equation x° — %x =——— s satisfied by

8

' Sm Tn 231 1771
4. X = C0§| — b. x = cos| ~—- C. X = co§| —. . d. x = cos| —
3 %) =) (=)

| Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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2.74 Trigonometry
19. Ifsin (x +20°) =2 sin x cos 40° where x € (0, 7/2) then which of the following hold(s) good?

a cos2x=1/2 h cosec4x =2 c.sec% =J€.-J§ dtan—- (2- J_

"Ré‘aso ning Type Solutions on page 2.122
Each question has four ch'oiccé a; b, ¢, and d, o-nt-of-whicll_l”on{p rmé is --corrcct. Each question contains
STATEMENT 1 and STATEMENT 2. ;

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT |
b Both the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT 1
¢. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE

d STATEMENT 1 is FALSE and STATEMENT 2 is TRUE

1. Statement 1: If x + y + z = xpz, then at most one of the numbers can be negative.

Statement 2: In a triangle ABC, tan 4 + tan 5 + tan C = tan A tan B tan C and there can be at most one
obtuse angle in a triangle. :

2. Statement 1: cosl <cos7.
Statement 2: 1 <7, _
3. Statement 1:tan4 <tan7.5.
Statement 2: tan x is always an increasing function.
4. Statement 1: cos <sin I,
Statement 2: In the first quadrant, cosine decreases but sine increases.
5. Statement 1: If /() = (sin 8+ cosec 6)° + (cos O+ sec B)?, then the minimum value of £(6) is 9.
Statement 2: Maximum value of sin2@is 1.

6. Statement 1: If sin® @, + sin? 8,+ --- +sin® §, = 0, then the different sets of values of (6,,6,,---,86,)
for which cos 8, + cos 6, + .+« + cos 6,=n—4 is n(n-1).

Statement 2; If sin? 8, + sin® 6, + .- +sin® 6, =0, then cos 6;, cos 6y,+-, cos §, = 1.
7. Statement 1: The minimum value of 27°% % § 15 2% jg e

Statement 2: The minimum value of acos 8+ b sin 8 is —vVa® +b?.
8. Statement 1: If 4, B, C are the angles of a triangle such that angle A is obtuse, then tan Btan C> 1.

tan B+tanC

tan BtanC —1
9, Statement 1: tan 5° is an irrational number.

Statement 2: tan 15° is an irrational number.
10. Statement 1:sin 2718 isaroot of 8x* —6x+ 1 = 0.
Statement 2: Forany 6¢ R, 5in 36=13 sin 8—4 sin’ 6.
11. Let/f be any one of the six trigonometric functions. Let 4, B& R satisfying f(24)=f(2B).
Statement 1: A= nz+ B, forsome ne Z,
Statement 2: 2is one of the period of /.

Statement 2: [n any triangle, tan A =

Office.: 606, 6th Floor, Hariom Tower, Circuiar Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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13.

14.

]5.

16.

17.

18.

19.

20.

Linked Compréhension Type -

Trigonometric Ratios and Identities 2.75

Statement 1: sin 3 <sin | <sin 2.
Statement 2: sin x is positive in first and second quadrants.

Statement 1: The maximum and minimum values of the function f(x)= — 1 do not exisL.
3sinx+4cosx—2

Statement 2: The given function is an unbounded function.

Statement 1: The minimum value of the expression sin a.+ sin 3+ sin y is negative, where a, 3, v are
real numbers such that a+ f+y = 7. _

Statement 2: If o, f, y are the angles of a triangle, then sin ot sin 3+ sin =4 cos /2 cos 32 cos 2.
Statement 1 If in a triangle, sin® 4 + sin® B + sin® C = 2 then one of the angles must be 90°,
Statement 2: [n any triangle sin® 4 + sin? B+ sin C=2 + 2 cos A cos B cos C.

Statement 1: In a triangle, the least value of the sum of cosines of its angles is unity.

Statement 2:cosA+cos B+cosC=1+4sin % sin E sin %— , if 4, B, C are the angles of a trianglc .

Let o, B, and y satisfy 0 <a@<fB<y<2mandcos(x+ @) +cos (x+ B)+cos(x+y)=0Vxe R.
Statement 1: y—a= _23_7r
Statement 2: cos a+ cos B+ cos ¥=0and sin &+ sin §+ sin y=0.
IfA+B+C=mn, then

X . @ 3
Statement 1: cos? A4 + cos® B + cos? C has its minimum value Z

Statement 2: Maximum value of cos A cos Bcos Cis é— :

Statement 1: If xy+ yz+2zx = | wherex,y,z€ R',
¥ Z 2

+ = . ¥
L+ y* e 2 Jas )+ y) 1+ %)

Statement 2: In atriangle ABC, sin 24 + sin 28 + sin 2C = 4sin 4 sin Bsin C.
Statement 1: In any triangle ABC,

X
then 7t
I +%

2
Statement 2: In(l +3+ @2+ \/5)) =Inl+In \/5 +In{2+ \/5).

A B c A B c
In| cot —+ cot— + cot — |[=Incot—+ Incot — + Incot—.
2 2 2 2 2

 Solutions on page 2.1 26

Based pon each paragraph, three mltiple choice questions have to be answered. Each question has 4
choices a, b, ¢, and d, out of which only one is correct.

For Problems 1 -3
If sin @ = A sin(a+ ), 4#0, then

I

The value of tan & is .
Asin b Asin 8 9 AcosfB d Asin 3
1—-Acos 8 1+ Acosf - " 1-Asinf I+Acosf

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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2.76 Trigonometry

2. The value of tan f3 is ‘
" sina(l+ Acos f3) b sina(l— Acos ) . cosa(l- Asin f3) d cos t(1+ Asin f3)
. Acosacosf Acosacos 8 Acosacos f3 Acosacos f3
3. Which of the following is not the value of tan (o + f3)? :

sin 3 sin & cos & ; sin @ cos &
cosff-A Acos B—sin” o Acos B +sin’ a

d none of these

For Problems 4 — 6

if o B,'}g o are the solutions of the equation tan (6+ ;) =3tan 30, no two of which have equal tangents.

4. The value of tan o+ tan f+tan ¥ + tan §is

a 1/3 h 8/3. c. —8/3 do
5. The value of tan & tan Btan ytan 8is
a-1/3 . h -2 a0 ‘d none of these
6. The value of. 2 + : + 1 + l is
tancx tanf tany tand

a -8 % Y- ¢ 23 | d 13
For Problenis’7—9 '

sin o+ sin f = % and cos o+ cos 3= %
7. The value ofsin (o + ﬁ) is
a i h pe ¢ L d. none of these
25 25 13
8. The value of cos (@ + B is “
a E b L c E d none of these
25 25 13 ;
9. The value oftan (o + f) is ‘
a. #2 - h s & 2—5 : d E
7 12 13 7

‘For Prablems 10 —

To find the sum sin’ 27 +sin 4: +sin’ 8;: we follow the following method.

Put 7 8= 2nrm, where n is any integer.
Then sin 46 = sin (2arx—36) = —sin 36. ()
This means that sin 6 takes the values 0, + sin (27/7), + sin (47/7) and + sin (87/7).
Since sin(67/7) = sin (87/7), from equation (1) we now get
2 sin 20 cos 26 = 4sin*0 — 3sind
=>4 sin Ocos O(1 —2 sin® 6) = sin O(4sin’0-3)
" Rejecting the value sin 8= 0, wé get
dcos B(1 -2 sin” ) = 4 sin” 63

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1, -
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= 16 cos’ &1 -2 sin 6)* = (4 sin’ 8- 3)*

= 16 (1 ~sin®* ) (1 —4 sin® @+ 4 sin* @) = 16 sin* 624 sin 6+ 9

= 64sin® 8- 1125in* 6-56sin? 6-7=0

This is cubic in sin? @ with the roots sin?(27/7), sin*(47/7) and sin®(87/7).

24,87 112 7

2
y —+sin°— =—=—,
7

- ' S
The sum of these roots is sin T+sm

Now answer the following questions.

10. The value of (l.an2 % + tan> -%—;E +1an® 3—”—) [c.(:\t2 -';—+ cot? 27n+ cot? %EJ is

7
a. 105 h 35 e 210 d none of these
- g B pand 88 o it 58
11. The value of ! 7 1 s
cot® £ 4 cot? L] + cot? id
7 i 7
a 7 h 3573 ¢ 21/5 d none of these
12. The value of tan> l;-tan2 %’E tan® _?%r_ is .

a -3 h -7 c.—-5 d none of these

For Problems 1315

An altitude BD and a bisector BE are drawn in the triangle ABC from the vertex B. It is known that the length
of side AC = 1, and the magnitudes of the angles BEC, ABD, ABE, BAC form an arithmetic progression.
13. The area of circle circumscribing A4BC is

b4

8 — ho c. L3 dn
8 4 2
14. Let ‘O’ be the circumcentre of A4 BC, the radius of the circle inscribed in A BOC is
1 1 1 - ]
R —= h — ¢ Gy d -
8V3 - 43 243 2
15. Let B’ be the image of point B with respect to side AC of AABC, then the length BB’ is equal to
. V3 n V2 L a ¥
4 4 V2 2

Matrix-Match Type Solutions on page 2.129

Each question contains statements given in two columns which have to be matched.
Statements (a, b,c, d) in column I have to be matched with statements (p, q, r, §) in column 11. If the correct
matches are a-p, a-s, b-q, b-r, ¢-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

p q r s

OO
®OOE
OO
OO

o o o o

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Column | Column {1
. 4
a. (cos B+ sin 6)/2 p g
7
h sin26 —
* 10
c. cos 280 r E
25
d cos @ S. —Z—
25
2. Forall real values of @
Columnl Column Il
a A=sin’ 8+ cos’ @ pAde[-1,1]
s 2 Vo 3
b A=3cos" 6+sin' @ qu[z,l]
c. A=sin’ §-cos* 0 r. A€ [22 )
d A=tan’?6+2cot’@ s. Ae[1,3]

3. Ifcos a+cos f=1/2 and sin ¢ +sin f=1/3 -

Column|l Column l
a. coS (a ’ B) p o+ —\/—l_g

2 12
h cos aw—ﬁ) G %

e
1

3
J 3

131

8. & | —
13

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Column} Column 11

a. sin(410°—A4)cos(400°+ A) + cos (410° - 4) sin(400° + 4) has p~1
the value equal to

" cos? 1° - cos? 2° t 5
2 sin 3%gin 10 caualto 4

c. sin(=870°)+ cosec (~ 660°) + tan (~ 855°) + 2 cot (840°) + cos (480°) r. —;—
+sec (900°)
d Ifcos 6= % where 6 e (%—, 27:) and cos ¢= % where ¢ € (0, -7-;—] s. |

then cos (8- ¢) has the value equal to

5.
Column] Column 11
a. The maximum value of {cos (24 + @) + cos (28 + 6)}, p 2sin (4++B)
where 4, B are constants, is y
h The maximum value of {cos2 4 +cos2 B}, g 2sec(A4+B)
where (4 + B) is constantand 4, B € (0, n/2), is
¢. The minimum value of {sec 2 A + sec 28}, r.2cos(A+B)
where (4 + B) is constant and 4, Be (0, n/4), is
d The minimum value of J{ tan@ + cot8-2cos2(A+B)} s. 2cos (A4 - B)
where A, B are constants and 8¢ (0. n/2), is
6.
Column 1 Column Il
a 08 20° -+ cos 80° — /3 cos 50° p~1
n 2n 37 Am Sn 6 | 3
b cos 0° + cos — + cOS—— + €OS—— + COS —— + COS§ == + COS— qG--
7 7 7 7 7 7 v
¢, ¢0s 20°+¢o0s 40° + cos 60° -4 cos 10° cos 20° cos 30° rl
d cos 20° cos 100° +cos 100° cos 140° —~cos 140° cos 200° s. 0

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-i,
Ph.: 0651-2562523, 9835508812, 8507613968
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Column i

Column H}

a Suppose ABC is a triangle with three acute angles 4, B and (.

The point whose coordinates are (cos B —sin A, sin B
—cos A) can be in the

p. 1* quadrant

h If257 9> | and 359 < |_then Be .

¢ 2" quadrant

¢ |cos x +sinx|=|sin x|+ |cos x|

r. 3" quadrant

dIf I—anA s 1 , for all permissible values
l+sinA cosA cosA

of 4, then 4 can belong to

s. 4™ quadrant

Column Column 11
a Ifx* +)* = 1 and P= (3x—4x°)* + By -4)7)% then P is pl
equal to
b Ifa+6=3—-cos40and a—~b =4 sin 26, then the maximum g4
value of (ab) is
¢. The least positive integral value of x for which B
3 cos 8= x* —8x + 19 holds good is
2
difx= lj;;,z and y= 2l+2;; , where A is a real parameter, s. 8
then x? — xy + )7 lies between [a, b] then (a + b) is
Column § Column 1
a. In triangle ABC, 3 sin A + 4 cos B=6 and p 60°
3cosA+4sinB=| then ZC canbe
b In any triangle, if (sin A + sin B + sin C) g 30°
(sin A + sin B —sin C) = 3 sin A sin B, then the angle C
¢. If 8 sin x cos’x — 8 sin®x cos x = 1, thenx = r. 165°
d. ‘O’ is the centre of the inscribed circle in a 30° - 60° —90° 8. 7.5°
triangle 4BC with right angled at C. H the circle is
tangent to 4B at D, then the angle ZCOD is °

- Solutions on page 2.135

Integer Type §

—8in 26 + cos 20

1. If f(6)= ] then value of 8f(11°)-f(34°) is
 2cos26
2. Iff(x)=2(7 cosx + 24 sin x)(7 sin x - 24 cos x), for every x € R, then maximum value of ({x))"" is

3 lnan'iangleABC;, LC= %.lf tan (%J and tan (g) are the roots of the equation ax? + bx+ ¢ =0 (a#0),

a+b
then the value of ik (where, a, b, c are sides of A opposite to angies A, B, C resp.) is

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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If (1 +tan 5°)(1 + tan 10°)(1 +1tan 15°)...(1 +1an 45°) = 2 then the value of ‘X’ is

25in(140°) sec(280°) % sec(340°)

sec(220°) cosec(20°)
cot(200°) — tan(280°)
cot(200°)

Ifx,y & Rsatisfy (x + 5)% + (y— 12)* = (14)?, then the minimum value of is g

Suppose x and y are real numbers such that tan x + tan y =42 and cot x + cot y =49, Then the prime

number by which the value of tan(x + y) is not divisible by 5 is

Let0<a,b,c, d<mwhere b and ¢ are not complementary, such that

2cosatb6eosb+Tcosc+9cosd=0

and 2 sin @ — 6 sin &+ 7 sin ¢ =9 sin d = 0, then the value of 3

The value of J§|

cos(a+d) .

cos(b + ¢) B
Suppose A4 and B are two angles such that A4, 8 € (0, m), and satisfy sin 4 + sin B=1 and cos 4
+ cos B =0. Then the value of 12 cos 24 + 4 cos 2B is ;
aand fare the positive acute angles and satisfying equations 5 sin 23=23 sin 2a and tan f=3 tan &
simultaneously. Then the value of tan a + tan B is

The absolute value of the expression tan T 4 tan e + tan o, + tan LEL) is
16 16 16 16
1 1

The greatest integer less than or equal to + — is
g 8 3 c0s 290°  \f3sin250°

is

The maximum value of y= — =
sin” x4 cos" x

The maximum value of cos? (45° + x) + (sin x - cos x)? is

. 4 4

sin r+cos f—1 .
The value of 9— o is
sin" f+cos ¢t —1

The value of cosecl0° + cosec50° - cosec70° is

The minimum value of J(Ssin x —4cos x - 10)3sin x + 4cos x = 10) is
Number of triangles ABC iftan A =x,tan B=x+ l andtanC= | ~x is

(loglo N) -1

5 , then the value of ‘n/3° is

If log,gsin x + log gcos x =~ 1 and log,,(sinx + cos x) =

The val ¢ sin1°+sin3° +sin5°+sin7° |
e value o : : is
c0s1°-cos2°:5in4° .

Inatriangle ABC, if A— B= 120° and sin %sin gSi"% = 31—2 lhen; the value of 8cos C is

1 1 1
Inatriangle ABC if tan 4 = > tan B=k+ 3 andtan C=2k+ 2 then the possible value of [£], where

[-] represents greatest integer function is
If sin’x cos 3x + cos’x sin 3x = 3/8, then the value of 8sin 4x is

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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2.82 Tngonometry
ArChIVES ;J. ' L‘ Solutions on page 2.14]
Subjective

. Iftan =—— and tan [3— L , find the possﬂ)le values of (o + ff). (NIT-JEE, 1978)

m+l 2m+1’
3 S DA G e [l 006 fiitia™ == Top™ 2. (IT-JEE, 1979)
- WD g O 5 = | .

b.1f cos (+ f) = %, sin (- )= %, and ¢, f3 lie between 0 and.n/4, find tan 2ex.

3. Prove that 5 cos 8+ 3 cos (6+-’-;—) + 3 lies between — 4 and 0.

4. Given a+ B~y = m, prove that sin® .+ sin® B - sin®'y= 2 sin esin B cos . ~ (IIT-JEE, 1980)
5. Forall @in [0, /2] show that cos (sin 8) 2 sin (cos 8). (INT-JEE, 1981)
6. Without using tables, prove that (sin 12°) (sin 48°) (sin 54°) = 1/8. (ITT-JEE, 1980)
7. Show that 16cos(-?—£)cos(4—”)cos (s—ﬂ]cos (-1-@- = 1g ' (IIT-JEE, 1983)
15 15 15 15
8. Provethattan a+2tan2x+4tan4a+ 8 cot 8= cot a. (IIT-JEE, 1988)
9. ABC is a triangle such that sin (24 + B) =sin (C—A4) =~ sm (B+2C)=1/2.1f A, Band C are in A.P.
determine the values of 4, B, and C. (NIT-JEE, 1990)
10. Show that the value of :an: , wherever defined, never ties between % and 3. (IIT-JEE, 1992)
an3x ;
i 2k n :
11. Prove that z(n -k)cos —— = oy where 72 3 is an integer. (IIT-JEE, 1997)
k'--l '] . '
- : -
12. Find the range of values of ¢ for which 2 sin 7= I——Z-Lsx— JAE I:—ir-, E]. (INT-JEE, 2005)
Ix®=2x-1 2 2
13. Find the maximum value of the expression —; : : = (IIT-JEE, 2010)
sin“@+3s5in 0@ cos8+5cos° 0
Objective
Fill in the blanks
n
1. Suppose sin’ x sin 3x = z C,,cosmx is an identity in x, where Cy, C,, ... ,C, are constants, and
m=0 ’

C,#0, then the value of nise . (1IT-JEE, 1981)

2. The side of a triangle inscribed in a given circle subtends angles &, Band yat the centre. The minimum

value of the arithmetic mean of cos (a + %) cos(ﬁf -g-) and cos[‘y +%J is equal to.
(IT-JEE, 1987)
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4
3. The value of sin—sin 3—Jrrsins—ﬁsin —zsin ?—Esin L sin L3z, is equal to (WT-JEE, 1991)
14 14 .14 14 14 14 14
4. IfK=sin (n/18)sin (57/18) sin (77/18), then the numerical value of K is—. (IIT-JEE, 1993)
5, IfA>0,B>0and 4+ B= /3, then the maximum value of tan 4 tan Bis (IT-JEE, 1993)
6. Ifcos (x —)7), cos x and cos (x + y) are in H.P., then cos x sec [%) R (IFT-JEE, 1997)
True or false
. Iftand4 = ]:_‘m £ thentan2d =tan 8 (IIT-JEE, 1983)
. sin
Multiple choice questions with one correct answer
1. Iftan 6+ sin 8= m and tan 8-~ sin 8= n, then
a. m*—n*=4mn b m?+n*=dmn
¢ m’—nt=m?+n? d mt—n?= 4Jmn (IIT-JEE, 1970)
2. [ftan 8= -i;-, then sin@is (IT-JEE, 1979)
a —% but not % h —%or% c, 4 but not — g d none of these

3. Ifoe+fB+y=2n then

a tans tanﬁ-i-tanl: lanﬁlanﬁtanl b tan—tan E—s—tanﬁtanl~1~tanltamg=l
2 2 2 R 2 2 2 2 22 22
. tan£+ tanE+ mn1 == —tanztanﬁtanl d nonc of these " (INT-JEE, 1979)
2 2 2 2 2 \2
4. Given 4 =sin? 8+ cos” 6, then for all real 6,
a 1£A=<2 h3/4<A4<1 ¢ 1¥16<4<1 d 3/4<A4A<13/16
- (IIT-JEE, 1980)
) m\
5. The value of ('l +cos = |1+ cos A 1+ cos i ‘[] + COS _) is
8 - 8 8 8
a /4 b 3/4 c. 1/8 d 3/8 (IIT-JEE, 1984)
6. The value of the expression V3 cosec 20°—sec 20° is equalto ¥
a 2 b 2 sin 20°/sin 40° c.4 d 4 sin 20°/5in 40°

. (NT-JEE, 1988)
7. 3 (sin x —cos x)* + 6 (sin x + cos x)* + 4 (sin® x + cos® x) is equal to

a Il b 12 ¢ 13 d 14 (UIT-JEE, 1995)
8. sec’ = by > is true if and only if | |
(x+y)
a x+tvz0 hx=ypx#0 A dx#0,y#0
(IIT-JEE, 1996)
9. Letf(6)=sin B(sin O+ sin 36). Then f(6)is ’ '
a 20onlywhen 820 h <0forallreal 6 ¢, 20 forall real 8 d €0 only when 8650
- ; (TT-JEE, 2000)
Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1, 5
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10. The maximum value bf.(cbs o) (cos ) -+ (cos @), under the restrictions.
0<a,, a, ..., 0,< /2 and (cot @) (cot @) -+ (cot @)= 1 is

a 1272 h 12" B c. 12n dl

(IIT-JEE, 2001)
1. Ifa+ =2 and B+ y= &, then tan cequals

a 2 (tan f+tan.p) b tan B+ tan y ¢ tan B+ 2 tan y ~d2tanB+tany
" (IT-JEE, 2001)

12. Given both 8and ¢ are acute angles and sin 8= [/2, cos ¢ = 1/3, then the value of 8 + ¢ belongs to

a(ﬂf | b (%22 c,(Z_ﬂﬁ_ﬂ d(ézz,,
3" 2 2° 3 3°6 6

(WIT-JEE, 2004)
13. Let0<x <4, then (sec 2x — tan 2x) equals

a tan(x—it—) b tan[ﬁ—x) C. tan( —] d tan? [x+£)
4) 4 4 4

(IIT2EE, 1994)

14. Let n be a positive integer such that sin I teos—— =% Then
2n 2n 2
a 6<n<g _ h4<n<8 c.4<n<8 d4<n<8
(IIT-JEE, 1994)
15. Let 8 (0, /4) and t, = (tan 8)™®, 1, = (tan 8)**® 1, = (cot )" Pand ¢, = (cot 8)**?, then
& L3> 53], h iy t,> 1> 1 LS LD 11, dt>1,> 1> 1,
(IIT-JEE, 2006)

Multiple choice questions with one or more than one correct answers

1. The expression S[Sind (%J’I - a*)-f sin (3n +a)] -2 [sin'3 (%7” a) +sin® (51— a)] is equal to

aol hi : Yo d none of these
- (IIT-JEE, 1984)
‘2. ForO<¢<a2, ifx= Zcosz" P,y= Zsinz" ¢,z= Zcosz" ¢sin™ ¢, then
n=0 n=0 n=0)
a xyz=xz+y hxyz=xy+z Cxyz=x+y+z d xyz=yz+x
! . (IIT-JEE, 1992)
3. Which ofthe following number(s) is/are rational? ' _
‘a sin 15° " b cos15° ¢.sin15%°cos 15° d sin 15° cos 75°
. _ (1IT-JEE, 1998)
4. For a positive integer n, let £, (8) = (tan 8/2)(1 +sec8)(1 +sec20)(1 +sec48) --- (1+sec26), Then
a fo(n/16)=1 b f3(7/32)=1 ¢ fi(m/i6d)=1 d fi(n/128)=1

(NT-JEE, 1999)

. Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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5. The minimum value of the expression sin ¢+ sin f+ sin ¥, where o, f3, y are real numbers satisfying o
+B+y=nis
a positive h zero ¢. negative d -3 (ITJEE, 1995)

ANSWERS AND SOLUTIONS

Suhjective Type ' ' T ' e -~

1. Letm=2k i.e., misevenwhercke /

Now, B=2kn+ %- A= (Zk + %J n-A (i)
Ifm=2k+1,i.e., misodd, then

B=(2k+ 1)1~ (g-Aj =.(2k +%]7c+/;; | . (i)
From Egs. (i) and (ii), B can be expressed as

|
B= [2" +EJ ntAd kel

which is same as a.
2. A+B+C=nm

A B C A B G
=. c¢ot—cot—col— =cot—+cot —+cot—
2 2 2 2 2
B C .
But tan -ﬂ, tan —, tan— are in H.P. . ()
2 2 z -
cot i,cot —B-, cot E are inA.P.
2 2
So,cotﬁ+cot£=2cot§—.
2 2 2

B B
Hence, Eq. (i) becomes Cot%COtECOIE =73 cot; =5 cot-g-cot =3

2

= G.M.of <:0t—'1 and cot L4 1Icotﬁcc} L =3
2 2 2 2

A [ &)
cot E +cot—

and A.M. of cc:nﬁ and cot — = ———f— & = cot —
2 2 2 2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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ButAM.2GM.

=) cotgzﬁ

Therefore, the minimum value of cot B8/2 is \E ‘

1
3. cosec 6= ——

sin@ :
sin(e—g] in@ 9. os Osi 8
_ 1 sing/2 _ > =sm cos = —cos Bsin-
sin@ sin6/2 sin'Gsin[gj ' sin Qsing .

coécc o= colg—cote

Similarly, cosec 260=cot 8~cot 28
cosec 46 = cot 26—-cot'48

cosec2" ! @=cot 2" 2 @~-cot2""'8
Therefore, sum = cot 2 —col2"' @

4, Letcot@=cotd+cotB+cotC
: =cot@—-cotd=cot B+cotC
sin{A~8) sin(B+C) ! s
sin Asin@ sin BsinC

. L,
- sin“ Asin@ '
= Sin(A-8)= I
L T T ®
S ‘
simitaelyy sl e 2229 ' | (ii)
sin AsimC :
. 2 : .
Csin8
and sin (C~ @)= ———2 | (i)
sin Asin B . ? .

By multlplymg corresponding sides of Eqs. (i), (11) and (iii), we have
sin® @=sin (4 - 6) sin (B=-6)sin (C-0)

A. Let sin-§+sin—g+sin£ =k

e

A+B 556 A;I} i A-l-B:k

A-B . A+B

2A-IHB—Zcos sin +k=1=0
4. 4 4 ‘ '

is real, 4cos® -4-;—{3-—8(& -1z 0

or 2sin

= 2sin

; . A+B
. Since sin

= 2(k-1) < cos? A8 g1 2sw3n

1

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
: Ph.: 0651-2562523, 9835508812, 8507613968
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Hence,'ZsinA+B cosA_B;sin . foat $—l—
4 4 4 2
., A+B A-B n+C | _1
= 2sin COos —-Cos L=
4 4 4 2
. A+B , #+C+A~-B , n+C~A+B _1
= 4sin sin Sin <=
4 8 8 2
. n=-C ., n-B  m-A 1 n+C m+B 7w+A 1
= 4sin sin Sin £— = COS COs cos L=
4 4 4 2 4 4 4 8
tan(@ +
© 6. Here ﬁ—u . By componendo and dividendo, we get
y tan(6+f3)

x+y _ tan(@+a)+tan(8+pB) _ sin(260 +a+f)
x=y tan(8+@)—tan(+ ) sin(a — )

22X in2 (e — B) =sin(20 +a + B) sin(a— B)

x=y
= %[’cos 2(0+ ) —cos 2(0 + )] (@)
Slmllarly, smz(ﬁ -y)= —[cos 2(0 +7)—cos2(8 + B)] (i)
y=2
and XX 2 (y—-a) = E[cos 20+ @) —cos2(0 +y)] . (i)
z2~X

Adding Eqs. (), (ii), and (ii1), we get L.H.S.=0.
7. Here, we have tan 60=p/g

sin6f _ p L \}P +q° JT

= =k
cosb8 ¢ sin 69 cosGG W1 9 (say)

Nowy——(pcosece qsecze)—__( p q )

2 sin 28cos 260
2k sin 68 cos 26 ~ 2k cos 68sin 26 sin(66 —20) 7 2
= - = f—t mp = p* dg
. 48in 28 cos 20 sin4@

8. sin @+ cos @+ (tan @+ cot @) + (sec &+ cosec @) =7

. 1 sinQ +cos o
= (sina+cos a)+ — + — =7
sincos sin@cose

1 - ; 1
= (sina+cos@)| l+ ——— | =7 — e
' sin 0 cos & sin QX cos O

=5 (l+qm2a)(]+ s + - )=49— _28 + .
sin2¢  sin’® 2¢ sin2e  sin’ 20

Office.: 606 , 6th Floor, Hariom -Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Letsin 200 =x
= (l+x)(l+4+ 4) 49——2-8—+—4~ = (1+x)(x2+4x+4)=49x2—28x+4
X X X -
= x°—44x*-36x=0
= x*—44x-36=0. (asx=sin2a#0)
9. We have
cot? L -1
1+cotf—cot — =1+ —-—=—— —cot =
2 cot —
2
2cot2+cot2 2—1—2::0:2 Q
» 2 2 2
2 cot E § ; : -
9 ”
2
-—(cot%—l) SN s
B : <0for0<@<m
2 cot — )
2
= 1+ cot O< cot —
. (7] i1
Equality holds when cot 2\ | == g= )
10, Since A.M. of two positive quantities = their G.M., we have
inx S i x+£ ‘
25 lll‘ 4 PR > zsinxzcmx = stin.ffcos.r oz 2\/55!"( 4] > 2_J§
' g -1 e
=5 zsin.r+2cos.x2 2% 275 =7 7?
11. We have é +B +£ A , S0 that
3 8 2 8
tan[é+_) s [ E)
2 g 2
A B :
tan — +tan — 1 -
ai 5"
1l —tan — tan — tan—
2 2

A B -C & A
= tan — tan — +tan — tan— + tan —tan — = |
2 2 2 2 2 2

Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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= B+C= 37R=>O<B,C<3—‘:-r—Alsotan.BtanC=p

sin BsinC p
iy, m———— i
cosBcosC |
cos B cosC —sin BsinC _1-p

cosB cosC +sinBsinC 1 +p

cos(B+C) " 1-p
cos (B-C) ~ 1+p

L E—— | ' [
B S -- .

Since Bor C can vary from 0 to 374, we get

0£B-C< %:—L<COS(B~—C) <l1.

V2
1 p +I1

Equation (i) will now lead to - — < <1

V2 V2 (p-1)

+
For ()<l+p—1 2p

p-1 = (p-1)

-2 (p-I
Alsop*‘-r\/_(p )SO

V2 (p-1)
-

= TSR

= p<topz(V2+) g (i)

>0 =p<Qorp>1 : (ii)

2
Combining Eqs. (i) and (iii), we get p <0 or p = (V2 +1) :

Adding sin(a + x) + sin(a—x) = 2(b + ¢)

= 2sinacosx=2(b+c) _ IR T "

. b+c ) ‘ )

=5 COS X = ——— , .M
sina

Office.: 606 , 6th Floor, Hariom Tower,'C':ircuIar Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Subtracting, we get
sin{fa+x)—sin{fa-x)=2(b-c¢)
=2cosasinx=2(b-c)

. b-c
= sinx=
cosa
Squaring and adding Eq. (i) and Eq. (ii), we get
(b+c)? i b-c? :
sin‘a cos’a
_ nsinQ@cos
14 tan i ———
l1=nsin® &
nsin O Cos ¢
- cos’ @
1 nsin’ o
T Bl
cos“a cos‘a
ntana ntan o

{]

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

(i)

[dividing numerator and denominator by cos?or)

“ntan o

tanc ~ tan 3

Now, LH.S. =tan(ax—- ) = ——
’ ; A 14tan tan 8
ntango
tan @ — 3
_ I+ (1-n)tan® o
ntan ¢
I+tan

14(1=n)tan’ o

tan + (1-n) tan’ @ — ntana _

1+ (1 - n)tan’ @ + ntan’ o

sec’ o - ntan’ & 1+tan2a—_ntan2a 'l+(1~n)tan2a

(i)

[From Eq. (i)}

(1 —n) tana +(1 = n)tan® o

- =(l=nmtanx
S+ tanfa (1=}

15. L.H.S. contains x, 3x, 9x and 27x, whereas R.H.S containg 27x and x only. So, we will manipulate terms

as shown below

RHS= % [tan 27x —tan x]

1 :

- = [(tan27x —tan9x) + (tan9x ~ tan3x) + (tan3x — tanx)]

=‘__l_— sin27x  sin9x - sin9x  sin3x " sin3x  sinx
2(\cos27x cos9x cos9x cos3x cos3x cosx

[

| cos 27xcos 9x ' cos9xcos 3x

sinl8x sin6x

[ sin (27x - 9x) L Sin (9x - 3x) _Sin (3x—x)]
cos3xcos X

1
5 | cos27xcos9x  cos9x cos3x

sin2x
+
cos3x cosx

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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_ 1] 2s8in9x cos9x 5 2sin3x cos3x +2sinxcosx
2| cos27xcos9x  cos9xcos3x  cos3xcosx
sin9x sin3x sinx  sinx sin3x  sin9x

= + + = + + =L.H.S.
cos27x cos9x cos3x cos3x cos9x cos27x

2¢cos2" 6+1

2cos@ +1
or2cos2" 8+ 1 =[(2cos 6+ 1)(2cos 0—1)] (2cos28—1)(2¢c0s226—1)...(2¢cos2""' 8- 1)
Now [(2 cos 8+ 1) (2 cos 0—1)] (2¢c0s20-1)(2¢05228—-1)...(2¢cos2"""' 8-1)

=(4cos? B~ 1)(2¢c0s20-1)(2cos226-1...(2cos2"" ' 6-1)
=(2c0s20+1)(2¢0820-1)(2¢cos228=1)..(2cos 2”1 g-1) [using cos 28=2 cos? 8~ 1]
=(4c0s*20-1)(2c0s220-1)..(2cos2"" 1 9-1) '
=(2c0s22641)(2cos228-1)...(2cos2"" ' 8-1)
=(4cos?220-1)(2cos2*0-1)..(2cos2"" ' 8-1)

We have to prove =(2cos 8- 1)(2cos26-1)(2 cos2? 6—- 1)...(2 cos 201 g=1)

=(2cos2" '@+ 1)(2cos2" ' 8-1)
=4 ¢os?2""! 91
=2c0s2" 0+ 1

B\
We have to prove that TN =(1+sec28) (1 +sec2? @) (1 +sec2’8)...(1 +sec2" §)

ortan2" @ =tan 0(! +sec 28) (1 +sec 22 6) (1 +sec2* 6)... (1 +sec2” 6)
Now tan 8(1 +sec28) (1 +sec2? 6) (i +sec2® 6)...(1 +sec 2" 6)

1+cos26
tan @ | ———
cos26

] (1 +sec2? ) (1 +sec 2’ §) ... (1 +sec 2" 6)

= Zi}rlg(zc‘:;s;e} (1 +sec2? §) (1 +sec2? B)... (1 +sec 2" 6)
= (tan 26) (1 +sec 22 6) (1 +sec2’ ) ... (1 +sec 2" 6)
= (tan 26) fl——:—s%} (1+sec2’ ) ...(1 +sec2" 6)
\
(2c0s? 26 3 .
= (tan 26) ¢ e J (1+sec2”6)...(1 +sec2" 8)

=(tan226) (1 +sec2* ) ... (1 +sec2" 6)

=tan 2"~ @(1 +sec 2" 6)

=tan2"~! @ I+cos2" 0
cos2" 0
: 2 Aan=I1
- PA A
cos2"0
=tan2" 9 '

Office.! 606 , 6th Floor, Hariom -Tower, Circular Road, Ranchi-1,
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Objective Type e | “ .._.._.-_:

1.b. Sincef(x)=sinx is an increasing function for 0 <x <7/2 and | radian is approximately 57°. Therefore,
1°<1®=>sin 1°<sin ].

2 2
2.a. We have %y—;(ﬁﬁj

Xy 2\y x
2, .2 2, .2 -
g +y "
Now, sin? 9= 222 e tlosg - [+ sin® 820]

2xy : 2xy
Therefore, x and y have the same sign.

- 3 . 3 :

+

Naw,ﬁ—-—-y—=l P ) 21 (. AM.2GM.)
2xy  2\y «x . 2xy

X%+ y?

2xy
3.d. Since 0 <x <nx. Therefore, sinx>0

We have | + sinx+sin?x + ---ec0=4 4 2-;/5

But sin? < 1. Therefore, =1 =>x=y.

]_ =4+2\3
l=sinx
= sinx=1- :
4+2\/§
44243 2
2r

COs X tan x 1 sin x-
BRV-+ * '
k tan x 1 +cosx

4.b.

_ Sinx cosx (1+cos x) +sin®x _ cos x(1 +cos x) + (1 —cos’ x) _
k2 sinx (1+cosx) sin x(1 + cos x)

8.5 28ih 2 cosee & (sing—cosécosé) cos A
o 2 2 2 22

. A B(
stm—Ecosec— cos

-c:oeAcc»sE cos A
2 S

A B . A. B . A .
= 2sin—cosec—| =sin—sin— | ~cos 4 =—238in* ——cos A =—I|
2 2( v 2 2) 2

Office.: 606 , 6th Flodr, Hariom Tower, Circular Road, Ranchi-1,
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6.b. Applying A.M.2G.M. in6tan? ¢, 54 cot? §, 18, we get

8.b.

10.c.

11.b.

6tan® ¢ +54cot’ p+18
3

This is true if 6 tan® ¢= 54 cot® ¢= 18

= tan’ ¢=23 and cot? p=1/3

Therefore, | gnd 11 are correct.

2(6x54%18)>18

: 5tan9=4=>tan9=—:-

sin@
5sin@-3c0s8 _ “cos

_ S5tan6-3 2

Sxi—B
5

5sin6+2cos@ 5 sin@

Stan6+2
2sec20=1tan p+cotp 086 '

+2

- - sin? @ +cos? ¢
cos 20 sin ¢ cos @

2 1
cos268 sin¢cosg

= ¢0s20=sin2¢

= 20=90°-2¢

= 9+¢=-§

. Sinx+cosecx=2

= (sinx-1)’=0
= sinx=l|
= sin"x+cosec’"x=1+1=2
1 1 - 4

gect@bcosec? f= —e—t—— = —
cos“@ sin“@  sin“ 26

24

Also, sec? 8 cosec? 8= — .
sin“ 20

S5X—+2
5

Hence, the only equation which can have roots cosec? @and sec? Qisx2 ~5x+5=0.

’I—cosa +\/I+cosa __1—cosa+1+cosa
I+coscx ]—=cos «/l—cosza
_ 2 _ 2
[sinx| =-sino

(since m <@ <3m/2)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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12.b. We have coslr—-m‘-cos-z—n.-+-c:os3—”-1-|:Cts£r-~i-cc's§-7£ +cos§£+cos2 N
7 i 7 7 7 7 7 i
(' n 61 2 5 ( 3n . 4zr) '
= | cos—+cos— |4+| cos—+cos— | +| COS——+COS— |+COsT
T 7 7 7 7 '

n n 2r ' 2« ( 3In 37r] :
= | cos— =cos— |+| cos—=cos— | +| cos~—— —cos— |+cos7
7 7 7 7 7 7

=cos m=—1 . -
13.b. 2sin® 6+ 3 cos? B=2(sin? 8+ cos’ 6) + cos? 8=2 + cos’ 822
[ cos’ 0> 0]
14.b. sin® 8+ cos® 8= (sin’ Ei+(:os2 6)? -2 sin 6c052 B=1-2sin’ Gcos? 8< |

15.d. We have .
S () = cos? 8+ sec? 8= (cos 6-sec G)* +2 cos O sec 8= 2 + (cos §—séc 6)* 2 2
16.a. f(x)=cos®x +sin®x
= (cos® x + sin® x) (sin® x + cos* x — cos? x sin? x)
='((sin’ x + cos? x)? - 3 sin’ ¥ cos? x)

\

=]- Esin2 2x ’ »
4 v

= fix)e [%, 1]
17. a. f(ﬁc)=3cosx+55in(x—n/6)

—_ osx+5x—-3-smx
2 2 :

v (5 s ]

= —-J19< f(x) <19
18.d. 1 —cos2x+sin2x =2k
= Sin2x—cos2x=2k-1

2k =1 - -
= sin(2x-q)= ——
( ) 7
2k -1
= —=1£ <1
- NG
;/_<k<1+f

19.d. cot(x+fB)=0=a+B=n2+nm nel
- = sin(e+2f) =5in(90° + f) = cos B (for n=0).
20.b. We have

x oy z

cosé cos (9—%’5) cos(o +2?E)

Office.: 606 , 6th Floor, Hariom Tower, Cifcular Road, Ranchi-1,
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Therefore, each ratio is equal to
X+yv+2z J _Xty+2z

cosﬂ+cos[6-—2—;)+cos(9+?)

= x+y+z=0,

21.b. Since 0 <sin® x <sin?x
0 < cos™ x < cos® x [as sin x = sin® x sinx < sin? x, sin® x < sin? x and so on)
= 0<sin® x+cos? x < sinx + cos? x = |

= 0<sin?x+cos?x< 1

22.b. 42-25x+1=0
Let a and 8 be the roots, we have

+ﬁ—i J— ﬁ—-i
% 4
5-1 S+1
Since sin 18°= J5 , €08 36°% = 5
4 4
S5-1 |
sin 18° 4+ cos 36° = \/_z-{snn18°cos36°-5——=i=-—
16 . 16 4
Here thc required roots are sin 18°, cos 36°.
23.b. \/2cota+ —J2cotrx+coscc o
sin® a
z‘,/Zcotcar-kl+cot2r:c=|;|+cota:|'=—1--cotoz
[sincecot @ <1 when3n/d<a<n, |l +cota|=~1=~cotq]

33 13 33

24.d.f(9)=50059+3005(6+§)+3=5cosG+%cos€—T 9+3—? 59——-—2——sin9+3

[I—i-?- +—2£—) sin(@— @) + 3. Thus, the range of £(8) is (-4, 10].

25.b. Since a< f<y< andsin a=sin f=sin y=sin =K, therefore f=nm—0, y=2n+ 0, §=3n—-

B Y

a . : . D o a a o
in —+3sin—+28in=+sin— =4 sin — +3¢08§— —2§in — — 0§ —
= 4sin 5 ” 2 2 5 Jco > smz o) 7

=2 sin%+2cos%=2\/l+sina =31+ K
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2.96 Trigonometry .

26. ¢. Let O be the centre of the circle
A-!@A\
D
Apy Ay
Fig. 2.37
PR
Since LA,0A4, = 3?50 = 60°
AyOA, is an equilateral triangle, we get AgA4, = 1 [radius of circle = 1]
f . Jg
Also Agds = Agdy = 20D=2[OA,] sin 60°=2(1)——2—=J§
(Ao} (Agx) (Ao A )= (1) (3)/3) =3
*27.d. The given relation is satisfied only when sin 8, = sin &,=sin 8;= 1
= co0s8,=cos§,=cos6;=0
= cosf, +cosB,+cosf;=0
28.c. sin*@<1
f+f+1 ’ '
2—51 =2 +y? 2+ 1<0 [as x> 0]
o ) . _ . )
= (x=-17+)2<0
It is possible, iffx~ 1 and y =0,
- 2 .. 1 n
29.a. sin(a+f)=1=a+f= 5 sin (@ ) = > o-p ==
Solving, we get a=7/3 and B= /6
Now tan (a-l-.Z,B) tan (2a+ )= tan (-;E + -{;—J tan (-2?”» + %J = tan 2% tan 5—:— = [-cot 1_:-] (—cot %) .
| (=43
= | =——=[{=v3}=1
5
30.a. sin27°—sin 63°=-2 €os 45° sin 18°

_ 5[ 5-1) . 5-1 o 3-45
B ﬁ[' 4 J_ 2 2
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3l.c.

32.a.

33.c

34.b.

35, a.

36. b.

Trigonometric Ratios and |dentities 2.97
cosec H—cot B=g ()

1
cosec 8+ cot 0= —
q

cosec 8= %{q +(1/g)) (on addition).

Squaring both the sides, we get

| +sin28=

25
) 24 . '
= sin20=- 2—5
_ 224
Let =tan 0, we get E?z- = 5‘—5—

= 50/ +24+24£2 =0

=127 +251+12=0

= (41+3)(3t+4)=0

= t=-4/3 (as fort=-3/4 (rejected) as if tan 8=-3/4, then @& [n/2, n) and sin 9+ cos 0=-1/5)
Multiplying x above and below by | = cos 8+ sin 6, we get

_ 2sin8(1-cos@+sinf) _ 2sinH(1-cosE+sin )
(1+sin8)* —cos® @ (1+sin 8)* = (1-sin? 9)
2sin@ 1l =cos@+sind

Putting 1 —sin? 8= (1 + sin 8) (1 —sin §), we get =x.
& Shic el e T

2n0=nf2 '

6.2n~1) 8=(mW2)—- 9 26,(2n-2) 0=(mw/2)-286, .

They form complementary angles 4 and B so that tan A tan B=tan A cot A = 1 for each pair.
N"= 2[(sin 1° + sin 89°) + (sin 2° + sin 88°) + .- + (5in 44° + §in 46°) + sin 45°]

& .
S 2{sin45°[2(cos 44° + cos 43° + --- + cos1°)] + 1}

—"
=2 sin 45°
- \5
se€c X+ cosec- = p, seC A cosec =g
sin & + cos & 1
- " =pad ———— = q
sin & cos & sin @ cos &
- 1+2251naczosr.t - T
sin® @ cos® a
2
1+~
q 2
=) —
1 P
— )
q

2
= g [l+;]=p2 = q (q +2)=p?

Office.: 606 ; 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



, JEE (MAIN & ADV.), MEDICAL
'ﬁ-EV'\fT-OMéL';!S!éé + BOARD, NDA, FOUNDATION

298 Trigonometry

37.¢. We have sin x +sin®x = |
= sinx=1—sin’x = sinx=cos? x
Now cos'?x +3 cos'? x +3 cos®x + cos® x =2 =sin x + 3 sin’ x + 3 sin x + sin’ x =2
= (sin?x)’ + 3(sin® x)? sinx + 3(sin® x) (sin x)? + (sinx)* - 2
=(sin?x+sinx)’—2=(1)*-2=—|

38.a. cos(d—B)= 2

S f
= ScosAcosB+5sinAsinB=3 ; _ ; 0]
From 2nd relation, we have .
sindsin B=2cosAcos B : (it)

2
= CcO0$Acos B% % and sin AsinB=§

39.a. (J+tanA) (i +tanB)=2
= tanA+tanB=]1~-tanA4tan B

= tan(A+B)=1,ie, A+B= %‘

b 3 /4
ora+d4a= :1- e, a= —

20
| 1
40. o A= —= =+/2 §in90°
NN
| 1 *
B= J-l: sin 44° +-——cos44°] = \/Esin (45° +44°)
2 V2
= /2 5in89° < 2 5in 90° = /2 .'.3>B=>(a)

41.d. %(\/5 €05 23°—sin23°) = %(cos 30° cos 23° - 5in 30°sin 23°) = -%co_s (30°+23%) = % cos 53°

sin(e' % )sin[e' -4 ) '
42, b. tan (M) tan(el %% ) = 2 -

cos 8, —cos 6, -1 :
cos 6, +cosB, 3 .

cos 80° cos 20° : ,
sin 80° sin20° _ 25in 80° sin 20° +(cos80° cos 20° +sin 80°sin 20°)
cos80° cos20° sin 20°cos80° +cos 20° sin 80°

stn80°  sin 20° '

3+

43. b.

. —c0s100° +c0s60° +cos60° 1 —cos100° = tan 50°
sin 100° sin100 an 50°
44.a. tan =2 sin asin y cosec (a+ P = 2s .s_ma sin 'y .
sin (&t +7)
sin (t +7) : )

= ‘cotf= — .
B 2 sin @ sin Y
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Sin O oSy + cos(siny

= 2cotfi= = +
= 2cotf = cot a+cot y
= cot @, cot f3, cot y are in A.P.
45.b. 3sinAcos B=sinBcos A
. 3
= cosAsinB=—
4
= sin(4+B)=1
= c=Z p=2_4
2 2
=4 3zanA=1an(—’2f—A)
= 3=cot’A
46,4, G100+ 1250y= 100" +tan 123
1-1an100°tan125°
tan 100° +tan125° | _ tan]00°+tan125°

tan 225°=

I—@ni00°@n125° " 1-tan100°tan125°
i.e, tan 100°+tan 125°+tan 100°tan 125°= |

' tan 20° + tan 40°

1- tan 20° tan 40°

47.b. We know that tan (20° + 40°) =

tan 20° + tan 40°
== ‘ﬁ 1 — tan 20° tan 40°

= /3 =+f3 tan 20° tan 40° = tan 20° + tan 40°
=5 tan20° +tan40° + V3 tan 20° tan 40° = /3

Ji-sincz—cosa
sin @ = cos o

=J§-J§(:-;_§sina+—\;?cosa)

ﬁ[-j_;sina—:}-_z-cosa] -
V2 -2 cos - 2|
) ﬁsin(a—%}

48. c.

2 sin? (8/2)

_V2(1-cos §) can & —an (2T
2 sin (B/2) cos (9!2) 2 2 8

V2 sin 6
49.h. sin 6, —sin 6,=a,cos B, +cos B,= b
= a+b'=2+2cos(6 +6,)
= 0sa+b*<4

, where 8= a— Z-
4
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2.100 ~ Trigonometry
. 2
+ fan n
o l+s?n2,1 (sin x +cos x)* (l ta 1) N [tan[f--l-x)] _ tanz(—d-x]
_ . 1=-sin2x  (sinx-cosx)’ | —tan x 4 4

2(75 T ] (3R' J
= oL | —fr—sk &l | = et —F%
\2 4 4

:b a=_
4

51.d. We have 4x®— |6x+15<0 = %<x<%

Therefore, the integral solution of 4x> — 16x + 15 <0 isx =2

Thus, tan & = 2. It is given that cos §=tan 45°= .
- ) 1 1 4
sin(+ B) sin (@~ ) =sin® a-sin’ f= ——------—2——(]—<:os2 )= ——=-0==
‘ I+cot” a ; l+i 5
4

cos(x— y) o cos(z+1) 0

52.b. ,
cos(x+y) cos(z-1)

I+tanxtany 1-tanztans?
= + -=0
I-tanxtany I+tanztans .

=> 1 +tanztan+tanxtany+ tanxtan ytan z tan ¢+ 1—tan z tan ( —tan x tan y
+tanxtanytanztan{=0

= tanxtanytanztan¢=-1.
53.b. f(n)=2cos nx 4

= f()f(n+1)=f(n)=4cosxcos(n+1)x—2cosnx=2[2 cos (n+ 1)x cosx—cos nx]

=2[cos (n+ 2)x + cos nx —cos nx] =2 cos(n+ 2)x =f(n+2).

tanA4 sinAcosB _ 1

54. a. l=:'—,——
tan8 3 cosAsinB - 3

Put sin 4 cos B= Z

f 3
= cosAdsinB= z

= sin{A+B)= =]

-h-lu

l
4

= sinC=1=sinmw2 .

= C=n2. Hence the triangle is rlght angled.
55.b. 3 sin’ A+2 sin? B=1

= 3sin®d=cos2B

Also3sin2A-2sin2B=0

= sin2B8= -;-sin 2A

o
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- Now, cos(4 +2B)=cos A cos 2B—sin A sin2B=cos A 3 sin 4 -sin 4 % sin 2A

=3sin’ A cosA-3sin’AcosA=0

[5-a]
I+tan|— -
) 4

_ 1 =1+téma
]+I-tana 2
1 +tan @
_cote _ 1 i L
Asf(a)—lea—Htana,wehavef(a)f(ﬁ)—a

ST k. A—Bf% :tan(A—B)=tan-§

tan A—tan B
1+ tan A tan B

= tand—tan B~tanA tan 8= 1
= tanA—tanB-tandtan B+1=2
= (1+tanA) (1 -tanB)=2=y=2
Hence, (p+ 1) =2+ 12 1 =(3)} =27,
58.a. Applyingb-a=c-bforAP, weget2cos z sin (x—y)=2cosxsin(y—2z)
Dividing by 2 cos x cos y cos z, etc., we get tan x — tan y = tan y - tan z.
59.b. (cos a+ cos f)* - (sin a+sin §)*=0
= (cos’ @+ cos? B+ 2 cos acos B) - (sin® e+ sin® B+ 2 sin arsin f)=0
= cos2a+cos2f8=-2(cos acos B~ sin asin )
o =-2cos(a+f)
60.a. We have
sin & sec x, sec x, + sin & sec x, sec x3 + -+ +sin qsecx, _, sec x,

_ sin(x; = x) 4 sin(x; - x,) Sl sin(x, —x,_,)

COSX; COS Xy  COS X, COS Xy COS X,,_; COS X,,
=(tanx; -tanx)) + (tanx; —tan x,) + --- + (tanx, —tan x,_,)

sin(x, —x) _ sin(n-1a
COSX,COSX,  COSX,COSX -

= tan x, —tan x, = [ x,=x;+(n-1)a}
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61.a. By the given conditions tan % + tan SI—: =2x

tan £-!-t,ém--’—nr=2_\r

18
= 2v=tan20°+1tan 50°
sin 20° , sin 50°
cos 20° cos 50°

sin 20°cos 50° + cos 20° sin 50°
cos 20° cos 50°

sin 70°
cos 20° cos 50°

cos 20° 1 UK
~ Cos 20° cos 50°  cos 50° = sin 40
2y="tan 20° + tan 70°
sin 20°  sin 70°

+
cos 20° cos 70°

= cosec 40°

§in 90°
cos 20° cos 70°

1 !

=

cos 20° cos 70°  c0s20° sin 20°

2 2
b—— -4 = Q
2 sin 20° cos 20°  sin 40° e

2y =2(2x)=y=2x ,
1 sin(1°~0%) " sin(2°-1°) " sin(3°=2°) - $in(45° - 44°)
cos0°cos1® cosl®cos2®, cos2®cos3® cos 44°cos45°

@b e

1
sinl®

N

[tan [°+ (tan 2° - tan 1°) + (tan 3° — tan 2°) + (tan 4° - tan 3°) +--- + (tan 45°— tan 44°) |

1 R=

sinl® ~ x
; b . ' " ;
63.a. We have sin &+ sin §=— P (i)
; 17
cos X+ cos ff=— T : ‘ o (ii)
| 21Y |
Squaring Eq. (i), we get sin® a+ sin® B+ 2 sin asin = [E) - (i)
N . - YR .
Squaring Eq. (ii), we get cos® o+ cos” B+ 2 cos xcos f= ) - (iv)
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I
(65)

Adding Eqs. (iii) and (iv), we get 2 + 2 cos (- B} = —— [(27)2 + (21° | = E—,l?(’m + 441)
' 65

1
(65)°
= 1+cos(a-ﬁ)=-9—
65
a-p 9
T2 65

2
a-f 3 T a-B 3z (a-—ﬂ]
PR v p<o-f< o P <
> e [ r<a-B<3nr= > & < 2=:>cos > 0]

18
1170) = —
(1170) = =

= 2+2cos(a-pP)=

= 2cos’

= COos

sin(x+y) a+b

sin(x — y) " a-b ‘
sin(x + y) +sin(x-y) _ (a +b)+(a—-b)
sin(x+ y)=sin(x=y) (a+b)-(a-b)
2sinxcosy 2a

2cosxsiny T2

b —-

tanx a
= =—
tany b '
sin 38 + sin 58 + sin 78 + sin 98 _(sin 36 + sin 98) + (sin 56 + sin 76)

cos 30 + cos50 + cos 710 + cos 96 (cos 30 + cos 90) + (cos 50 + cos 78)
_ 2sin 66 cos 36 + 2 sin 68 cos 8 2 sin 60 (cos 36 + cos 6)

65. c.

= B =tan 66
2 cos 60 cos 30 + 2 cos 68 cos @ 2 cos 68 (cos 30 + cos 8) 0
. xez ). [ x<z
Sinx=-sin 2 2cqs( 2 )sm( z J X+
COS Z —COS X y [x+z) y (x-z) 2
© 28in sin .
z z
67.c. cos 50°=cos?25°—sin?25° = (cos 25° + sin 25°) (cos 25° ~ sin 25°) = p(cos 25° ~ sin 25°) ()

Now (cos 25°—sin 25°)? + (cos 25° +sin25°)*=1+1 |
cos 25° =sin 25°= Jz_ P’ _ (i)
We have taken +ve sign as cos 25° > sin 25°, therefore cos 50° = p\/zm p2 , by Egs. (i) and (ii).

sin” A~sin’ B _ 2sin(A+B)sin(A-B) _ 2sin(A+ B)sin(A- B)

68. b.
sin Acos A—sin Bcos B sin2A—sin 28 2sin{A—B)cos(A+ B)
=tan(4 +B)
1~cos B 2sin*(B12) B
69. . = = =tan — tan 24 = tan B
e AT S I Des @i g T ansATn

3 - cos 40 + 4 sin 20
2
On subtracting, we get b= (1 ~sin 20) = ab=cos*20<1

70.b. On adding, we get a = = (1 + sin 26)°
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71. ¢. cos? 10° =cos 10° cos 50° + cos® 50°

= —;— [l +¢0s 20° —(cos 60° +cos 40°)-_r (1 +cos 1095)]
= ‘%[1 +¢0s 20° ~ —;— —c0s 40° + | —cos 80°]

-1 [2 + cos 20° = (2 cos 60° cos 20°)] -
22 4
72.a. tan 20°tan 80° cot 50°=tan 20° tan 80° tan 40°
_ = tan 20° tan(60° — 20°) tan(60° +20°) = tan 60° = /3
73.b. tan’ 8=2tan’> ¢+ 1 ‘
= |+tan?@=2(] +tan’¢) .
= sec’ §=2sec’ ¢
= cos’ p=2cos’ @
=1+cos 26
= c0s20=cos’ ¢ |
=—_sin ¢
= sin? ¢+cos26=0

cos 70° + 4 sin 70°cos 70°

74.b. cot70°+4 cos70°= -
sin70°

cos 70° 4 2sin 140°
sin 70°

cos 70°+ 2 sin{180° —40°)
sin 70°

§in 20°+ sin 40° + sin 40°
- §in70°

25in 30°c0s 10° +sin 40°-
'8in70°

sin 80° +sin 40°
sin 70°

2sin 60° cos 20°
= /3
sin70° J_

1l

75.b. acosx+bsinx=c¢

a (l —tan? %) 2btan =

- BT
I+tan’=  J+1an®=
2 2
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= (cta) l.an2 %—wan%+c—a=0

X X, 2b
= tan—+tan—= = —— andlan dan22=
3 2 2 c¢+a 2 2 c+a
2b
- tan(f"l“”zJ: cta__2b_b
e "2 a
¢cta
76.¢. tany= o
. é 1+Jl+

Ifx =cos 6, then V1-x = V2 sin(6/2), \!I+,\ = ﬁ cos (6/2)
I ¢ i

./2 —_sin— . X ...\

‘ [ﬁ 5'"2] sin— +sm5

| et ] coZreosd

Zsm(n+9] cos [5—9)
N g8 4 8 4
T 8 [JZ 9)
2cos cos| ———
[8 4) 8 4
= tan| —+-—
8 4

= 4y= Zio
2

_— =

= tany=

= sindy=cos =x

77.d. We have cosx =tany

= cos’x=tan’y

= seczy— ] .
=cot?z—1 [ cosy=tanz, sec y=cot z]
= [+cos®x=cot’z
2
tan
= z [ cosz=tanx]
I=tan® x
sin® x

cos® x—sin? x

= 2sin*x—6sin’x+2=0
3-\5

2

= sin‘x=
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Trigonometry
= sinfx=

F=1Y
=

=2sin18°

= sinx=

J5-1
2
78.a. sin 26=cos 30 = 2 sin Bcos-0=4 cos® -3 cos O
= 2sin0=4(1 sin2@-3=4sin*8+2sin6-1=0
-1
4

= sin 8=

79. b tan-OZ%,wegét M:,{
|-tan’@/2

= Atan2€'+2tan€—/l=0

2 2 '

0, 6,
= tan—-tan —==—
i 2 ,

1~tan’ @ 1-n

80. a. tan 0= \/; = cos 20= =
l1+tan®8 1+n

= rational.
3 s
81.b. sinx+cosx= _2——

X z_x
2tan — l-tan® — =
— 2 + —7

2 —
1+tan2£ 1+t.':1rl2£ .
2 2

=) (ﬁ+2)tan2'—;——~4tan-g~+(ﬁ-'2) =0

x_4i\/16—4(7—"4) 1 X 7

= tan— =——as— < —
~ 2 27+ T+ 28
_N1-2
3
. In [ ﬂ:].n‘,Sn ‘[“3n)_37r-
82.b. sin—=sn|{x——|=8n—;s8in —=sIn | T - — |=sIn—
8 8/ 8 8 8 & -

Therefore, the given value = Zz[sin2 % + sin? 3%] =2 [sin2 g + cos? %il

‘ "s'inéf—sin[ﬁ—gj—cosz
=2(1)=2 |- %73 7738 8

83. b. 4cos” (%—%}+\/«43i1{4 x+sin? 2x = 4cos’ [%—%]%\/45&112 x(cos” x +sin” x) \

o 3
= 2(1+cos(g—xn+2|sinx| =2+2sinx-2sinxasxe (71’, 7”) =2.
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84. h cos’ x sin 2x = cos’ x ¢0S x sin2x

_ [l -COS 2.:)(25111 Zxcosx)
2 2

(1=c0s 2x)(sin 3x +sin x)

A —

o —p '
[sm 3x+sinx ~ 5(2 sin 3x.cos 2x) — % (2c082x sin x):!

N

kI . . ; g :
P sin3x smx--;-(sm Sx+sin x)--é-(sm 3x-sm.r)]

1 | ]
L= - sinx+—sin3x—-‘-sin5,r
: 2 2

= d,=1/4,a,=18n=5
85.b. Given expression is 2 sin® ¢+ 4 cos(6+ ¢) sin Osin ¢+ cos 2(6+ ¢)
= (1 —cos 2¢) + 4 cos (8+ @) sin Bsin §+2 cos* (B+ @)~ 1
=05 2@+ 4 cos (8+ @) sin Osin ¢+ 2 cos® (0+ ¢)
== 08 20+ 2 cos (8 + @) [cos(O+ ¢) + 2 sin @sin @]
=~ ¢0s 2¢+ 2 cos (8 + ¢) [cos O cos ¢+ sin Osin @)
=~cos 2¢+ 2 cos (8+ ¢) cos (G- ¢)
=05 2¢p+ cos 20+ cos 2¢ = cos 26

cos2B _cos(A+C)
1 cos(A=C)

86. h

Applying componendo and dividendo, we get

|~cos2B _cos(A-C)-cos(A+C) .
l+cos2B cos(A-C)+cos(A+C)

2sin’ B 2sin AsinC
2¢0s’ B 2cos AcosC

= tan’ B=tanA4tanC
= tan A, tan 8, tan Care in G.P.

87.b. cosx= ______2cos o,
2-cosy
 x Al-tan’y/2)
I=tan®2  latan y/2
=5 = >
|4 fane s 2_l—tan y/2
1+tan? y/2
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= Gtan’y/2= Ztanz—’;

X .y
= tan =cotZ=+3
2 2

5. B Vo e (a+b)+ (a—b):a+b+a—b
a-b a+b (a2__b2)

\/ b’* \/1 (waf

2(:03):
\}(l—tan %) «J(cos x—sin’
_ 2¢o8 x
4/(cos 2x)
89. h Since & is a root of 25 cos? 8+ 5 cos 8-12=0
5 ‘ -5 + 25 + 1200 4
25cos“ @+ 5cos - 12=0 =5 COS A= 5 R v—=<a<n

90.¢. We have tan 9° —tan 27° —tan 63° + tan 81° = (tan 9° + tan 81°)—(tan-27° + tan 63°)

1 1
sin9°¢cos9°  sin27°cos 27°
- 2
sin18°  sin54°
2[51n54°—-sin18°]

sin 54°g¢in18°
- 2<.:os36 sinl8 1=4
sin18°cos 36°
91.c. Letd= sin"'a, B=sin"'band-C =sin"lc, we have A + B+ C=1.

Cafl—a? +b1-b +eyfl-¢? = %(sin2A +5in 2B +5in2C) = %[4sin Asin BsinC] =2 abe
- 92.d. cos24 +cos2B+cos2C=2cos (A +B)cos(4—B)+cos 2C

=2¢0s [%—-CJCDS(A— B)+cos2C

=-2sinCcos(4-B)+ | -2sin’C
=1-2sin C(cos (4 - B)+sinC) .
=1-2sinC {cos (4 — B)+sin {3n/2— (4 + B)]}
=1-23in C [cos (4 — B) = cos (4 + B)] '

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



! I3 JEE (MAIN & ADV.), MEDICAL
IEEVI\,%'OM’CA‘LI;!S%E% + BOARD, NDA, FOUNDATION

Trigonometric Ratios and Identities 2.109

=|—-4sinAdsinBsinC

93. c. 2 = l +,] _ .

B A
. tan— tan— tan—
2 2 2

A iy B . € I A A ¢
= 2tan—tan— = tan — tan — + tan = tan — = | -~ tan — tan —
2 2 2 2 2 2

A C 1
= tan—tan—=-—
2 2 3

A _C
= cot—col—="
: 22 ., o
94.b. sin® 4 —sin? B +sin® C =sin(4 + B) sin(4 — B) + sin>C =sin C (sin (4 — B) +sin C)
=sin C(sin(4—B)+sin (A4 + B))=2sinA4 cos BsinC

tan® o 4_tan [3 tan’ y

95, ¢. sin? @+ sin? B+ sin? y=
2 2
J+tan‘ o l+tan )3 l+tany

x y z :
= ot where x =tan? @, y =tan? 8, z = tan 1}
I+x 1+y Il+z [ % Pz n

4 (x4 y+2) +(xy+ yz+ 20+ 2xy2) + Xy + yz + 2x + xy2Z .
(1+x)0+ y)(1+2)

_1+x+y+ztxy+yzdaxtayz _
(I+’i')(1+y)(l+z)

[ xy+yz+zx+2x:vz=‘y]

96.¢c. D'= si'n A+sinB=sinC
A+B A-B

=2sin cos -2sin§—cos:£
2 2 2 2

el (A-B) .c]
—2cos§ cos —8in—

o
= 2¢0s—| cos -COos
‘ 2 2 2

- 2cos£— 25inﬁsinE
2L 2 2

o X B (&
=4sin —sin —cos—
2 2 2

Also sin A +sin B+sinC= 4'(:65%005—3—005%

sin A4sin B+sinC A B : a

. = cot—col—
sin A+sin B-sinC 2 2
g7 o SIN2A+sin2B+sin2C _ dsinAsinBsinC _ . A B C “sinA-2sinﬁcosﬁ]
) sin A +sin B +sin C A B C i ' 4" 2

4 c08S—CO8 —COS—
2 2 2

Office.: 606 , 6th Floor, Harlom Tower, Circular Road, Ranchl 1,
Ph 0651- 2562523 9835508812 8507613968



ﬁaNTON CLASSES

’ - JEE (MAIN & ADV.), MEDICAL
MALIK'S + BOARD, NDA, FOUNDATION

Trigonometry

98. ¢. We have cos’ A +cos’ B~(1 =cos’> C)=0

99, a,

1060. a,

101. ¢.

102.d.

= ¢0s* A +cos B—sin® C=0

= cos*A+cos(B+C)cos(B-C)=0
= 2c05sAcosBcosC=0

Hence, either 4 or Bor C 15 90°,

In a triangle, tan 4 +tan B + tan C'=tan A tan B tan C (i)
= 6=2anC
= tan(C=3

Alsotan A +tanB=6-3=3 o : (ii)
=> tan A and tan B are roots x* — 3x + 2 = 0 by Eqs. (i) and (ii). '
= tanAd,tanB=2,lorl,2andtan C=3. |

We have tan 6° tan 42° tan 66° tan 78°

= tan 6° tan (60° — 18°) tan (60° + 6°) tan (60° + 18°)

tan 6° tan(60° + 6°) tan 18° tan(60° — 1 8°) tan(60° +18°) _ tan 6° tan(60° +6°) tan(3 X 18°) ‘
tan 18° tan18°

tan 6° tan(60° ~ 6)‘tan(60° +6) _ tanl8°® _

tan 18° | tan18°
-
B
A
4 X
) o nl6
Fig. 2.38

In the graph of y =sin x, let 4 = (@, sin &), B= [%, sin %)
. |
r

sin¢  sin /6
=

Clearly, slope of OA4 > slope of OB, so
o nl6

(a-B)=(0—P~(0-a)
= cos(a-P)= cos (6~ f) cos (B~ @) +sin (8- ) sin (60— )

_X X \/___J“_
ba b?

Office.: 606, 6th Floor, Hariom Tower,,Cir‘cuIar’ Road, Ranchi-1,
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3.2 5

Ay 2xy ¥ y
= =+ cos?(a — f) — === cos(0t - = l--—-——+
—5,7 +cos’ (@ P) - =~ cos(@- ) TN R T
2 2
X ¥  Ixy . 2
= =+ ——=cos(ax—~ )= sin (¢—
a® bt ab ( ﬁ)' (@-h)

103.b. Letu=cos O {sin67+\/sim2 0 +sin? a}

= (u—sin Ocos 6)* = cos? B(sin 6+ sin’ )
= *tan® 0-2utan O+ 12 —sin @=0
Since tan 8is real, 41 — 4u*(1° - sin? 0) 2 0.
= <] +sinfa

= |ul< V1+sin? o

104, . sin , sin 6, - cos 6,cos 8, =— 1
= ¢o0s(6,+6,)=
= 6,+6,=2nw nel

= == pg
e 2

Thus tanicote——lane cot nn‘-g— =—tan91—cot21———]
g 2 _2 2 e 2 2 ‘

105. a. tan—+2tan2—+4lan4—-+81an8—n
3 3 3 3

lan£+2tan(ar—£]+4tan(zr+ ]+8tan (3zr—£)
3 3 3 3

tan£-2tan £+4tan£—8tan£=—5tan .£=-SJ§
3 3 3 3 3

o
£06. ¢. Sinelangp= en9—tan" 6

1-3tan’? @
3tan—z£—tan3 4
B n 9
Putting 8= — , we get tan— = =
? 3 1-3tan? =
, 9
2 2
b/ T 3 T
= 3|1-3mn’= =(3tan——tan —)
( 9) 9_ 9 -

= tan®Z-33un* L 4271022 =3

9 9 9
107.c. cosx + cosy—cos(x + y) = %
=¥

X+y af x+y 3
2 — 2 —_—|t+l==
=> cos( > Jcos( > ] cos ( > J 2
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108. a.

109.d.

= siny+cosiy=4sin’x+

110. a.

= 2¢0s° i -2cos i cos Y +—1—=0
2 2 2 2

ill

X
Now cos[ ] is always real, then discriminant 2 0.

ety 40032( 5 ] -420

=5 ,cosz( }’)2 ; ' ,

- ol

= -0=>x-v

asinx+bcos(x+ ) +bhcos(x-0)=d
= asinx+2bcosxcos 8=d

= |d< Jaz +4b? cos’ 8

2
= Scos e

\/dz-az

2|b|

=

= |cos @2

sinx 1 cosx 3 tanx 1 tan x+tan y 4tan x
— == =3 tan(x +y) = = il
sin y 2 COS y 2 lany 3 i=tlanxtany ]-3tan*x

i i 2
Also siny =2 sinx, cos y = Ecosx

o]
4co8” x

i A

36tan’ x +4 =9 sec’ x=9(1 + tan’x)
27 tan’x=5

V5.

= tanx= ——
33

a5 '
33 4H5x21

]_E_ 12x33
27

Jl+cosx = 2(:052%:\/5@5% and Jl—cosx—-,hsm - =

4

= tan(x+y)=

sun--

"
cos—{+
JI+cosx ++/1—cosx _ 2

ﬁ T s e L (R
J1+cos x —+1—cos x cosf»
. . 2

‘ill'l“'

2

X
-[sin=
2

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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mcos—x-+sin£ '
i i ( £<£<,,]
2 "3

¥ X

—C08——8§in—
2 2
cosx s.'inx
2 2

cosx+sinx
2 2z

¥ o
l-tan—
- 2

X
| +tan—
2

T X n (m x n X
=fan| ——~=| =cot| =—=| —~—-—||=cot} —+=—
(4 2) (2 (4 2)] (4 2)
111.d. tan x = tan y, cos(x — y) = cos x cos y -+ sin x sin y

= cos(x~-y)=cosxcosy(l+tanx. tany)-—cosxcosy(l+ntan ¥)

sec® xsec’ y

(1+ntan? y)2

= seci(x-y)=

_(+ tan? x)(1+ tan? y)
(l+ntan2 y)2

¢ +n? tan® y)(l+t:3m2 V)
(I1+n tan? y)2

(n-l)2 tan® y
(l+nlan y)

2
2 i)
“Now, (1—"'-’”2&—’] Sntan’y (- AM.2GM)

2
tan® y < L
(1+ntan’ y)? ~ 4n
(n—l)2 _(n +I)2

4n 4n
112. b. cot? x = cot (x —y) cot (x—z)

cot xcot y +1 (cotxcotz-i—l)
= cot’x=
cot y—cotx cotz—cotx

= sec’(x—y)<1+

= cot?x.cot y cot z - cot® x cot y — cot® x cot z + cot’ x
- co!zx cotyvcotz+cotxcoty+cotxcotz+ 1
cot® x (cot y + cot z) + cot x (coty + cot z) + 1 —cot* x =0
cot x(cot y + cot z) (1 + cot? x) + (1 —cot? x) (1 + cot’ x) = 0
[cotx (coty + cotz) + (1 - cot? x)] =0

141

cot> x—1 1
————=—(cot y +cot z) = cot 2x
2cot x 2
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1I3.a.'A+B+C=n. = tanA +tan B+tan C=tan 4 tan Btan C
Now, A.M. 2GM. '
tan A+tan B +tanC
3
tan A +tan B+tanC

3
= (tanAtan Btan C)** >3

1 213

= (—) 23
K

e PR

343

114.d. 12 = (a? cos? 0+ b sin6) + (a sin” 0+ b sin’ )

2 (tan A tan B tan C)”3

> (tan Atan Btan C)'"?

= +b+ 2\[&2 cos’ 0+b”sin® 6 \/c? sin’ @ +b%cos’ @

=+ +2 IJsinz 6 cos’ G(a" +b"')+.c12b2 (sirl4 6 +cos* 9)

=@+ h+2 \ﬂsz (I—ZSin2 9(:0.52 f))Jr(:a‘1 +b"')sir12 fcos @

=(a*+b%)+2 \/azbz + (f:12-~-b2)2 sin® 0 cos® 0

' e D i
=(a®+b*)+2 \/azb:l +(—4~———_)—sin2 20

. 2
. a?. < b2
Max. > = (a* +>b2)=2 \)azbz + (__T_)_

Min. &2 = (a* + b%) + 2ab

(o - bz)z

Therefore, the difference =2 Jazzﬂ - -~ 2ab = \J4a*b? + a* + b* —2a’b* — 2ab

2
- (02 +b2) ~2ab = a* +b* - 2ab =(a—b)?

115, ¢, (sinx+cosx)’ +ksinxcosx=1"
! | -
=1 +sin2x+ Esm2x=_l
; &
:>sm2x[1+42-} =(

For this to be an identity, 1 + —g— =0=k=-2

Office.; 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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116.b. kcos*x —kcosx+ 120V xe (oo, 00) .

= k(cos’x —cosx) + | 20

2
Now cos’x —cos x = [ cos x - Ly _L
) 2) -4

=:o-% < cos’x—cosx <2
We have 2k+ 1 20 and -—% +120

Hence, —% <k£A4.

117.d. min (2 + sinx~cos x) =min [2+ ﬁsin[x-%ﬂ =242

b
—
sine  coso

Jaz + b2 a b ),
- — i
sin ¢ cos & {az + b2 /a2'+b2

. - a .I ] 2 | sin3e¢ cos @ — cos3a sina - 2 2
Now sin 3¢ ——m gwes\/a +b [ ]—24{1 +b

118.b. acosec @x-bsec a=

cosox

sin¢ cos ¢

119.d. cotx—2 (1 +cottx) +a?=0
=cot'x~2cotl x+a?-2=0
= (cot? x= 1) =3 — o2
To have at least one solution, 3 — & 2 0
=a =350 )

'ae [-/3, /3]

Integral values are —1, 0, 1; therefore, the sum is 0.

120. b. sin’x + acosx+a*> 1 +cosx
Putting x =0, we have
a+a®>2
=d+a-2>0
= (a+2)(a—1)>0
=a<-20ra>]

Therefore, the largest negative integral value of ‘@’ = -3,

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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121.d. A=-;-ab:>ab=60 B
b=ccos @ a=csinf : ¢

i w BT
=oA=Eczsin6c059=c sin &%

=30

= ¢?= 120 cosec2 8 b
= czmin =120 £ Fig- 2.39

= Cpin = 2430

122. b. From the figure,
xcos(6+30°9)=0
andxsin8=1-d

)

o=
D

g8 i I+d . & .
Dividing J3 cos 6= L squaring Eq. (ii) and A (i)
' ' . dlgoe+ L2

putt.ing the value of cot 6, we getx? = 1 (4d*—4d+4) - 60°-0
: 3 Fig. 2.40

=‘,~Jr=2l
i 2
123.d.a=csin@, b=ccos 8
c ¢V (1 L Y 401 +5sin20) .
:—-1--—- - —; = + =z
a b sin@ cos@ sin’ 20 -}

=-"4[ : + l ]wher80<9<% ' c a

§in®20 sin20

i . .
. A | |
- [£+ %J i =8 when 20=90°. N .

= 6=45° Fig. 2:41

2 2

124. c. y= (sin® x + cos’x) + 2 (sin x cosec x + ¢os x sec x) + sec? x + cosec? x

=542+ tan’x + cot’ x
=7+ (tan x — cot x)* + 2

1. a,b.2sin @cos @=2cos? 8
sin2a=1+cos2f '

cos 2f=-(1 —sin 20)=— [I -cos (%-205)) =—2sin’ (% —a) =-2 cos? (% + a)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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< .

T . ] -
2. a,b,c,d.cos’@=1-sin’ 8 Let 81" ¥ Z,wegetz+ 8—~I=30 orz>-30:+81=0

= (@=27)(E-3)=0,ic, 811" 0 =340 =33 o 3!
3,1

sin® 0= 2, l 'orsin 6=+ — t—
2 2
6=130°,60°, 120°, 150°

3. b, ¢, d. Opposite angles of a cyclic quadrilateral are supplementﬂry.‘

4. a,b,c.
t 6_1—-(:0526‘ @i ;
a.tan ‘—sin 28 = (@) is correct.
b. sin 20 21tan 8
.8in20= —————
| + tan’ @
- 1- tan’ @
cos 28=

I+ tan’ @

2 tan 0

tan28= 3
- tan“ 8

= (b)is correct.
sin 36
cos 38

d. sin 8= 1/3 which is rational but cos 38= cos 8(4 cos? 8- 3) which is irrational.
= (d)is incorrect. '

c.tan 368= = (c) is correct,

. 5. a,b,c,d.

C(11lmY . (5« . (=n F
a. s —— s |—|=8MN |~ |COS | ~—
12 12 12/ - \12

" sin 18° cos 36°

16
B-n ey €€

c. sin? (E + cos? E] =1-2sin? [Z] cos? (E
8 8 8 .8

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Rénchi-l,
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1 T ¥ 43
=l-—sin’|=|=l==-==¢ -
P B (4] 4 4 Q
s T ) 21 , 4 - s W ‘
d.2cos* — 2c0s° — 2cos° — =8 (cos20°cos40°cos80°)=~ € Q0
9 + 9 9. 8
3 ; G 5
6. a,b,d. (sin® x + cos? x)* — 3 sin? x cos? x (sin® x + cos? x) > =
. 9 2 5
= |-3sin“xcos‘x> —8—
3 ) 2
= §>35m X COS°x

1-2sin?2x>0
cosdx>0

Ly

c. Zsin2 -g— == [3~(cos A +cos B+ cos C‘)]

=3_1 (cos A + cos B+ cos C)
2\ % '

r | —

(SR

but [cos A + cos B+ cos O))px =

= (c)isincorrect .
a, b, d are correct and hold good in an equilateral triangle as the maximum values.
8. a,b,c. .
a.tan atan 2artan 3a=tan 3@ —tan 2 —tan -
always holds good. Rk :

sin 4 + sin 2 2sin 3acos @ 1

b.RHS. = =

- " : . - = - =cbseca using /7 = ¥
sin 2asin 4o sin 2asin 4 sin @ Wiking )

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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sin 3¢ sin 6 1
c. cos @+ cos 3a+ cos 5o = = cos3a = e &
fin ; 2s8in— 28in—
T
Alsocos 2= cos—-. = —cos[rr——,?-) = —cos(——) =_cos Sox
. 8 .
Sin 8(1 sin 7 sin 7 .
d 8cosacos2acosda= — = = =~
sin & . i . -
8in — §in—
7 7

9. a,b,c,d.
i1
.a.Forxe (0 Z] tan x <cotx

Also In (sinx) <0
= (um x)lrt (sinx) (COt x)ln (sm.r)

b.Forxe (O, %), cosecx 2 |

‘= In (cosecx)20
- 4!11 COSECX - SIn (cosec.x)

’ ¢.X€ (0, %) =cosxe (0,1)
= In(cosx)<0

1 i
| -
A502 3

1 In (cos x) i In (cos x)
& o
s B
) biA
d.F 0, —
qrxe ( 2] '

Since sin x < tan x, we get In (sin x) < In (tan x)
o 2|n {sinx) < 2[!1 {tan x) '
10. a,c,d.
|
b.3
sin 24° cos 6° - cos 24° sin 6° . sin (18°)
€ sin 21° cos 39° — sin 39° cos 21°  sin (- 18°)
d.—1
ll. a,c. ¥

cos? - sin® o
" sin @ cos &

=2c¢cot2cx

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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I+t 1=t
————— wheref=tan &
-t .1 +1
_ 0+’ -(a-n0* 4  2x2tna
- 2 . - > =2 tan
1-1 1=t l-tan* & :
= (b)isincorrect. '
14t 1=t QG+ +0=® 20+
C, + = =
1—t 1+t 1 —¢? [ i
o =2sec2q
cos 2a ¢
= (c)iscorrect.
i ]
d.tana+cotx= - = - =2 cosec 2
cos ¢ sin @ sin 20t
= (d)isincorrect,
12. a,¢,d.

Fig. 2.42

Using propeﬁy of angle bisector, we get
secl x

tan® 1—x

sec 6 1

=N X= A 6 (sec 8—tan 6)=

(1 + tan® x)2

e 1+ tan? x

=1 +tan’x

=1+(2-—J§)2
=8-43 =4(2-3)

JE-4]

JEE (MAIN & ADV.), MEDICAL
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20

(where  =tan @)

1+ sin @
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15.

16.

17.
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| k- 2]
“[“(7\5—”
=16 sin? -

12

b, d. tan (ax+ B) = % and cosec y= % =5 tan y= %

a+ f+ y='g- = (b) is true,

tan ¢ + tan
Also tan(a+ f8) = Mingitanp ¢
1—tan @ tan
. tan @ + tan
= coly =--——-—ﬁ
l-tanatan 8

= tan artan B+ tan Btan ¥ +tan y tan @ = |
b, d. Divide by cos & and square both sides and let tan &= 1 so that sec? o= 1 + 12

[(a+2)t+(2a- 1) =[QRa+ 1) (1 +7)]

2[(a+2) - Qa+ 1] +2(a+2) Qa- )i+ [QRa—- 1) -Q2a+ 1)2]=0
31 -a®) P +2Q2d* +3a-2)t-4%2a=0

M- -4(1-a*)t+6at-8a=0

(1 =) (31-4)+2a(31-4)=0

GBt-8)[(1 -a*)}+24a]=0

L 88481

2a
. a® -1 ‘
a, b, c. log,; log,(sinx+a)>0
= 0<log;(sinx+a)<l| |
= I<(sinx+a)<7,VxeR

It is found that ‘a’ should be less than the minimum value of 7 = sin x and ‘a’ must be greater than the
maximum value of 1 —sinx -

4
= r=tana=-§ or

= | -sinx<a<7-sinxVxe R
=2<a<6

a, ¢ log,sint=x=>sinr=b"

Let log,(cos 1) =y, then " = cos ¢
= b¥ = cos?t = | —sin¥ = | - b*
= 2y = log,(1 — b¥)

=yp= %Iog,,(l — %) = log, |1~ b**

Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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10.a. Statement 2 is true as it is one of the standard results of mulllple angles.
Putting 4 = 7718 in the formula sin 34 = 3 sin 4 — 4sin’4, we get 8x* —6x +1 =0, where x =sin 8. Hence,

11. a.

12.b.

13. a.

14.b.

15. a.

statement 1 is also true because of statement 2.

Statement 2 is true, because each trigonometric function has a principle period of wor 2rwand hence 27

is one of the periods of every trigonometric function.
Thus f(24)=f(2B)
= 2A=2nn+2B,forsomene Z

= A=nn+B

=> Statement | is true because of statement 2.
From Fig, 2.43, sin3 <sin} <sin2

But statement 2 is not sufficient to ensure this.
Hence, answer is (b).

sin 2
sin 1
sin 3

e

. s

Fig. 2.43
Let g(i) = 3sinx +4cosx —2
Maximum value of g(x) = V3> +4? -2 -3

34042 _ g

3

Minimum value of g(x) = —

Therefore, the range of f(x) = ——(—) isR-

Ly pm——

Hence, it is an unbounded function, and f(x) has no maximum and no minimum values.
Statement 2 is true as it is one of the identities in triangle.
R.H.S. in statement 2 is always positive as o, f, ye (0, 2/2)

Statement | is true as select a=2mx, f=- /2, y=- 72

Then sina + sin §+ siny=0—1—1=-2, which shows that minimum value will be negative.
But statement 2 is not the correct explanation of statement 1, as a+ B+ y= n’does not follow that ¢, B,

yare angles of a triangle.

1 c052A+l—c0323

sin’4 + sin’B + sin’C =

1~cos2C
+

2 2 2

_ 3—(cos2A+cos 2B +cos 2C)
2

_ 3~(-1-4cos Acos Bcos C)
2

=2+2cosAcosBcosC.

@
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16. d.

17.d.

18. a.

19. d.

20. b,

Trigonometric Ratios and Identities 2.125

Hence, statement 2 is true.

From statement | using Eq. (i), we get cos A cos B cos C =0, then either 4, B or C is 90°.

Both statement ] and statement 2 are true and statement 2 is the correct explanation of statement 1.
Statement 2 is true as it is one of the conditional identities in the triangle. Since R.H.S, > 1 in statement 2,
statement | is false.

Given cos x Zcos a -sinx Zsin axa=0V xeR
Hence,cos @ + cos B+cos y =0

and sin@+sinf+siny=0
Hence, statement 2 is true.

Now (cos & + cos [3)2 = (= cos )’)2

and (sin @ + sin ) = (- sin )’

. Adding, we get

2+2cos(a-P)=1
= cos(a-P)=-1/2 _
Similarly, cos (B=y)=-1/2and cos (y= )=~ 1/2

Now0<a<f<y<2m
= p-a<y-a
‘chce,ﬁ—'a=2—3’£and y- =4Tm

Statement | is false.

cos? A+cos? B+cos? C=1-2cosAcosBcosC
| 1

. 2 oo lfrc Aeg A

Ecos A|min-1 2><8_-‘1 n

Letx=cotA;y=cotBandz=cotC

= ZcotAcotB=1

= A+B+C=nrm
In statement |

1
LHS.= 3 [sin2A4 +sin 2B +sin 2C)
‘ =2sinA4AsinBsinC
RHS.= 2

|coscc A cosec B cosec C |

=+£2sinAsin BsinC=L.H.S.
Statement 2 is true as it is one of the conditional identities in the triangle.
Intriangle ABC,A+B+C=n ~ ’

A B c A B G
and cot — +cot— + ¢cot — = col — cot— cot —
2 2 2 2 2 2

A - B [ A B -
Therefore, In| cot — +cot— + cot — | = Incot—+ Incot — + Incot—
2 2 2 2 2 2

Hence, statement 1 is true.

Instatement 2, RH.S. =In 1 +In /3 +In(2+ 43 )=In(l 3 (2+ ﬁ))’- In (2J§ +3)=R.H.S.
But statement 2 does not explain statement 1.
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V3

18. a, b, d. Letx =cos 8, then 4 cos’@—3 cos =~ ~——

2
=:nt:033»9=coss—1t
6
5
= 30=2n7 + ==
6
2nm 5w
o Hap
=T
Putting n=0, we get 0= 57/18
2 5n 1w
—l = —t ——=—0
e BT I8
2 S5n 1in
= R

19. a,c,d.sinxcos20° 4+ cosx sin 20° =2 sin x cos 40°
= sin 20° cos x = sin x(2 cos 40° —cos 20°)
sin 20° sin 20° ) sin 20°

g 2cos 40° — cos 20° - c0540° + cos40° — cos 20° - cos40° + 2sin 30°sin (-10°)

- sin 20° 2 sin 20°
$in 50° —sin10° 2c¢os30° sin 20°

1
= tanx= —-:; = x=30°

Reasoning Type e ¢ amma e saee s

—(x +y)
1 ~xy
It implies that for any values of xy (xy # 1), we get a value of z and statement 2 is correct.
2.b. cosT =cos(2r+ 7-27)=cos(7-27) = c0s(0.72)
Now 1 rad and 0.72 rad angles are for first quadrant where cosx is decreasing, hence
cosl <¢0s0.72 or cosl < cos7. '
But statement 2 is not the correct explanation for cos] < cos7.
Note that cos 0.5 > cos7. :
3.b. tan 4 =tan(m+ (4 ~ m)) = tan(4 - m) =tan 0.86
tan7.5=tan(2n+(7.5-2n))=tan(7.5-2n)=tan 1.22
Now both angles, i1.e., 0.86 rad and 1.22 rad are for first quadrant, hence tan0.86 <tanl 22 astanxisan
increasing function. But this is not always trie, as 3 > 1 but tan3 <tanl.
Hence, both statements are true but statement 2 is not the correct explanation of statement 1.

1.d. Statement 1 is wrong as z can be written as

Office.: 606 . 6th Floor, Haridm Tower, Circular Road, Ranchi-1,
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4.b.

Trigonometric Ratios and identities 2,123

In first quadrant, cos 8> sin @for Be (7/4, n/2).

Hence, cosl <sinl.

Also in first quadrant, cosine is decreasing and sine is increasing, but this is not the correct reason for
which cos| <sinl, Thus, the correct answer is (b).

5.a. f(6)=(sin 6+ cosec 0)* + (cos 0+ sec 6)

6.d.

8. d.

= sin’ @+ cos’ 6+ cosec? B+ sec’ 6+ 4
| | 4
G L Tl
sin“8 cos“ @ sin® 28
Hence, the correct answer is (a).
sin? @, +sin? 8, + --- +5in? 6,=0

= sind, =sind,=--- =sind,=0

29

= c0s0), 05?8, ..., c0s?6, = |

= cos 6, cos 6, ..., cos 6, = %]

Now cos 6, + cos 8, + -+ + cos 8, = n— 4 means two of cos 68,, cos 8,, ..., cos 6, must be ~1 and the

others are 1. Now two values from cos 8, cos 8,,..., cos 8, can be selected in "C, ways. Hence, the
_n(n=1)

number of solutions is "C, = Y

Hence, statement 1 is false, but statement 2 is correct.

. Let y= 97¢0s 2r 8 |sinzx - 33c052x+45inzr

Now —\132 +4% €3¢c0s2x+4sin2x € \}32 +4?

or-5<3cos2x+4sin2x<5
= 3—5 < 330052x+4sin?.t < 35
Hence, the correct answer is (a).
Obviously in triangle ABC,
tanA = tan(r —(B+C))

= —tan(B + C)

tan B+tan C

tan BtanC -1
Ifangle A is obtuse, then tand <0

tan B+tan C ”

tanBtanC—1
=> tan Btan C <1 (as B and C will be acute)
Thus statement | is false and statement 2 is true,

. We know that tan15° = 2 —=+f3 which is an irrational number. Hence, statement 2 is true.

g ) - . 3tan5° - tan° 5° |
Statement 1 is also true as if tan 5° is a rational number, then tan 15° = mempe i should be a
—3tan

rational number, which is not true.
Hence, tan 5° is an irrational number.
Obviously, statement 2 is the correct reasoning for statement 1.
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2.126 ' Trigonometry

Linked Comprehension Type

At e - - —

For Problems 1 -3
1.a, 2.b.,3.c. .
Sol 1. a. sin @=A sin (a+ )= A (sin accos B+ sin fcos @)
= sina(l—A4cos )= Asin Bcos o - . 0]
e —_ . . - (i)
« (1- Acos )
3. 1. i sinfi _ (1-AcosB)tanex _ (1-Acosf)sina (from Eqs. (i) and (ii)]
cos 3 Acos f3 . Acosccosf
' . tana+tan B
J.c.tan(a+ f= ——

I-tanctan 8

Asin B " sin 8
1-Acosf cosf
Asin Bsin
i (1- Atcos B)cos 8

_ Asin Bcos B +sin B~ Asin fcosf _  sinfB
cos B - Acos® f— Asin? 3 cosff-A

tan ¢ + tan 8

Alsotan(oa+ fB) =
(g l~tanatan 8

sino +sin o1 - Acos fB)
_ cos@  Acosocosf (from Eq. (D]
. 8in” a(1 - Acos B)
Acos’ acos 8

_ [Asinacos ff +sin o - Asina cos B]cos &
Acoszc}!cos[fi—-sin2 a+ Asin’ acos 8

SinQXcos

Acos B -sin’ &

For Problems 4 -6
4.d, 5.a,6.b,

Sol. We have tan (9 + %J =3 tan 360

I +tan@ _ s 3 tan@ —tan” 6
1-tan @ 1-3tan’ @

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1+t 3t -1 g
= utting f = tan
— [1_312](9 g 6)
= 34 -6t1+8~-1=0
Hence,

S;=sumofroots=# +6,++1,=0

S, = sum of product of roots taken two at a time =~ 2
Sy = sum of product of roots taken three at time = — 8/3
S, = product of all roots =—1/3

1.1 1 1 Dby -8

e e i

For Problems 7-9
7.a, 8.b,9.d.

Sol. sina+sinf3=3

- 2sin(a;ﬁ)cos_(a;ﬁ].=3

cos x+cos f=4

= 2cc':s[a;é]cos[a;ﬁ)=4.

Dividing Eq. (i1) by Eq. (iv), we have
lan[a-l”ﬁj=3
2 4
a+p 3
2.""’[ 2 ) I u
1+tan2(—a+ﬂ) 14—(E
2 4
]—tanzv(‘:“-H

2
]+tan2(a+ﬁ] Yags

= sin(a+ )=

and cos(a+ )=

For Problems 1012
10.a, 11.¢,12. b.

Sol. Let 0= % (so that 78= nn)

=+« 40+30=nn

= tand8=tan(nr—36)=-1tan38Q

4 tan 6 —4tan> @

___3t.an£-?-—tan3 o
1-6 tan’ @ +tan’ @

1-3tan? @

JEE (MAIN & ADV.), MEDICAL

+ BOARD, NDA, FOUNDATION
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o i 3 .
; li;zzt‘_d - ?13;2 [where tan 8=z (say)]
= @A-42(1-3)==3-2)(1-62+z%
= 8-21z*+35:2-7=0 : | ' ’ ®

This is a cubic equation in z2, i.e., in tan® 6,

The roots of this equation are therefore tan® /7, tan® 2777 and tan® 3777 from Eq. (i), sum of the

-(-21
roots = ——(—1—-—)- =21
e JLj T e AR ' (ii)
7 7 7 _
Putting 1/y in place of z in Eq. (i), we get — 7y® + 35y* -2 [ +1=0
or BE-35=218-1=0 ’ (iii)

This is a cubic equation in 37, i.e., in cot® 6.
The roots of this Eq. are therefore cot® a7, cot® 2af7 andcot? 3n/7 .

Sum of the roots of Eq. (iii)} = 35/7= 5

= oot E +cot? 2z +cot? i =5 (iv)
7 7 7

By multiplying Egs. (ii) and (iv), we get

; Wi
lan""£+lan'2 3T-r-+ tangj—?—r- cot? £+cot22—x+colz i =21x5=105
A 7 7 y’ 7 o

For Problems 13 -15
13.b, 14.b, 15.d.

Sol. Angles BEC, ABD, ABE and BAC are in A.P.
Let ZBEC= -3, LABD=0—f3, LABE= o+ fland L BAC =+ 33

 FromAABD, a— B+ a+3= %

.Office.: 606 , 6th Floor, Hariom waer, Circular Road, Ranchi-1,
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T T
= 2p+2B=Z=a+P=—=
p+2p= 2 B=y

Now, x-3B=(a+38) +(a+ ) : [using exterior angle theorem])
= a=-74
n n
_— — a: —
A 24 4

- -
o, =
-~ B

Fig. 2.45

n b/ . n
LB=2(a+P)= =, LA= =, LC== -
(a+f)= = 7 3

=5 ABCisa30°-90°-60° triangle.

2
13. Area of the circle circumscribing A ABC = n(%] = %

BY
14, ABOC INEETHEral == ~Neet
2 is equilateral = r = ~ l[ﬁ) W
212
15. BD=OBsin£=lsin£=[§
‘ 3 23" 74
BB'=ZBD=?

" Matrix-Match Type y @ W AR S A% WERE 40

1. a-qb-orcos;dop
cos B-sin 8= -é-, where 0 < 8< %
Squaring both sides of Eq. (i), we get

1 -5in28= -1-
25

=5 sin29=34- = c0529=—7—
25 25

0

48 49

Also, (cos 8+ sin 8)% = (cos O—sin 0)* + 4 cos Gsin §= % +2sin280= t, +— = —

28 26 B

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-l,
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= €0S @+sin 8= -5{

= (cos8+sin 2= 1—7(-)-

Also solving Eqs. (i) and (ii), we get cos 8=4/5,
2. a=aqb=s;coHpidor

a A=sin’@+cos'6

_ 1-cos26 g 1+ cos 29)2'
- .2 2 .

-l—cos 28 +—1~ +'l cos 26 +lcos2 20
2 4 2 4

1{cosd4b+1 2 T |
+=| ———— [=—+-+=c0s480
4 2 4 8 8
Now, -1 £cos40<1

cosd48 | -
8 8 ‘
S§+l(‘l+cos49)sg+l+l

Blw o)

L
A

=

+
O | =

— —e—

oo | —
'S
B

IA
hS
A

—

Blw BlwWw o

.

h A=3cos? B+sin* 6= 13

2 2

0 3+3cos26 \ 1-2¢0s26 +cos? 20
2 4 -

_ 7+4cos20+cos’ 20 _ (c0s26+2)° +3
4 4.
Now, 1 £c0s20+2<3

e
IS(cc:)529+2) +3S
4
c. A=sin?@-cos'@

_ l—ccas29_[1-&-::::;52!9]2
2 2

3

%cosZG—% --1—c<:r526—lcos2 26

l+c:¢)s29+(l—cc>s26)2

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION
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= l--—cos 2(?—10:;52 26
4 4

- (—l- cos® 26 +c0s 20 ~ l)
4 4

2
= 2—(—]-cos29+lJ
4 2

11 1
Now, ~— < —c0s26 < ~—
g g

= 1slcosze+153
2 2

b

2 .
— -l-s[-l-COSZOH] 52
4 \2 4

.

2
—2 < —(}-cos29+l) < -
4 2

-

5 (1 3
= —|<—- —cos26+l) <1
. 4 (2

d. 4 =tan? 8+ 2 cot? 8= (tan 8- V2 cot 6)2+2ﬁ £22

. a-rb-p;c—q;d—os
cos @+ cos f=1/2

- 2cos(a+ﬁ]cos[a_ﬂ)=l
2z 2 2

sin@+sin f=1/3

= 25in((x—*£Jcos(a_B}=l
2 2 3

Dividing Eq. (ii) by Eq. (i), we get

tan(a;ﬁ)-_-.g

=y cos(a+BJ=i 3.
2 Ji3

Squaring and adding the given results, we have
=13
36

2+2cos(a ~ )

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

Trigonometric Ratios and Identities 2.131

()

(i)

Ph.: 0651-2562523, 9835508812, 8507613968



R. K. MALIK’S JEE (MAIN & ADV.), MEDICAL

NEWTON CLASSES | + BOARD, NDA, FOUNDATION
2132 . + . Trigonometry
= cos[a-ﬁ]FiJﬁ
9 12

. b
= tan ( ﬁ] = 4 ﬂ
2 V13
4. a->s;b—=ricopmd—q
‘8. $in (410° + 400°) = sin 810° = sin (720° + 90°) =sin 90° = |
sin? 2° — gin? 1° _8in3°sin 1° 1
2sin 3°sin 1° 2 sin 3°sin 1° E : .
¢. sin (— 870°) + cosec (- 660°) + tan (— 855°) + 2 cot (840°) + cos (480°) + sec (900°)
=—gin (810° + 60°) - coséc (720?—60°)—tan (810°+45°) +2 cot 120° + cos 120° + sec 180°

= l+i+]__2.__l_]=_l
2 &3 3 2
d. cos (8- @) = cos Bcos ¢+ sin 95in¢=%x§—% x%=0

5. a—s;borie—>q;d-p
a, {cos(24+0)+cos(2B+ 8)} =2cos(4—B)cos(A+B+6)
Maximum value is 2cos (4 - B) whencos (A+ B+ 0)= 1
b. {cos2A4A+cos2 B}
2¢cos (4 + B) cos (A4 - B) )
Maximum value is 2cos (4 — B) when cos (4 + B)= |
¢. For y=secx, x € (0, n/2), tangent drawn to it at any point lies completely below the graph of

yeshx thus scc’ZA;schB . sec(A+B)

= sec2A4 +sec2B>sec(4 + B)
Hence, the minimum value is 2 sec (4 + B).

d. J{tan8 + cot@~2cos2(A+B)) = \/(Jtané)—\/cote)z+2—2cos2(A +B)

= \/(mﬁmf +4sin%(A+B)

Miniidum value occurs when tan @ = Jcot® and ! |
minimum value is y/4sin®(A + B) =2sin(4 + B) '
6. aos;b—orieop;d—g o
a. ¢cos 20° + cos 80° — \E c0s 50°=2cos 30° cos50° ~ \ﬁ cos 50°
= /3 cos50°~ -\/5 cos 50° =)

n 2n 3w ar 5w 6r
b. cos 0° + ¢cos — +¢0os — +¢0s — +¢0s — + 0§ — +C05 —
7 7 7 7 7 7

( : on . 2n 5n 3n 4n
=j+|cos—+cos— | +.| cOS— +CcO5— | + | COS—+COS—
7 7 7 7 & 7

| Office.: 606 , 6th Floor, Hariom Tower, Circdlar Rdad, Ranchi-1,
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n ( :r) 2 ( 21:] It ( 311')
. =]+|cos—+cos|T—— ||+ |cos—+cos| T—— || + | cos—+cos| T ——
( 7 7 7 7 -7 7

=1+0+0+0=1
¢. cos 20° + cos 40° + cos 60° -4 cos 10° cos 20° cos 30°
= c0s 20° + cos 40° + cos 60° -4 cos 10° cos 20° cos 30°
=2¢0s 30° cos 10° +2c0s? 30°~ 1 ~4 cos 10° cos 20° cos 30°
=2¢0s 30° (cos 10° + cos 30°)— 1 —4 cos 10° cos 20° cos 30°
=2c0s 30°(2¢0510°c0520°) — 1 =4 cos 10° cos 20° cos 30°=— |
d. cos 20° cos 100° + cos 100° cos'140° ~ cos 140° cos 200°

|
= E(cos 120°+ cos 80° + cos 240° + cos 40° ~ cos 340° — cos 60°)
1 | | | Lo
= —(— = +¢05 80° - — +c0s40° - cos 340°~ —) = —(—= + c0s 80° + cos 40° —cos 20°)
2 2 2 2 > P
Y & N 3 3
= —(—= +2c0s60°cos 20°~c08 20°) = —(—=)=— =
2( 2 ) 2( 2) 4
7. a=q@b-qce=-p,rid—op,s
a. Since angles, 4, B and C are acute angles
LA+B>m2 \
T
A>—-B
2
sind—cos B>0
= cos B~-sin A <0 , (i)
Again, B> %—A
sin B> cos A . b
sinB—-cosA>0 . (ii) -

From Eq. (i) and (ii), we get that x-coordinates is —ve and y-coordinate is +ve.
Thercfore, line is in 2™ quadrant only
h 25705 | = sin 8> 0= B¢ 19 or 2" quadrant
396 < | = cos 8<0=> Be 2™ or 3" quadrant
Hence, # e 2" quadrant
¢. |[cosx+sinx|=|sinx|+|cosx| ,
= cos x and sin x must have same sign or at least one is zcro.
= x e 2" or 4" quadrant

I-sinA  sinA ]
d LHS= |cos:A| T o which is true only if |cos 4| = cos 4

8 a-pibopic—->q;d-—os
a x=sinf y=cos @
P = (3sin 8-4sin’8)® + (3cos 0—4cos’8)? =sin*30+ cos?36= |
3 —cos48 + 4sin 20

b On adding, we get a= 5 = (I +5in 26)*

On subtracting, we get b= (1 —sin 26)* => ab = cos*2 6< |
¢. 3cos @=x2—8x+19
= 3¢0s O=(x—4)*+3

Office.: 606 , 6th Floor, Hari_om Tower, Circular Road, Ranchi-1,
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Now L.H.S. = 3cos 8< 3 or L.H.S. has the greatest value 3.
ButR.H.S. (x—4)*+3 23 or R.H.S. has the least value 3. . j
Hence, L.H.S.=R.H.S. when 3cos 0= (x-4)*+3=3
=cosf@=1landx-4=0 ' '
= 0=2nmandx=4,wherene Z
d A=tan @

x=2sin26andy=2cos2 0

CE=x’—xy+)y*=4-4sin20cos20=4-25sin40
Ee[2,6]=>at+b=8

9. a=sq;b—>p;c—=s;d—or
a 9+ 16+ 24sin (A4 + B)=37 (on squaring and adding)
. 24sin(A+B)=12

sin(A+B)=—;-=>sinC=

C=30°0r 150° ‘
= C=30°(". forC = 150°)

h (sin A + sin B)>=sin? C=3 sin A sin B

. =sin? A —sin® C+sin? B=sin 4 sin B

= sin (4 + C) sin (4 = C) +sin’ B=sin 4 sin B
= sin Bfsin (4 = C) +sin (4 + C)} =sinAsin B
= 2 sin A4 cos C = sin A(as sin B 0)
= cosC= 112 '
= C=60° '

¢. 2 sinx cos x[4 cos*x - 4 sin*x] = |
= (sin 2x) [2(cos®x + sin®c)][2 cos’x — 2 sin’x} = |
= (sin2x)2 X2 cos 2x = |
=2sindx=1

!
2

=>sin4:r=‘l =4x=30°=x=17.5°

d

A‘

‘ D
_x 2x

r
o W%

5 .
AE 30° x
' 3
Fig. 2.46

Obviouslsr, A"EOD is a cycli¢c quadrilateral, we have
ZCOD=120°+45°=165°
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“Integer 'I"ype'

1 -sin 260 + cos 26

1.4) f(6) = 2 cos 20
- (cos 8 —sin 8)* + ('c(:)s2 6 —sin® 8)
T 2(cos @~ sin B)(cos B + sin 6)
cos @ ’

= cos@+sin @
1

T 1+tan@

JU1%)-f(34°) =

I 1
(1+lanl]°)x(l+tan34°)
o e

(+anl1°) " (1+@an(45° - 11°)
] 1
T Urani®) [, I-tanll°
e

1+tanll®
- | x(l+tan11°) =l
(1+tan11°) g 2

2.(5) fIx)=2(7cosx+24sinx)(7sinx—24 cosx)
rcos 8=7; rsin 8=24

24
?=625; tan 6= 7
fAx)=2rcos (x—- &) xrsin(x—0)

= (sin2 (x— 6))
S man = 25%= (ﬂx))”4 =35

3. (l‘) tan(-z-] +tan(z) =>4 tan(z] xtan(z) 5

A+B=90°= # =450

_b
wn(A+B) -l
2 -
; a
= l_f._:..?.-
a a
=a+b=c
a+b it
c
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l1=tan@

. g
=(1 +tan9)[]-+ lanﬂ) =2

Hence, L.H.S. is equal to ;
2(1 + tan S?(I +tan 40°)(1 +tan IO°)(I +tan 35°)(1 + lan 15°)(I +tan 30°)(1 + tan 20°)(1 + tan 25°)

—2><2 =

~25in(40%)cos(40°) | sin(20°)
cos(80°) . % cos(20%)] _ |tan(20°) tan(80°)|
cot(20°) + tan(80°) |1 +tan 20° tan 80° |
‘ cot(20°) |

53) 3

= 3 an(60%) =3
6.(1) Letx+5=14cosfBandy~12=14sin @
. x?+y?=(14 cos - 5)* + (14 sin 6+ 12)?
=196+ 25 + 144 +28(12 sin 8~ 5 cos 6)
=365+28(12sin9-5cose)

A

7.(5) cotx+coty=49

= /365 -28x13 = /365 - 364 = |

min

1 1
= —+
lanx tany

=49

tan y +tlanx
tanxtany .

tan x+lan y 42 6

& tadan y = ——————e = —n —

49 49 7
42 42
= tan (x + y) = ]Tﬁ/?; - W =294 which is dwnsnble by 2, 3 and 7 but not by 5.

8.(7) From the gi‘ven equations, we have
(2cos a+9cosd)?=(6cosb+7cosc)

And (2 sin @ — 9 sin d)? = (6 sin b— 7 sin ¢)?
Adding; we have 36 cos (a + d) = 84 cos(b + ¢)

cos(a+d) 7
- apre) =3

cos(b+¢)

Office.: 606, 6th Floor, Hariom Téwer, Circular Road, Ranchi-1,
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Since cos A +cos B=0
=A+B=m,
L B=n-A
= sinA +sin(r-A4)= |

1
=sinAd=—
)

=>A=30%°and B=150%0r 4= 150°and B=30° |

= 12 c0s 60°+4 cos 300°=8§

2tanf 2tana
51+ian2ﬁ *ranta
5tan f8 3tan o

1+tan’ B l1+tan’

Substituting tan §= 3 tan &, we have

5x3tan¢ __3_@1-&_
149 an’ @ 1+tan’ @

=>5+51an a=| +9tan o
= 4 tana=4

=stan =1, i.e,tan f=3
stan @ +1tan B=4

11.(4) Let 6= — =sse— -

16

=lan @+ tan 59+ tan 90+ tan 136
v=(lan€ cot 6) + (tan 58— cot 56)

JEE (MAIN & ADV.); MEDICAL
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)

|astan 1360=tan(88+ 56) =—cot SGand tan 96=tan(89+ 6)=-cot 6] .

= (tan 8- cot 6) + (cot 30— tan 36)

o sin? 0 —cos® @
sin 8 cos @

cos 60 cos 26
A R
sin 60  sin 26

" cos? 360 —sin? 30
sin 36 cos 30

=

5 sin 20 cos 68 ~ cos 26 sin 60
sin 6@ sin 28

sin 460
=_2 e s e m_4
[cos 26 sin 29]
Hence, absolute value = 4.

1 1
: =4
sin 20° \E cos 20°

( 60="2- 26)
2

12. (2) cos 290° = sin 20°; sin 250° = —sin 70° = - cos 20°
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ﬁcos 20° = sin 20°
\@ sin 20°cos 20°

_ 2[sin60° cos 20° —sin 20° cos 60°]
J3sin 20°cos 20°

4s5in 40° _ 43
3 sin 40° 3
‘Hence, the greatest intéger less than or equal to is 2

13. (4) sin® + cos®x = (sinx + cos?x) (sin*x + cos*x — sin’x cos’x)
: 3(sin 2x)?
=] -3 gin*xcos’x=1 - —(T—)—

4

e T —
Y™ 4 = 3(sin 2x)?

— 4 .
= VYmax ™ 4_3(1) -

4

! : cosx sinx [ B
14. (3) cos*(45° + x) + (sinx —cos x )* = [ 5 ——E] + (sin x - cos x)

3, - 3
5(1 ~sin 2x) = 5(1 —(~1)

. i 3
Hence, the maximum value is = 5(1 =(-1)) =3
15. (6) Nr. = (sin®¢ + cos? ) — 2 sin®¢ cos?? — 1 = -2 sin’t cos’t
Dr. = (sin®¢ + cos? 1)’ — 3 sin®r cos?t — 1 = 3 sin’t cos’t

! ] ! 1 | !

+ = -
§in10°  sin 50° sin70°  .og 80° : cos 40° cos 20°

16. (6)

_ ¢0s 40° cos 20° + cos 80° cos 20° — cos 40° cos 80°
cos 20° cos40° cos 80°

= 8[c0s20°(cos40° + cos80°) — cos40° cos80° ]
= 8[2¢0s20° c0s60° c0s20° — c0s40° cos80°}
e 4[2¢05220° — 2c0540° c0s80°)
=4[1 + cos40° - (cos120° + cos40°)]
3 ' -
3
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17.(7) f(x) =9 sin’x — 16 cos’x - 10(3 sin x —4 cos x) — 10(3 sin x + 4 cos x) + 100
=25 sin’x — 60 sinx + 84 |
=(5sinx—6)° + 48
The minimum value of /(x) occurs whensinx = 1.
Therefore, the minimum value of |/ f(x) is7.
18. (0) In AABC, tan 4 + tan B +tan C = tan A tan B tan C
= x+x+ 1+ 1 -x=x(1 +x)(1-x)

=>2+Jr-——3r—x3

=xl=2=sy=2218

= tand =x <0 => A4 isobtuse

=tanB=x+1=1-2"<0

Hence,‘A and B are obtuse, which is not possible in a triangle.

Hence, no such triangle can exist.

sin 2x
19. (4) Given log,, (‘—2—) =]

sin2x 1

2 10

=

' .
=>sin2x=§ = - ()

n
log)o 10
Also log,q(sin x + cos x) = 2

R € n
= log,(sin x + cos x)2 = log,o (ﬁ)

"

=>I+sm2r IO

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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20, (4) 25in4° cos3° +2sin4° cos1° -~ 2sin 4°[cos 3° + cos 1°]

cos1®cos2%sin4° ¢os 1°cos 2%sin 4°
_ 4cos2°cosl® _

cos 1°cos 2°

A B . L 1
.(7) 2sin—sin—sin— = —
21.(7) 111231n2 1n2 6

A-B A+B) . C _ 1
= | cos - cos sin— = —
2 2 2

2£--‘lsing—ﬁ-i=0
2 2.2 )6 _

= | —=sin— | =0.
4 2

=> sin

= sin

(N ) KoY

2
4
=cosC=1-2 sin’—g =1-

22. (2) In the triangie,
tan 4 +tan B+tanC=tan A tan B tan C

1@k+1)@k+1) 3
2 2 4 2

8k% +6k+) 346k
8 2 .
=8I+ 6k+ 1 =12 424k
= 8k - 18k—11=0
= 8K 22k +4k-11=0
= (2k+ 1)(4k-11)=0
= k==1/20r11/4
For k =-1/2, tan B =0 (not possible)
L k=11/4 -

")
8

+ 3k

— ]

. ' 3
23, (4) 4 sin’x cos 3x + 4 cos’x sin 3x = 5

. , \ 3
=> (3 sin x = sin 3x) cos 3x + (3 cos x + cos 3x) sin 3x = 3

: . 3
=> 3[sin x cos 3x + ¢os x sin 3x] = 2

= sindx = -1—
2
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- Archives ~ .

Subjective
1. Wehave tan(a+ ) = ot anp
l-tanotan B
m 1
= _m+l 2Zm+l
m’ ]
= X
m+1  2m+1

- 2m* +2m+1 -
2m® +2m+1

= @+ fB=nn+m/d, wherene Z.

|

1
2.a. Todraw the graph of y = —=(sinx +cos x) fromx = -g— tox= -275

V2

¥ y=sinx
y=sin (x + ©f4)

A/

- f ¢ 4 4 } - X
xX -nl2 —nld 0 w4 nf2 3nld
Y
Fig. 2.47
r=L(¢inx+coqx)—sin(x+£]
) N : 4
‘ 4 L “ B
h We have cos (e + ) = E and sin (¢~ B) = T3
= lan(a+ﬁ)=2andtan(a—ﬂ)=—5—
4 A 12
3.3
tan(ct — 8) + tan(e + 3) 12 4 56
e o [ (o] I - tan(@ ~ f) tan(a + B) ]_(_5_)(3] 33
12 )\ 4

3., We have,

13 '
5cos 0+ 3 cos (9+%J+3 =5 cos 8+ 3 cos Bcos %—35in95in§+3 = ?cose-—é—z\ésin9+3
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Now, -\[(E
2

2 2
~7< E osﬂ-gﬁsm9<7
2 2 '
13 33

) [3J_) —cosé-i sin@ <

JEE (MAIN & ADV.), MEDICAL
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= 4< ?cose———o—-sm9+3<10

4. Given @+ f—y= mand to prove that

sin® @+ sin® - sin® y=2 sin asin Bcos ¥

L.H.S. =sin? @+ sin? f~sin® ¥
=sin? at+ sin(f+ p) sin (B- ) _
= sin? o+ sin(B+ ¥) sin (71— &) | (v a+B-y=nm)
=sin? a+ sin(B+ 9) sin = sin a[sin a+ sin (8 + 7))
=sin ofsin[7—(B-P] +sin(B+ 7]
=sin afsin(f— ) + sin (B+.9)) =sin @[2 sin fcos 1}
=2 sin asin fcos ¥y

=R.H.S.
S. We have,

cos @+ sin 8= fi[:};cosa +-J%sin6} = 2 sin(r /4 +6)

cos B+ sin 8< 2 <72
; 3, n/2=1.57
cos O+sin @< /2 = cos B< W2 —sin 6 (i)
As 8 e [0, n/2] in which sin 8 increases, taking sin on both the sides of Eq. (i) we get '
sin(cos @) < sin(n/2 — sin 8) = sin(cos 8) < cos(sin 6)
= cos(sin 8) > sin (cos §) (ii)
6. LHS. =sin 12° 5in 48° sin 54°

('-'J5= 1.414] |

il

::-l—'ml—-mt
¥

[2 sin 12° cos 42°] sin 54°

sin® 54°—-;—sin 54°jl

It

2sin2 54°—s;n54°]
2(1+‘\/5_ Y (1445
L4 ) 4

[ fi+5+2J_ 1+J‘

U :

1 1
= axglo+2v5-2-2) =
rirt 1265- V] et

1

N
L

3]

H

B -

-
8

=R.H.S.
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7. We know that

cosAcos24cosd44 ---cos2'4= sin (2’”" A)

2"+ sin A
16 cos Z—E cos 2 [2_75] cos 2? [EJ cos 2° (E)
15 15 15 15
sin (2% 4)
= ]6—4—“——" (WhEI'EA=2JI/15)
27 sin A ‘

_ o Sin(32a/15) _ sin (327/15) _ sin(32m/15) _
16 sin 2/15  sin (27 + 27/15)  sin (327/15)
8. We know that

2tan o
tan 20 =

1 —tan® @
I —tan® o
1an o
Now we have to prove tan ¢+ 2 tan 2¢r+ 4 tan 4 o+ 8 cot 8a=cot ¢
LHS.
=tan x+2tan2 a+4 tan 4+ 4 (2 cot 80)
=tanq+2tan2 ¢ +4tand @+ 4 (cot 4 @—tan 4q0) (using Eq. (i)]
=tana+2tan2a+4tanda+dcotd a—4tand ¢ =tan o+ 2tan 2a+2 (2 cot 4¢) ;
=tan @+ 2tan 2+ 2 (cot 2 x~1tan 2¢7) [using Eq. (i)]
=tan @¢+2cot2 @ =tan &+ (cot @—tan @) [using Eq. (i)]
=cot @=R.H.S.
9. GiventhatinAABC, A, Band Care inA.P.
.. A+B=2B
AlsoA+B+C=180° = B+28=180° = B=60°

= 2 cot 2¢ = coto-tana=2c¢cot2 : _ )]

Also given that sin (24 + B) = sin (C - 4) = —sin(B+2C) = %
' 1

=5 §in (24 + 60°)=sin (C~ A)=-sin (60 + 2C) = 5
From Eq. (i), we have ' -
sin (24 + 60°) -_-%
= 24+60°=150°
= 24=90°
= A=45°
= (C=pg-A-B=175°

tan x

tan 3x

10. Let y =

tan 1(1—3121112 x) ¢

3 tan x — tan° x :

_1—3lan2x

3—lan2x
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= 3y-(tan’x)y=1-3tan’x
= (y-Ntan’x=3y-1
3y~-1.
= tan’x= 2
y=3
3y ~1 y
= 3 20 (L.H.S. is a prefect square)
o ,
+ve -ve +ve
- —e 173 3
Fig. 2.48
1
= y< 3 oryz23
Thus, y never lies between 1/3 and 3.
n—l 2
11. §= Z(n k)cos—f
k=1 n
‘ ; 2
=(n_1)0052_”+(,,_2)co522_“+...+1c05(n_])_” )
n : n n
We know that cos 8= cos (2@ - 0). Replacing each angle Oby 27—~ 01in Eq. (i), we get
, 2 . ” "
S=(n-1)cos (n~- I)E-E+(n—2)cos(nv2)—n + .o+ 1 cos i [using Eq. (i)} (ii)
'n \ n n
Adding terms having the same angle and taking » common, we have
28 = n[coqz—n+cos4—n+cos6—ﬂ+ +cos(n-—])2—ﬂ}
n n n. n
e | sin-DE LI,
w— =N = 2 cos-L Z 1
u sin—
) n '
=nlcosn=~n (' sin(x-6)=sin6)
S=-ni2 '
12. Given that
T
2sint= 225N e a2
3 -2x-1 '

This can be wntten as

(651nr~—5)1 +2(1 -=2sinx~-(1+2sin)=0

For the given equation to hold, x should be a real number, therefore the above equation should have
realroots, ie., D20

= 4(1 - 2 sin )2 +4(6 sin 1= 5)(1 +25sin) 20 -

= ‘16 sm (-8sint-420

= (4sin’1=2sint—1)20
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= sints- [ﬂ => sinta-\/itl

4 4
= sin f.$sin (=m/10) orsin/2sin (37/10) = 1€-7n/10ort237/10
(Note that sin x is an increasing function from —-7/2 to 7/2.

Therefore, the range of 7 is [-7/2, ~n/10]) W [37/10, n/2].

' 1 1
P -

4cosze+l+%sin 20 2[1%cos 29]+l+~3-sin 26

|
- 3
2c0529+-2-sm 20+3

' 2 ’ - (.
Now — 22+(—2—J 52c0328+%sin265 22-!-[%)

or —iszcos29+§-sin 2‘9S-:i
v 9 2 2

= -1-S2cos 29+-§-sin 26‘+3Sll
2 2 .
2 1
—< <2
=1

2 cos 26 +%si'n 20+3

Hence, the maximum value is 2.

Objective
Fill in the blanks

1. According to the given question, we have expressed L.H.S. in the form
Cp + Cicosx + C,cos 2x + -+ + C, cOs nx.

Now,
o Isinx—sin3x | 3sin xsin3x—sin? 3x  3(cos2x ~cos 4x) — (1 = cos 6.x)
sin” x $in 3x = —sindx = -
4 8
Hence, n=6. v

2. WeknowthatA.M. 2G.M.
[t implies that the minimum value of A.M. is obtained when A M. =GM.
Therefore, the quantities whose A.M. is being taken are equal.
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: n\_ n )
G | = +o— = 4
That is, cos (a = ) cos( B 5 J cos (7 > )

= sina=sinf=siny
Also, o+ B+ y=360°
= o=p=y=120°=27/3

AL o W 2—E+£)+cos(3£+£)
3 3 '3 2 3 2

3

Therefore, the minimum value of A.M. =

i
_ 5103_\/5

3 2

Lo .8 S, MMexOR I . 137
3. sin —s§in —sin —8in —8in — sin ——8in ——
14 14 14 14 14 14 14

_n.Sn,Sn.n.( Sﬂ').( 31:}.-[ ﬂ']_.zn.23f£.25ﬂ'
= Sin—sSsmM—-=Smn—-=sm—sm| XA=— | SIN| A =— SIN| A —— | = SIN" —SIN" —S8SIN" —
14 14 14 2 14 14 14 14 14 14

. T 3% . 57:)2
= | siIn—Ssmn —simn ——
14 14 14

2
= cos[i—f—)cos[f-gi)cos(ﬁ—zr-]
2 14 2 -14 2 14

It

2
. X 2 3n
2¢0s—S5in —COS—COS—
7 7 7

| 2sinm/7 ;|

- ’___1 2sin 2—”césgﬁcosg’i}
[ 2%sinmr7 U 7 7 7

| ( _4n [n-snnz
=| 3| 2sin—-cos
27sinm /7 ¥ | 7

by
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[ ] ) 8n)2
= sin—
8sinm/7 7

_ (sin(ir +n~/'f))2 } (—sin n/?’)z _[1)2 _ I
8sinz/7 Bsinz/7 8 64

4 k=slnﬁ-sin—sm7—;r
14 8 18
n S5r n In
= ¢0§| — —— |cO§| — =— |CO§| ———
(2 8) (2 JSJ (2 IBJ
/4 2n 4r.
= COS—COS—COS—
9 9 9
- sin§¥—= - ] sinn/9=l. '.'siny—=sin(n—x/9)=sinn/9]
3. % 9 8sinz/9 8 y 9
2 sma- '

8. A+B=n/3 = tan(A+B)==\/§
tanA+tan B _

|-tan Atan 8B

tan A +—
- —tand._ f [where y = tan A4 tan 3]

| o

= tan’A4+ Ji(y~'l)tanA+y=d

For real value of tan 4,
(p=1)2=4y20

= 3H-10p+320

= 0:-3)(,\;-%)20

&= % -;- ory=3

Butd,B>0and A+ B=n/3 = A4, B<n/3
= tanAtanB<3

y< -:I; i.e.,the maximum value ofyis 1/3.

- 2 | 1 2C08X,CO8 ¥
6. We have = + - S ]
cosx cos(x—y) cos(x+y) cos*x—sin‘y

2

= cos’x-2sin’y=cos’x cosy
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2.148 Trigonometry

= cos?x(1 —cosy)=sin’y °

2 Y _gsin? L cos? 2

2 2

= cos’x2sin

\' {
= cos’x=2cos? =

Y
= cos? x sec? —;—:2

= COS XxSsCC %=i\/§

True or false
B
' 2_
l-cosB m 2
1. tanA= ————= B —=lan-5
CSNB adin 2 cos =
B
' 2tan—
2tan A
Hence, tan 24 = anz = 28 tan B
l—-tan® A L\ '.anz"z"

Therefore, the statement is true,

Multiple choice questions with one correct answer
1.d. From the glven relations, m tn= 2tan O, m—n=2sin 0

= m’—n’=4tan Osin 8 ; _ )
Also 4imn = 4vtan? @ —sin® 8 = 4sintan 0 (ii)

From Egs. (i) and (ii), we get m? — = dJrmn .

-4
2.b. tan 8= y 2 = 6e Il quadrantor 1V quadrant = sin 8= $4/5

If 8 1l quadrant, sin 8=4/5
If 6 1V quadrant, sin 6=-4/5

' By _
d.a. arff+y=2 P 0B
A BNty

tah(2+ﬁ)= lan[:r-1]= ~tan &
2 2 2 2

tan/2+tan 3/2
“ 1-tanax/2tan /2
= tan rx/Z + tan ﬂiZ + (an 7/2 = tan a!2 tan B/2 tan y/2

4.b. We have sin? 8+ cos® 0= s5in? 8+ cos? cos? < sm29+cos (¥ ‘ [ ;:052951]
Thus, A=sin? 8+ cos® <1 .

=tany/2
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Again, A= sin® 8+ cos® =1 - cos® 8+ cos? 8= 1 + (cos* 8- cos? 6)

N2 2
=1+ (coszﬂ-i) —-1—=§-+(cosaa-i) 22
2 4 4 Z 4

Hence,3/4 <A< |,

. We have cos '%r = cos (Ic —-£) *—'-cos%

5r ' i
and cos —§~ = C0§ n-? = —C08 —

L.H.S.= (l + Ccos E—)(l + cos 3—3)[1 — COS 3—”) (1 — COS E)
8 g 8 8 : 8
= [1 - cos2 -’E] (I - cos2 3—”)
8 8

A{0-H) 0024403
Bl
sin20° cos20°

J3 cos 20° —sin 20°
sin 20°cos 20°

V3

=

=:4 =

—c08 20°— 4 sin 20°
9 9

2s5in 20°cos 20°

sin 2 x 20°

[ sin 60° cos 20° — cos 60°sin 20°i|

| _ 4sin(60°~20°) _ 4sind0° _

sin 40° sin 40°

. 3 (sinx — cos x)* + 6(sin x + cos x)? + 4(sin® x + cos® x)

=3 (1 —sin 2x)* + 6(1 + sin 2x) + 4[(sin® x + cos? x)* — 3 sin x cos? x (sin® x + cos? x)]

= 3(1 — 2 sin 2x + sin? 2x) + (6 + 6 sin 2x)+4[1—%sin2 Zx]

=13+ 3sin?2x -3 sin?2x= 13
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4xy
(xeyy

8.b. Given, sec’ §=

o
Now,sec? 82 1 = — = > |

(x+y)

e (x+y)2s4xy

= (+1)? -4 <0

= (x-»)?<0

But for real values of x and y, (x — v)2 2 0
S Xy

Also x+y#0=x#0.y#0

JEE (MAIN & ADV.), MEDICAL -
+ BOARD, NDA, FOUNDATION

= (x-})*=0

9.¢. f(8) =sin @ (sin 8+ sin 36) =(sin 8+ 3 sin @4 sin’ 8) sin O= (4 sin -4 sin’® ) sin 6
=4 sin? @(| - sin” 8) = 4 sin? Hcos? 8= (2 sin Bcos B)? = (sin 26)* 20

which is true for all 8.
10.a. We are given that

: (cot'ax)) (cot ap) -
= (cos ;) (cos o) - (cos @,) = (sin &) (sin &) -
Lety=(cos ;) (cos o) - - (cos ,) (to be maximum)
Squaring both sides, we get \
¥* = (cos? &) (cos® @) -+~ (cost)

= COS () Sin @) COS (% Sin (% ++ COS @, Sin @,

(cot a,) = 1

1 .
- -2-;.[.sin 2a sin2a, -+« 8in2a, |

AsOsay, oy, -, @, S U2
020,20, -, 20,87

= 0<sin2al,sin2a2
}'2< _] 2::!2

'l‘herefore the maximum value of y is 1/2"2,

,8in2a, <1

1l.ce. o+ f=—

4
= o= 5—)3 = tano=cotf
Again, B+y=a=y=a-f
tan @ - tan tana — ta
= tany=- P _ung~lap
14 tan ¢t tan 2
= tan = tan B+ 2 tan y

12.b. Given that sin 8=

Gl a6
32

or cos /2 <c6§¢<cos:r/3 or W3<¢<nl2
£+ﬂ<9+¢< +-—~or£<9+¢<2—n--
3 6 2 6 2 3

= 9+¢e (£12_?T]

(sin @) 10)

[using Eq. (i)]

= tanctan =1 ()

[using Eq. (i)}

1/2 and cos ¢ = 1/3, and @ and ¢ are acute angles.

2" 3
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13.b. sec2x—tan2x= - e -

4 4 o

n _n

_ ]-cos?(z—x) 2sin2(£—x)
l—sin2x 4 4 .[Jr )
]=tan 'Z—".\'

. I .. 9 B 5 T o X T n
14.d. sin —+cos—=— = S§in° =——+c08* —+28in—Ccos§— =~
2n 2n 2 2n 2n 2n 2n 4
LR . % n—4
= l+sin—=— = Sih—=
. n 4 n

For n=2, the given equation is not satisfied.

n-4

Consideringlhatn>1andn;ﬁ2,0<sin-7-z-<l=>0< <1 = 4<n<8§

i
I5.b. B¢ (0, ;) =>tan 6< l andcot > 1,
Lettan 8=1—xand cot 8= 1 + y, where x, y> 0 and are very small, then
=1 =" 6=0-)" =0+ =0 +y)"™
Clearly, t,> tyand 1) > 5. Also t3 > 1.

Thus, 1, > 13> 1, > 1,.

Multiple choice questions with one or more than one correct answers

1.b. 3[sin“ [%n~a)+sin4(31r+o:)]~2 [sin(’(%n+a)+sin6(57r-'cx)]

=3(cos* @+ sin @) - 2(cos® a + sin® a).
=3(1 - 2 sin® acos® o) — 2[(sin® e cos® @)’ — 3 sin” o cos? asin® @+ cos? o))
=3(1-2sin®* acos® @) - 2[1 -3 sin® cos® o] = 1

2. b, c. All are infinite G.P.’s with common ratio < |

1 | 1 1 1

"X - Wy : = &5 )
‘ 1~c052.¢ 51n2¢ 1-sin®¢ cos’¢ | ~cos? sin® @
Now,xy+z= . + : 3
y AP T I= — 7 ™ — ;
singcos’ ¢ 1—sin’pcos’d  sin® gcos’ o1 -sin® Ppcos® §)
orxy+z=xyz & g ! 0)
. 2
+
Clearly,x +y= Sm_ f Lilik = Xy
sin” ¢cos ¢

x+y+tz=xyz | [using Eq. (D]

3. ¢. Weknow thatsin 15°= V3-1 (irrational)
22

NCES

cos 150 X211 ( i-n-ationalj
22
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sin 15°cos 15° = —(ZsmlS"chS")

%sin 30%= % (rational)
sin 15° cos 75° = sin 15° cos (90 - 15°)

=gin 15°sin 15° =sin® 15° = —;—(1 +c0s30°) = l(l'— %] (irrational)

2
4. a,b,c,d.
1= sin(@/2) 2¢0s2(6/2) 2cos’ @ 2cos’ 20
" o cos(8/2) cosf cos268 cos46

sinf | 2cos® 8 2cos® 20
cos@| cos28 cosdl

D : 2 .
sin 28 | 2¢os 26_” = tan2"9
.cos20| cos48

f

id
tan4—- —=]
fz[l ) N

Similarly, f:,[ J fd[ ]and fs(l;] are found to be tan -a-ml .

5.¢. For @=-m/2,B=-n/2and y=27
-sin ¢+ sin B+ sin y=-2.
Hence, the mlmmum value of the expression is negative.
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3.2 Trigonometry

TRIGONOMETRIC EQUATIONS

An equation involving one or more trigonometrical ratios of unknown angle is called a trigonometric cquation,
e.g., cos’x — 4 sinx = 1. It is to be.noted that a trigonometrical identity is satisfied for every value of the
unknown angle, whereas a trigonometric equation is satisfied only for some values (finite or infinite in
number) of unknown angle, €.g., sin’x + cos’x = 1 is a trigonometrical identity as it is satisfied for every value
ofxe R.

Solution or Root of a Trigonometric Equation

The value of an unknown angle which satisfies the given trigonometric equation is called a solution or root of
the equation. For example, 2 sin8= |, clearly 6=30° and 8= 150° satisfies the equation; therefore, 30° and 150°
are solutions of the equation 2 sin@= 1 between 0° and 360°.

Principal Solution of a Trigonometric Equation

The solutions of a trigonometric equation lie in the interval [0, 277). For example, sin8 = 1/2, then the two values
of 6 between 0 and 27 are /6 and 57/6. Thus, 7/6 and Sm/6 are the principal solutions of equation
sin 8= 1/2. '

General Solution of a Trigonometric Equation

It is known that trigonometric ratios are periodic functions. In fact, sinx, cosx, secx and cosecx are periodic
functions with a period 27, and tanx and cotx are periodic functions with a period 7. Therefore, solutions of
trigonometric equations can be generalized with the help of period of trigonometric functions. The solution
consisting of all possible solutions of a trigonometric equation is called its gencral solution.

Clearly, general solution of a trigonometric equation will involve integral n € Z. General solution of a
trigonometric equation is also called a ‘solution’.

Here set of all integers isdenoted by Z. ne Zmeans n=0,%1, % 2, .... For example, general solution of
the equation cos@= 1 is 8= 2nr.

Some Important General Solutions of Equations

Equation Solution
sin@=0 8=nm,ne 2
' - T

cos@=0 9=(2n+i)5,ne Z
tanf=0 8=nm,ne Z

: n
sin@= | 9=(4n+1)-2-,nez
b , n
sin@=—1 9=(4n—])5.ne Z
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Equation Salution

cosf=1 6=2nmne Z
cosf=-| 6=02n+ Lr,ne Z
cotf=0 9=(2n+1)§.nez

- Points to Remember

for explanation.
the loss of a genuine solution.
infinite. Also see Example 3.2 for explanation.

made.

1. While solving a trigonometric equation, squaring the equation at any step should be avoided as far
as possible. If squaring is necessary, check the sotution for extraneous values, Also see Example 3.1

2. Never cancel terms containing unknown terms on the two sides which are in product. It may cause
3. The answer should not contain such values of angles which make any of the terms undefined or
4. Domain should not change while simplifying the equation. If it changes, necessary corrections must be

5. Check that denominator is not zero at any stage while solving the equations.

DRGTI KA Solve the equation sinx +cosx=1.

Sol. If we square we have (sin x + cos x)* = |
= l+sin2x=1|
= sinZx=0
= x=nmneld
= x=nmwll,ne
But forn=2,6, 10, ...
sin x + cos + = —1 which contradicts the given equation.
Alsoforx=3,7,11, ...
sinx +cosx=-I

Hence, the solution isx =2nmorx={4n+1) % ;

Ky i 5 Sol tan 3x —tan2x ’
oV I +tan 3x tan 2x

Sol. tan (3x—2x)=tanx =1

Therefore, x = nx + (7/4) but this values does r;ot define tan 2x. Hence, there is no solution,

ST EREN  Find the values of @ which satisfy r sin6@=3 and r=4 (1 +5in0),0< 0<2m.

n Sm

Sol. 06<2n
Eliminating , we have 4 sin0+4sind-3=0
I 3 n
= §inf= —, — — (not possible = f=—1-—=—
igigy — oty ) =

6 6
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34 ' Tngonometry

R EPH  Solve 16 % 16 =10,0<x <21,

Sol: lﬁsinzx +161—sin2.\' = 10 i , _ (l)
If 16" % =¢ , then ¢+ i =10
!

Then Eq. (i) becomes : : !
= £-10t+16=0 , ’ N
= t=2,8

= 16sin2x =164 or 16°74

V3

. ]
= SMY~d—k—
2 2

bid ;
Nowsmx—l,thenx=—,_5— -
A 66

1 I 1111:
sinx =——, thenx= — or —
2 6

siny = —— = x=
2 : :

Hence, there will be eight solutions in all,

'lix_:uiu-)le‘j.S' ‘Find general value of # which satisfies both sin @ = —-1/2 and tane 1/\/—37,
snmultaneously

Sol. Here sinf< 0 and tan®> 0, then @ lies in the th1rd quadrant.

1 7
Now sing=—— = O=r + L
2 6 6

Generalizing, we have 6= 2nn + F%r, ne Z

(BRI RE  If sin 4 =sin B and cos A = cos B, then find the value of A iﬁ terms of B.
Sol. sinA—-sinB=0andcosA4-cosB=0

A-B A+B -+ —
= 2sin Z cos 5 =0and23inAzBsinB AmO

We observe that the common factor gives sin
(

A-B

=HAT ,NE Z

=5

= A-B=2nm.,ne Z .

= A=2nn+B,ne”
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Example 3.7 Find the number of solutions of sin’x —~sinx—1=0in | -2n, 2n).

2y —sinx=1=0

1£5
2 -
1-v5 . 1+45
= e ginX = .
2 2 ;
= xcan attain two values in {0, 271] and two more values in [-27, 0). Thus, there are four solutions.
BETIPILKXAE  Find the number of solutions of the equation & M . 4 20,
Sol. Pute™=¢ = (2-4/1-1=0
= ‘,=esim___2i \/5

Nowsinxe [-1,1]

= ™e ¢ ¢']and2+ 5 ¢ e, e']
Hence there does not exist any solution.

Sol. sin

= Ssinx =

> 1 not possiblc]

Lxample 3.9 If the equation a sin x + cos 2x =24 — 7 possesses a solution, then find the values of a.
Sol. The given equation can be written as asiny + (1 — 2 sin’x) =24 —7
= 2sin‘x—asinc+2a-8=0

atJa* -8 (2a -8) ai(a—S)
4 _ 4 . .
=(a-4)/2 (" sinx =2 is not possible)
Equation has solution if - ] < (a-4)/2<]
= =2<(u-4)s52
= 2<ag=6

= sinx=

Concept Application Exercise 3.1

|
1. Solve sin*6—cosf= 50s6<2x,
2. Solve cos’x + sin*x = 1 in the interval (—m, 7).

3. Find the general solution of (| — 2 cos@)? + (tan8 +V3)? =0,
4. Solve sin30— sin@=4 cos*6—2.

GENERAL SOLUTION OF SOME STANDARD EQUATIONS

General Solution of the Equation sin 8 = sin
Given, sin 8=sin & = sinf-sinax=0
O+a ., O~

=» 2008 sin =0
2 2

a . 0-a
=0 orsmT=0
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+a T 0-a
——=Q2m+) -, ——=mn,me Z
R U S
=> 6—(2m+|)rz-a0r9=2mn+a,meZ
= 0=Q2m+ D+ =)""ame Z _ . )
or 0=2mn+(-1)"a,me Z | (i)

Combining Eqgs. (i) and (ii), we have
O=nn+(-1)a,ne Z

- — — — nm— — —— o ——— = - — —

e For general solunon of the equation sin 6 = k, where' =] <k £ 1. We have sin 6 = sm(sm k)
= @=nm+ (—l) (sm"k), nez

|
; Note:
?
|

RTUIRALUN Solve 2 cos’0+ 3 sinf= 0.
Sol. We have 2 cos’6+ 3 sin8=0

2(1 -sin?@)+ 3 sin@=0

2 sin’0~3sin 6-2=0

(sin-2) (2 sinB+ 1)=0

2s5in6+1=0 [~ sin@#2]

sinf= - % = sm(—:)

= O=na+(~1)" (-%r-),ne Z

LUyl

U

=nr+(-1)"*! %,ne Z

ISSTITNICKRIEE Solve 4 cos 8- 3 sec 6=tan 6.

Sol. We have 4 cos -3 sec @=tan 6

= 4cos@ -
cos@ cosf:
= 4¢c0s’0-3=sin0
= 4(1 -sin’@)-3=sin @
= 4sin*@+sin6-1=0
=11 +16
= sin 0= —————
8
_=1x17
8
_ =117 -1-417
8 8
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Trigonometric Equations ™ 3.7

Now, sin 8= '_l+8‘/ﬁ
= sin §=sina, where sin o= _1+8\/ﬁ
=  @=nm+(-1)" a, wheresin a= -—l-f\/l—'? andrne Z
and sin 9= —l-sJﬁ -
= sin @=sin 5, where sin f= -l_s\fﬁ
: s

= 8=nn+(-1)" B, wheresin = :

Example 3.12 @RIITS sin® @cos 0- cos® @sin 6= 1/4.

Sol. sin® 8cos 6~ cos’® Bsin 8= 1/4
| = 4sin G¢cos ﬁi(sin2 6—cos® GH=1
25 260(-cos26)=1
~-sin46=1
sin4f=-
46=2m‘r-—%
0=(12)+(-mI8),ne Z

14 4 8l

Concept Application Exercise 3.2

1. Solve 2 sin@+1=0. '
2. Solve sin® n@- sin® (n - 1) 6= sin’6.

General Solution of Equation cosf = cosa

Given, cosf=cos
= <osx—-cosf@=90

. 0+68 , 8-¢
25in sin =
2 2

a+8 . 6~
=0 orsin

0

T = sin =0

a+6 6-a
T:n:rr or

U

=nn,ne

= @=2nn-wor@=2nn+o,ne 2
=2nnto,ne 2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



, JEE (MAIN & ADV.), MEDICAL
Iﬁévl\ffowé,_lﬂsﬁ,;% + BOARD, NDA, FOUNDATION

38 - Trigonometry

Note: S -
* For general solution of the equation sin 8 = k, where ~1 £ k < 1. We have cos 6 = cos (cos™'k)
= 6= 2nm+ (cos” 'k), neZz.

RETINIIKR R  Solve V3 sec20=2.
Sol. We have V3 sec 20=2

S
2

= c0s280=

n

I

cos
" n
= 20=2nmnt -g NEZ

= @=nn —ﬂ—,ne Z
12

‘Example 3. PH Solve sin 20+ cos §=0.
Sol. We have sin28+ cos8=10
=> Cos@=-sin28

= cOs (E + 29)
2

= @=2nr* [g + 29)”6 2
' Taking positive sign, we have.

0=2nm+ 12[ +20

=2nn— E,ne Z
2

Taking negative sign, we have '
0=2nn- E+2.9) = g=2E_E nez
2 3 6

REDIRARE  Solve cos@+ cos38-2 cos20=0.
Sol. We have cos8 + ¢os38~2 c0s28=0
= 2cos20co0s0-2cos28=0

= 2c0s20(cosf-1)=0
= cos268=0or,cosf-1=0

= 20=Q2n+ I)% neZorO=2mn me Z

= @=Qn+ l)%,ne Zor0=2mmme Z
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Trigonometric Equations 3.9
Example 3.1 W Solve sec 48— sec 28=2.
T
cos 40 cos 28

Sol.

= ¢c0s208—cos40=2c0s268c0s48=c0s 28+ cos66
= cosb0+cosd40=0
= 2co0s58cos0=0
= c¢0s508=0o0rcos@=0
i T n
= 56=(2n +1)E or = (2n +l)§-,ne Z
(r+3)5 o0 (3]
= O=|n+—|—or@=|n+—|nw.ne’Z
245 2

: 0
BTN RN A Solve 5 cos 20+ 2 cos’ 5 +1=0,-w<O0<m.

Sol. Changing all the values in terms of cos, we get
5(2 cos2@~ 1)+ (1 +cos@) + | =0 => 10 cos’8+ cosf-3 =0
= (5¢c0s0+3)(2¢cos8-1)=0

T o7 ,1( 3) 43 _
,——, c08 | == |=m—cos” —and — + cos
N 5 5

BV HINIUCEE I Solve cos x cos 2x cos 3x = 1/4.

Sol. cosxcos2xcos3x=1/4

= 8= [ ~-m<B<n]

n|w

2(2c0s x cos 3x) cos 2x = |

2(cos4x +cos2x)cos 2x = |

2(2c0s? 2x -1 + cos 2x) cos 2x = |
4cos® 2x + 2008 2x ~2c08 2x — 1 =0
(2cosz2x— D(2cos 2x+ 1)=0
cosdx (2cos 2+ 1)=0
cos4x=0orcos 2x=-1/2

L I

U

4x= (2n+l)§- or2x =" 2m?r:t2?ﬁ. mne 2

!

! (21:-4—1)E orx= mn‘:tf
8 3

Concept Application Exercise 3.3

. Solve cos 8= 1/3.

. Solvetan Btan48= 1 for0 <6< .
. Solve cot(x/2) ~ cosec(x/2) = cot x.
. Solve cot 8+ tan 8= 2 cosec 8.

. Solve sin 668=sin 40—sin 26.

. Solve cos 8+ cos 268+ cos38=0.
. Solve cos 68+ cos40+cos20+1=0,0<0< .

~1 S Uh A W o=
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~

General Solutions of the Equation tan 6 = tan o
Given, tan 8=tan o ‘

sin@  sina

cos@ cosa

sin 6cos a—cos Osin =0
sin(8—a) =0

6-a=nn

6=nm+ o, wherene 7

L1l

S e i A P R - n e et —n O S o - A

. Note:

|

| e For general solution of the equation tan 6= k, where k € R. We have tan 8 =tan (tan™'k)
Il = @=pr+(an"'k),neZ

ST LN Solve tan 36=—1.
Sol. tan36 =~1

(3]

(BRI RBIE  Solve 2 tan 8—cot 8=—1.
Sol. 2tan 6—cot8=—

z_]l

2 tan 8-
tan

2 tan? O+ tan —1=0
(tan6+1)(2tan 8-1)=0

|

tan 6=~ 1ortan 8= %

4

tan 6=tan [——K-) or tan €= tan (tan'I l)
4 2

-— . l
= O=nr+ (~4—KJ or 6= mn+ ¢, where m,ne Zand tan = 5

DETIDICRPAN  Solve tan 58=cot 20.

Sol. tan 58=cot 20 =tan [—125 - 29)

= 50 =ny+ %_’- ~28

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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= 0= % + %,whercne Z,butn#3,10,17,... where tan 50is not defined

Solve tan6+ tan 26+ V3 tan@tan26 = /3.
Sol. tan 6+tan 20+ \/5 tan 8tan 28= Jf’;

= tan@+tan20=3 (1 —tan Otan 26)

tan @ + tan 26
1-tanftan20 V3

Example 3.22°

= tan3f= J3—

Concept Application Exercise 3.4

1. If tan af@— tan b0 = 0, then prove that the values of @ forms an A.P.
2. Solve tan’@+ 2 V3 tand= 1.
3. Solve tan® x + (1 -\fi) tanx = /3 =0.

4. Solve 3 cos’@~ 2\[3-' sin@ cosG—l 3 sin’8= 0.
5. Solve tan@ + tan (6 + /3) + tan(@ + 27/3) = 3.
6. Solve 2 sin"x = cosx.

General Solutions of the Equation sin?@ = sin’a or cos?@ = cos’a

2 o

Here the both given the equations are same as cos? 6= cos
(1=sin’6)— (1 —sin*@) =0

sin®@=sin’a

sin(@+ &) sin (8- ) =0

sin(8+ a@)=0orsin(6-)=0

0+ a=nror@-a=nmne 72

O=nnto,ne Z

03881l

U

General Solutions of the Equation tan? = tan‘a
tan’@=tan’w = tanf=xtane = tanf=tan(+0) = O=nnio,neZ

RSTUTIRNEE Solve 7 cos’8+ 3 sin’8=4.
Sol. We have 7 cos’8+ 3 sin’0= 4
= 7(1-sin’Q)+3sin’0=4

Office.: 606, 6th"FIoor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Example 3.24  ERITP] sin?x + sin’ 2x =2,
Sol. Wehave2sin’x+sin’2x=2
2 sin’x +.(2 sinx osx)? =2

2% + sin’x = |

U

2 sin®x cos

2 sin’x cos? x - (1 —sin’x) =0

2 2

2 sin’x cos’x - cos’x =0

TR

cos’x (2sin’x—1)=0

X 1
cosix = 0 or sin’x = -2-

|

n . .9
x=2nn+ E or sin’x = sin? 71-

I

s n o
=2mc+-é- orx=mnrx E,meZ,wherem, nezZ

Solve 4 cot 20= cot’8—tan’6.

Example 3.25
4 —_—
tan20 tan’@

—~tan’ @

Sol.

4(]-13"29.) |_lan49 Cian2B 2tan8 |-

=5 = u = =
2tan @ tan’ @ ? 1-tan“@

= (I —tan?6) [2 tanf—(1 + tan?)] =0
=9 (l ~tan’6) (tan’0-2tan@+ 1) =0
= (1 -tan’6) (tanf-1)*=0
= lanf==%1]
=5 9=mrt%,nez

2 ] sie DO y
Find the most general solution of 2 *'fm Huors s =4,

Sol. We have 2'+'I1=0541+cos’x+|go_,uf oo g

Example3.26

s 2I+kos.:1+[cosr]" +[cosaf 40 oo il

| :
=iay _2I-|cos.r! =22'

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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1
I—|cosx|

i 1
= |cosx|= > orcosx =% >

n
= x=mrﬂ:§-,nez

Concept Application Exercise 3.5

1. Solve tan’6+ cot?0=2.
2. Solve 3(sec’+tan’6) = 5.
3. Solve 4 cos’x + 6 sin’x = 5.

Solutions of Equations of the Form a cos@ + b sinf = ¢
To solve equation, let us convert the equation to the form cos@= cosa or sinf = sine, eic.

a=rcosd r=+a’ +h®
For this let us suppose that : = p and
_ b=rsing tan = —
a

Substituting these values in the equation a cos@+ b sinf= ¢, we have
r cos¢ cosO+ rsing sinf=c

= rcos(f-¢)=c¢

= 6-¢=2nn%f

= O=2nmt¢xPneZ

Here ¢ and B are known as a, b and ¢ are given.

Hence, we can solve the equation of this type by putting

a=rcos ¢ and b= sin ¢, provided

C
\Jaz +b2

|c <1 orld € Va® +b*
v
WORKING RULES for solving such equaﬁons
1. First ofall check whether jc| < Va? +5* ornot.
2. Iffc}> \/az +b? | then the given equation has no real solution.
3. If|c < m , then divide both sides of the equation by va® +b% .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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[— — " P - ]

4. Take cos 0= ——a— and sin @ = —-—2—_’ , then the given equation will become cos(8— &) = cos f3.
Va® +b? . Va® +b? ' ;
i

o 2 st o B
wheretan o= — and cos p= —FF———,
a va? +b°

, b i y t

We can also take sin & = . COS @ = —====and sin B = ——q—-—-, then the given !
a® +b* a® +b* a® +b?

equation will reduce to the form sin (6+ @) =sin S.

Now w dmma Tt i | T p— i B ey - i e = = U T i e

Solve ﬁcos 0+sin 8= 2. '

Example3.27

Sol. We have v/3 cos 8+ sin 8= V2 ' 0)
This is of the form a cos 8+ b sin 8= ¢, where a= Jﬁ,b= 1 and c= 2

Let /3 =r cos axand'1 = rsin @
2 N '
= r=at+? = (V) 412 =2andtana=% > a-2

Substituting J3 =rcosaand | = rsin in Eq. (1), it reduces to r cos @ cos 8+ r sin 8= 2
= rcos(e—a)=\5 |

= 2cos [6—_%) =42

= 9-£=2rmi E,nez
6 4

= 0=2nn+ £+£,né 2
4 6

n n n
=2nr+ I+-g or,0=2ng— —+—

=2nx+ ?—nor, 0=2nr—- 1, wherene Z
12 12

Solve /3 cos -3 sin =4 sin 28 cos 36.
Sol. We have /3 cos 8 —3sin@ = 2 (sin 56 — sin 8)

Example 3.28

= (ngz)cos @~ (1/2) sin @ =sin 50

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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= cos (0 + 7/6) =sin 56=cos (1/2-50)
= 0+n/6=2nnx(7/2-56)

= O=nral3+n/180rO=—nnl2+nl6,V neZ

Find the total number ofintcgral values of n so that sin.x (sin x + cos x) = n has at least one
solution.

Sol. sinx(sinx+cosx)=n

: 2

Example 3.29

= sin“x+sinxcosx=n
I-cos2x sin2x
=3 B =n
2 2
= sin2x-cos2x=2n-1
= —25%-15/2
S ]—ﬁs;z'slhﬁ
2 2
= n=0,]

Concept Application Exercise 3.6

1. Solve cot @+ cosec 0= Jg
2. Solve sin 8+ cos 8= \5 cos A.

3. Solve \/Esec @+tan 8=1.

4. Find the number of integral values of k for which the equation 7 cosx + 5 sin x = 2k + | has at least
one solution.

PROBLEMS BASED ON EXTREME VALUES OF FUNCTIONS

(AFTUNIICRRIE If.x,p € |0, 271, then find the total number of ordered pairs (x, y) satisfying the equation
sinxcosy=1, . '

Sol. sinx cosy= 1|
= sinx=1,cosy=1 orsinx=-1,cosy=-~I
If siny= 1, cosy=1] = x=n2,y=0,2n
If sinx=—1, cosy =~1 = x=3n2,y=nr

Thus, the possible ordered pairs are (%,0],[%,21:) and [3?”,7:).

AT IGRACII  If 3 sin x + 4 cos ax =7 has at least one solution, then find the possible values of a.

Sol. We have 3 sin x + 4 cos ax = 7 which is possible only when sin x = 1 and cos ax = |
= x=(n+ l)g andax=2mna.mne Z

= (4n+ l)E 2
2 a
dm
a=
4n +1

Office.: 606, 6th Floor, Hariom ToWer, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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(BTN Solve cos™ x ~sin™ x=1.
Sol. cosx—sin’x=1 = cos’x=1+sin""x
LHS. £landR.H.S. =21 '
Hence, we must have cos®® x = | %sin5°x=] = ginx=0 = X=nn

RETN Ll Solve sin’x +cos *p=2sec’ z for x, y and z.
Sol. L.H.S.=sin’ x+cosy£2 ' [ sinszandcoszyS]]
RH.S.=2sec’z22 ' '

Hence, LHS =R.H.S. only when sin’x = 1, cos® y= 1 and 2sec’z=2
2
~—| .

= cosix= 0,smy 0, cos
= cosx=0,siny=0,sinz=0

, T ,
x=2m+1) 3 y=nnrand z=x, where m, n and ¢ are integers,

I

PRCTNNCRRCM Solve 1 + sin x sin’ LA
_ %
© Sol. 1+ sinxsin’ 325 =0

2 + 2sin xsin2'% =0

2+sinx(l —cosx)=0
4+72sinx-sin2x=0

L4 U

sin2x=2sinx+4 :
Above is not possible for any value of x as L.H.S. has maximum value 1 and R.H.S. has minimum value
2' .

Hence, there is no solution.

FBOTU RIREM Solve cas 40+ sin 50=2.

~Sol. The equation cos 46+ sin 56= 2 is valid only when cos 46= 1 and sin 56 = 1.
= 48=2nxand 58=2mra+ a2, nme Z

0= g-ﬁ-—y—r—ancit‘}-- m i,n,mez

Puﬁing mm=0,£1,+2, ..., the common value in [0, 27] is 6= &/2.
Therefore, the solution is 8=2krx+ n/2, k€ Z

Concept Application Exercise 3.7

1. Show that x = 0 is the only solution satisfying the equation 1 + sin” ax = cosx, where a is irrational.

2. Solve sin’x = 1 + tan®x.

3. Solve sinx(cos% — 28in x)+(l +sin—§ - 2cosx) cosx=1.

4. Solve 12sinx + 5cosx = 2y2 — 8y +21, to get the values of » and y.

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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. K. MALIK'S
EWTON CLASSES

INEQUALITIES
Trigonometric Inequations

To solve the trigonometric inequation of the type /{x) £ a, or f{x) Za, where f{x) is some trigonometric ratio, the
following steps should be taken:

1. Draw the graph of f{x) in an interval length equal to the fundamental period of f{x).

2. Drawtheliney=a.

3. Take the portion of the graph for which the inequation is satisfied.

4. To generalize, add n7 (n € /) and take union over the set of integers, where 7 is fundamental period of

Sx).

RRDIHIRKIN Solve sin.x > ——;-.

Sol. As the function sin x has least positive period 27; therefore, it is sufficient to solve the inequality of the
form sinx> a, sinx 2 a, sin x < «, and sin x £ 4 first on the interval of length 27, Then get the solution set
by adding numbers of the form 27, n € z, to each of the solutions obtained on that interval.

Example 3.37

e " : n 3n
Thus, let us solve this inequality on the interval [——. ?]
¥
©osinx>-1/2 s
~n/6 | /6 y=sinx
- : 1 ! /
- ‘I -
,/ \\ 2} ‘ ;,/ b
! |
Fi A X i L 28 N x
!/ L 0 m2 = ' ," %
| Sl S e HR N e e Ay =12
’ ! Nt \
-’ } -1 ' N,
I A €Ny “. i
I 2n v
Fig. 3.1
1 ; 1 .- 0
From Flg.3.l,smx>—3,when——g<x<?

oy e r Lk
Thus, on generalizing, the above solution is 2mr-—6- <x< Zmr-l--? ineZ

2(1 -sinzf?) +sin@<2

~25in%@+sin 6<0

2sin’0-sinf20 .

sin &2 sinf8-1)20

sin@(sin6-1/2) 20,

which is possible if sin @< 0 orsin 0 > 1/2.

L1584

Solve 2 cos’ 0+ sinB< 2, where /2 € 0< 3n/2.
Sol. 2 cos’@+ sin 02 '

Office.: 606 , 6th Floor, Hariom Tower, Circular. Road, Ranchi-1,
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¥
A i ';
b - -
y=1/2
x' P X
B 4 B 4n
3 6 D
PN = s ebnses s i s fuvunia
] i
: i i
yl
; Fig. 3.2
From the graph,

Nowsin 8212 = n2<0<57/6

and sin <0 = n<0L3n/2

Hence, the required values of 8 are given by
8¢ [n/2, 5m/6] v, 37/2]

YRR Solve sin 0+ /3 cos 62 1,-w<9< .
Sol. The given inequation is

sin 8+ \/30056’21,~n'<ﬂ$7r :

1 ' P
= —sin&+ —?icos 0> l
2 2 2
: ¥ = COS X
. 4
i 1A
UL O,
~—Aallw y=1
‘ ! 2
X ’/ \ X
fi 0 i3 n
. !
Fig. 3.3
= cos|6-Z 2i=cos£ i @B i i g
: ' 6 2 3 6 3 6 2
[RETIRIGCRVE  Solve cos 2x > [sin x|, x € [—%, zr] .
Sol. Draw the graph of y = cos 2x and y = |sin x| '
' y -y =|sinx]
A
_____ ) 1
- P ‘-\_"{

x‘
.
| Q
I
orly
—
o
; ol
Y
i oy
2
]

Y = C0s 2%

Fig. 3.4
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Let cos 2y =sinx

= 2sin’x +sinx - | =0=sinx=-1, 5

l
Butsinx #—1 =sinx= 5
) . . % S
Clearly from the graph, graphs of y = [sin x| and y = cos 2x intersect at x = ig ra

Thus, the solution set is x €' (—f—,z)u(z, n)
6 6 6

BETIDIREIN Find the number of solutions of sin x = % ‘

Sol. Here, let f{x) =sin x and g(x) = % .Also, we know that -1 Ssinx <1,

wh S s =I0EE)
10

Thus, sketch both curves when x € [- 10, 10].

a(x) = x/10

t ; Ly x
0 2 n\/Zn In\10 3n72

f(x) = sin x

Fig. 3.5

From Fig. 3.5, fix) = sin x and g(x) = x/10 intersect at seven points. So, the number of solutions is 7.

Concept Application Exercise 3.8

1. Solve sin® 6> cos?.
2. Find the number of solutions of the equation sinx =x* +x + 1,

3. Solvetanx<2.
4. Prove that the least positive value of x, satisfying tan x =x + 1, lies in the interval (#/4, 7/2).

EXERCISES
Subjective Type » - ' - Solutions on page 3.34

1. Solve 3 tan 2x — 4 tan 3x = tan? 3x tan 2x.

2. For which values of a, does the equation 4 sin (x + 7/3) cos (x - W6) = o* + /3 sin 2x - cos 2x have
solutions? Find the solutions for a = 0, if exist.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1, .
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Solve sin* (x/3) + cos® (x/3) > 1/2.
Solve sinx +siny=sin(x +y) and |x| + [y| = 1.
Solve the equation tan® x +tan* y + 2 cot’ x cot® y= 3 +sin® (x + ») for the values of x and ).

Find the smallest positive root dfthe equation Jsin(l —x) =+cosx .

NApAWE

Solve the equation 2 sin x + cos y = 2 for the values of x and y

8. Prove that the equation 2 sin x = x| + a has no solutlon forae (

%f_n'm
3 '

9. Solve tan (g cos BJ = cot (g $in 8).

Sz 7
10. Solve sin x + sin £\/(l —c:c:)s;QJr)2 +8in> 2x] =0,x€ [—, )
8 N @

' ¥ o w o
11. Solve sin’x + P sin? 3x =sinx sin® 3x. _
Objective Type’ o ' " Solutions on page 3.38
Each question has four choices a, b, ¢, and d, out of which only one answer is correct.
. 1 V3 ,
1. Ifsin 0= 3 and cos 0=~ 5 then the general value of @1s (n € Z)

a. 2nm+ EE b. 2arx + a ¢ 2nm+ 7—” d. 2nr + x
6 6 - - 6 4

1
2. The most general value for which tan 8 =—1, cos 6+ ﬁ is{ne Z)

a nr+ -74£ b nrt(=1)’ ’; ¢, 2nmw+ %ﬂ: d none of these
3. If cos pB+ cos g6 = 0, then the different values of @are in A.P. where the common difference is
a. L b. L ! _:_ZE.... . d. ﬁr_
P+q =g - p+q - ptq.

4. Ifcos 8+ cos 70+ cos 38+ cos 56= 0, then @is equal to (n € 2)
a. nnm b. hn/2 ¢. n'4 ' d. n'8
5. 1f 3 tan® @2 sin 8= 0, then B1is equal to (ne 2)

n ’ T n T T
a 2nnt — bh ar +(-1)" — ,nr—(—1) — d nw+ —
3 # ( ) p c.n ( ) 6 n 3
6. If'sin 6, 1, cos 20 are in G.P.,, then @ is equal to (n € Z)
a no+(— l)”%  hoart(=1)"" 15 ¢ 2nm d none of these
. : n n 1
7. The sum of all the solutions of the equation cos € cos (—5 + 9) cos (3 - 6) = 2 Qe [0, 6x]
‘ 1007z
a |57 b 307 c. 0,? d none of these

Office.: 606, 6th Floor, Hariom waer, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



, -JEE (MAIN & ADV.), MEDICAL
'E-EV'\%OM@*L';L!&% . + BOARD, NDA, FOUNDATION

Trigonometric Equations 3.21

8. Ifsec -1 =(J5 -~ 1) tan 6, then @is equal to (n € Z)

a @n-m h 2nm+ % ¢.2nm- Z— d 2nm+ %
9. The total number of solution of sin’ x + cos® x = sin x cos x in [0, 27] is equal to

&2 h 4 c.6 d none of these
10. Number of solutions of sin 5x +sin 3x+sinx=0for0<x < wis

a | h 2 3 d none of these
11. The sum of all the solution of cot 8= sin 20, (6 nx, ninteger), 0 < 0< s

a 3n2 b 7 c. 34 d 27
12. The number of solutions of 12 cos® x — 7 cos? x + 4 cosy = 9 is -

al b 2 ¢. infinite d none of these

13. Which of the following is not the general solution of 2°™%* + | =327 x9

anmnezZ b [n +—;~Jn’,ne Z ¢, (H—%)Il‘,ne Z d nonc of these

14. The general solution of cos x cos 6x =~ 1 is
ax=Qu+NNnmneZ hx=2nanelr

e xX=nmnezZ d none of these
5. The equation cos x + sin x = 2 has
a. only one solution b two solutions )
¢. no solution d infinite number of solutions
16. 1f0 < x <27, then the number of solutions of 3(sin x + cos x) — 2(sin’ x + cos’ x) = 8 is
a b. 1 €2 , d4

| YA ésin 6, cos@, fan Gare in G.P., then @is equal to (ne Z)

a 2nmk g b 2nmt C o eonm (=l % d nr+ %
18. The number of solutions of 2 sin® x +sin* 2x=2, x € [0, 27 is '
a 4 hS ¢ dé6
19. General solution of sin® x — 5 sin x cos x — 6 cos* x =0 is -
ax=na-md,ne Zonly h nz+tan™ 6, ne Zonly
¢. both (a) and (b) d none of these

20. General solution of tan 8+ tan 48+ tan 76=1an @tan 46tan 78is
a 8=na/12, wherene Z
b 6=nm9, wherene Z -
¢. O=nn+ /12, wherene Z
d none of these
21. The number of solutions of sec” 8+ cosec? 8+ 2 coscc? 8=8,0< < 2 is

ad h3 ¢.0 , d?2
22. The total number of solutions of tan x + cot x =2 cosec x in [-2x, 27] is .
a 2 - hd4 c6 d8

23. Whichof'the following is true forz=(3 +2/sin 8)/(1-2isin @), where i = J=1
a. zis purely real for 0=nnt w3, ne Z
h z is purely imaginary for @=nn+ /2, ne Z
¢. z is purely real for = nm rie Z
d none of these
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24. Number of roots of cos’x + J- I sin x — —\g — 1 =0 which lie in the interval [-m,%] is
a.2 hd. c6 a8
25. The complete solution of 7 cos? x + sin x cos x —3 = 0 is given by
a.mr+%(ne,Z) I).mrmg—(nEZ)
c. A+ tan™ (EJ (ne 2) ' . d nn+ %?— km+ tan™ (i] (k,ne 2)
26. Let Qe [0, 47 satisfy the equation (sin 8+ 2)(sin 8+ 3)(sin 8+ 4) =6, If the sum of all the values of @
s of the form kz, then the value of kis
a6 . h 5§ ; : c.4 d?2
27. If the inequality sin® x + a ¢os x + a° > 1+ cos x holds for any x € R, then the largest negative integral
value of ¢ is
a -4 _ h-3 _ c.-2 d-1
. 28. The number of solution of sin® x — cos® x sinx +2 sin’ x +sinx=01in 0 Sx < 37is
a 3 h 4 oy d 6
29, Ifx,ve [0,_275] and sinx + sin y = 2, then the value of x + y is
an h 2 ¢ 3n d none of these
30. Formne Z, the general solution of(x/g — 1) sin 6+(\/§ + 1) cos 8= 2is (ne 2)
a2z Z + L b=ty E+ E
4 12 4 12
c. 0=2nmx X do=nr+-1yZ_Z
_ . 4 . . 4 12
31. Ifsin 60+ sin 40+ sin 26= 0, then Bis equal to (n € 2) '
a 2= or nmw+ 4 h il oF N+ —75 % = or 2nm+ = d none of these
4 3 4 6 4 6
32. The value of cos y cos (% - x) — COS (% - y) Cos x + sin y cos (g = x] + cos x sin (g = y] is
zero if ‘
a x=0 hy=0 i a=y d.mr+y—%(neZ)
33. The number of solution of the equation tanx tan 4x =1 for 0 <x <mis.
a | _b. 2 - "8 d 8
34. One root of the equation cos x —x + —;— =0 lies in the intérval
a [0, E) h .—E,O ¢ E,?r d n:,g—n-
2 = 2 L 2
35. tan (%x] =cot { ) if(ne 2) ‘ .

a p+q=0 b p+g=2n+] c.ptqg=2n - S ptgealort 1)
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36. The range of y such that the equation in x, y + cos x = sin x has a real solution is

a [-2,2) h [~ V2, V2] e [-1,1] d [-172, 172]
37. One of the general solutions of 4 sin® x + cos® x = 1 is :
annxa/2, a=cos'(1/5),V ne Z b nrx /2, d=cos'(3/5), Vne Z
¢. 2nmk /2, a=cos™'(1/3), Vne Z d none of these
38. Number of roots of (1 —tan 8) ( 1 +sin26)=1 + tan @for 8€ [0, 27] is
a3 h 4 5 d none of these
39. The number of solutions of sinx +sin 2x+sin 3x =cosx+cos 2x +cos 3x,0£x £ 2w, is
a7 h 5 ¢4 dé6
40. The number of values of & which satisfy the equation sin 36— sin =4 cos®* -2,V 8¢ [0, 27), is
a4 h5 ¢ 7 ' do0
41. One of the general solutions of 4 sin @sin 20sin 46=sin 30 is '
a (Gnx )12,V ne 2 h @nt )W, Vne Z
c. Bnx )9, VneZ ; d Bn+1)a3,VneZ
42. The general solution of tan 8+ tan 28+ tan 36=0s
a O=nn/6,ne 7 h 8=nr+x a ne Z wheretan a=l/\/§
¢. Bothaand b . d none of these
43. The general solution of sin 3= 4 sin @ sin (x + @) sin (x - ) is
annt w4, Y neZ b nntn/3,VneZ
¢ nnt9,VneZ d nr+n/12,VneZ
44. One of the general solutions of v/3 cos 63 sin 6= 4 sin 26 cos 38 is
amret+tnl8,meZ _ b ma2+ w6, VNme Z
c.mm3+n8, meZ d none of these
45. The equation sin’ x+cos® x +sin 2v+ = 0 is solvable for
a-52<x<l1 h-3£a<g] c.—- 322 d-1€agd

46. Consider the system of lincar equations in x, y and z:
(sin3@)x—y+z=0
(cos28)x+4y+3z=0
2x+Ty+Te=0
then which of the following can be the values of @ for which the system has a non-trivial solution

a nn+(-1)" w6, Vne Z i b nr+(=1)" 3,V ne Z
e. nt+(-1)Y' 9,V ne Z d none of these

47. The smallest +ve x satisfying the equation log,, , Sin x + logg, Cosx=21is
a 2 h #/3 ¢. /4 ; d 76

48. Number of ordered pairs which satisfy the equation x% + 2x sin (xp) + | =0 are (wherev e [0,27])
a } h2 ¢3 _ do '

49. The general solution of the equation 8 ¢os x cos 2x ¢os 4x = sin 6x/sin x is
ax=nmrl+w2),Vne Z h x=Qa/7)+(W14),Vne Z
c. x=(nad)+(Wi4),VneZ . d x=(nn)+("14),Vne Z

.
50. Ifcos 3x+sin (2x-?’r) =-2,thenxisequalto (ke 2)

a %(Gk +1) h %(6!:—1) . 3’5(2/{ +1) d none of these
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51. If(1—tan@) (1 +tan@) sec? @+ 2" ¢ =, then the number of values of @in the interval (—7/2, 7/2) are
a h 2 ¢.3 ‘44 ‘

T . n -
52. Number of solutions oftan(-z' sin 3J=cot(5 cos 9]', O¢€ [0, 6], is

a s h 7 ' c.4 ) d>5

53.-.The total number of solutions of cos x = +/1—sin2x in [0, 27] is equal to
a 2 h 3 ¢S ~ d none of these
5
54. The number of solutions of » cos »x =5 in the interval [0, 27 is

r=1

a0 ' h2 , e 5 d 10
55, The number of values of x for which sin 2x + cos 4x = 2 is ,
a0 hl e2 d. infinite

" 56. Let azand 3 be any two positive values of x for which 2 cos x, | cos x | and 1 — 3 cos” x are in GP. The
minimum value of | o— B is

T b . I
a — A h =~ Y d none of these
3 4 2
57. The general solution of the equation sin'® x — cos'” x = 1 is

\ n
a.2nn‘+%,ne! h.mr"Jr%,'ne] c.mr+z,nel d.th—%,nel

. . i o
58. The total number of solutions of |cot x| =cot x+ —— , x € [0, 37} is equal to
sin x

al h 2 ' ¢ 3 40
59. Iftan (4 —-B)=1andsec{4+ B)= 2/ V3, then the smallest positive values of 4 and B, respectively, are
25r 197 19z 25%n 3lr 131 . 130 31ln
& ——, —= O b —, — ¢ —,— d —, —
24 ' 24 24" 24 24" 24 24" 24
60. If3tan (60— 15°)=tan (0+ 15°), then @is equal to (n € Z)
a nm+ = honm+= ¢+ d none of these
4 8 ~ 3
61. Iftan 36+ tan =2 tan 26, then @is equal to (n € Z)
a. nm ' h —'z-r- ' ¢ 2nm d none of these

62. The set of all x in [%%J satisfying |4 sinx— | | < J5 is given by

n 3n r 3 r 3z
- B | =—y— o | =y — d f th
a’[ 10 10) (10 10) . (10 10) RIS
63. sin x + cos x =y’ —y + a has no value of x for any value of y if a belongs to
a. (0,3) h (-v3,0) ¢ (~o0,—3) d (V3,)

64. The solution of 4 sin® x + tan’ x + cosec® x + co x — 6= 0 is

: n n
a.mc;i:£ h 2nn+ — C. N+ — ; d.mr-f
4 4 3 6
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65. The number of solutions of [sin x + cos x] =3 + [ sin x] + [~ cos x] (where [.] denotes the greatest
integer function), x € [0, 27], is
a0 h 4 c. infinite dl
66. The equation cos® x + b cos’ x + 1 = 0 will have a solution if b belongs to
a (—o0,2) b [2, ) ¢. (~o9,-2] " d none of these
67. The number of values of y in [- 27, 2] satisfying the equation [sin 2x| + |cos 2x] = |sin y| is
a3 . h4 S doé
68. 1f both the distinct roots of the equation [sin x|* + |sin x| + b= 0 in [0, 7] arc real, then the values of b are
a [-2,0] h (-2,0) ¢. [-2,0) d none of these
69. 1f|2 sin @-cosec )21 and 0 %z_ ,ne l then

70.

71.

72,

13.

74.

78.

76.

T

78.

79.

a cos20821/2 h cos262>1/4 €. COS 29< |/2 d cos 20<1/4
The number of solutions of the equation sin® x cos x + 5|n x cos x + sin x.cos® x = 1, in the interval

[0,27], is
a4 h2 ¢ | - do
A 4 o7kind 4 40 = 0 will have exactly four different solutions in [0, 27] if
2
aaeR hae ~£.—-]~ C ae i , d none of these
4 4 ‘ 4¢ §

g T 3R IR
The total number of solutions of In |sin x| = —x?+2xin [-E’ ?} is equal to

a ' h2 c 4 d none of these

: 2
The total number of ordered pairs (x, ) satisfying [x| + [y| = 4, sin (%—] = lis equal to

a 2 h3 c. 4 d6
The total number of solutions of sin {x} = cos {x} (where {.} denotes the fractional part) in [0, 27] is
equal to

a S h 6 ¢ 8 d none of these

fa, be {0,2n)] and the equation x? 44 + 3 sin (ax + b) = 2x = 0 has at least one solution, then the value
of (a + b) can be

a 7—” b i c. 9—” d none of these
2 2 2
The equation tan® x — 2 sec’ x + a =0 will have at least one solution if
a l<a<4 haz22 c.as<3 d none of these

Complete the set of values of x in (0, ) satisfying the equation | + log, sin x + log, sin 3x 20 is

RERTINCE IV e
3 4 5 3 2 3 2 3
4 4

The equation sin® @ =————=1——~———— has
q sin> 0 -1 sin® @ -1

a. no root b one root ¢. tWo roots p ¢. infinite roots
The sum of all roots of sin [n log; (lD =0in(0,2nm)is
X
a 32 h 4 ¢ 92 d 13/3
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80. The number of pairs of integer (x, y) that satisfy the following two equations

cos(xy) = x is
tan(xy) = ¥
a l h2 ¢4 do6.

: e i wY.
81. Sum of all the solutions in [0, 47] of the equation tan x + cotx + 1 = cos(x + I) is

a 37 h 772 ¢. T2 d 4n
82. Number of solutions the equation cos(8)-cos (78) = | has
al ’ h 2 c | d infinite
83. The general value of x satisfying the equation 2 cot’x + 2 /3 cotx +4 cosec x +8 =0 is
i n n n
ann—-—.,ne’ hne+ — ne 2 c.2nn~ - ,ne Z d 2nn+ —,ne ”Z
6 6 6 6"
84. Assume that @ is a rational multiple of 7 such that cos @ is a distinct rational. Number of values of
cos Ois -
a3 h 4 e dé

85. Number of ordered pair(s) (a, b) for each of which the equality a (cos x — 1)+ b* = cos (ax + %) - 1 holds

"true forally e Rare
a | : h 2 c3 -d. q

AN . —
Multiple Correct Answers. Type Solutions on page 3.54"

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct.

1. If4sinx+cos’ x =1, then x is equal to (n € 2)

a nn : h nx+ sin™ \P . e d.2nr+ -4
5 3 . 4
2. Ifsin® 8+ sin B.cos 8+ cos® =1, then Bis equal to (n € Z)
a 2nrw _ b 2nm+ % ¢ 2nm—- -725 d nrm
3. A general solution of tan® 8+ c0s 20=l is (ne 2)

2 7 . n
a. mr—£ b. 2o+ — -C N+ — d »n
4 4 ¥ 4

; 1 '
4. Ifsinx+cosx= [y+— forxe [0, x], then

}1
a. x=n4 - b. y=0 e y=1 d x=3m4
5. sin 8+ \EcosB =6x—x2—11,0£0<4m xe R, holds for
a. no values of x and 6 b one value of x and two values of 6
¢. two values of x and two values of 0 d two point of values of (x, 6)
6. Ifsin®x—2sinx~ 1 =0 has exactly four different solutions in x € [0, #7], then value/values of 1 is/are
(ne N) ,
a s b.3 c.4 d 6

7. For thé smallest positive values of x and y, the equation 2(sin x + sin ¥) — 2 cos (x —¥) = 3 has a solution,
then which of the following is/are true?
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a.sinx+y=l h cos — y]
2 _ 2 2
¢. number of ordered pairs (x, y) is 2 d number of ordered pairs (x, ) is 3
8. For the equation 1-2x ~x? = tan® (x +y) + cot? (x +v)
a. exactly one value of x exists h exactly two values of x exists
cy=-l+nn+md ne 2 dy=l+nn+nd,neZ
9. Ifx+y=m/4andtanx+tany= |, then(n€ Z)
a sin x =0 always ' h when x = nm+ n/d theny=—nn’
c. when x = nmthen y = nre+ (w/4) d whenx = nnt+ 7/4 then y = nn—~(/4)
10. [fx+y=2m/3 and sin x/sin y =2, then t \
a. the number of values of x € [0,47]are4 b number of values of x € [0, 47} are 2
. ¢ number of values of y € [0, 47] are 4 d number of values of y € [0, 4 7] are 8
11. Let tanx—tan® x> 0 and [2sin x| < 1. Then the intersection of which of the following two sets satisfies
. both the inequalities?
ax>nn,ne z bx>nr-n6,ne Z
c.x<nr-nd ne Z - dx<nr+nb,ne Z
12. If cos (x + /3) + cos x = a has real solutions, then
a. number of integral values of a are 3
h sum of number of integral values of a is 0
¢. when @ = |, number of solutions forx € [0, 27] are 3
d when a= 1, number of solutions forx € [0, 2] are 2
13, For0<sx<2m, then 2“"‘“1" J% y=y+lg V2
a. is satisfied by exactly one value of y h 1s satisfied by exactly two value of x
c. is satisfied by x for which cos x =0 d is satisfied by x for which sinx=0
14. 1f sin® x = a sin x + b = 0 has only one solution in (0, 7), then which of the following statements are
correct? i _
a ae€ (—oo, 11U [2,00) b.be (e, 0] U [l,00) c.a=1+b d none of these
15. If(cosec’ 6—4)x® + (cot 6+ 3 )x + cos? }g_ = 0 holds true for all real x, then the most general values
of @can be given by (n € 7)
a 2nm+ L ' b 2nm+ -SE C.2nmw E d nr L
6 6 6 6
16. If(sin @) x*—2x+ b>2 for all the real values of x < | and e (0, 7/2) L (72, ), then the possible real
values of b is/are
a 2 h3 c.4 dS5
-1, V341
17. The value of x in (0, 7/2) satisfying ¥3 =442 i
sinx  cosx
; 11
o - g 22 5 At d —=
12 12 24 36
18. If cos 30 = cos 3¢, then the value of sin 8 can be given by
a xsina h sin (%—ia] ¢. sin (%-}a] dsin(%—a)
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19. Which of the following sets can be the subset of the general solution of 1 + cos 3x

20.

Reasoning Type.’

=2cos2x(n€ Z)?

m n Vi
a.nm+ b. nmr+ — c. NT— — d.2nn

3 6 6
In a right-angled triangle, the hypotenuse is 22 times the perpendicular drawn from the opposite
vertex. Then the other acute angles of the triangle are
' an

i hE c = d.£
' 6

*3 '8 8

Solutions on page 3.59

Each question has four choices a, b, ¢, and d, out of which only one is correct. Each question contains
STATEMENT 1 and STATEMENT 2.

10.

a. if both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT |
b ifboth the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT |
c. if STATEMENT | is TRUE and STATEMENT 2 is FALSE
d if STATEMENT 1 is FALSE and STATEMENT 2 is TRUE

. Statement 1: The value of x for which (sin x + cos x)! "% =2_when 0 €x < 7is 774 only.

Statement 2: The maximum value of sin x + cos x occurs when x = /4,

Statement 1: The equation sin’x + cos’v = 2 sec? z is solvable when only sin x = 1; cos y = | and
sccz =1, wherex,y,z€ R,

Statement 2: The maximum value of sinx and cos y is 1 and minimum value of sec z is 1.

Statement 1: Equation x sin x = | has four roots forx & (— x, 7).

Statement 2: The graph of y = sin x and y = 1/x cuts exactly two times for x & (0, 7).

Statement 1: sin x = ¢, where — | <a <0, then for x € [0, na] has 2(n— 1) solutions Vne N.
Statement 2: sin x takes value a exactly two times when we take one complete rotation covering all the
quadrant starting fromx = 0.,

Statement 1: Equation /I =sin2x = sinx has 1 solution for x € [0, 7/4].
Statement 2: cos x > sin x when x € [0, #/4).

Statement 1: The number of solution of the equation [sin x| = x| is only one.
Statement 2: [sinx] 20V xe R. .

Statement 1; General solution of _tan 4x—tan 2x sl B ey P,
1+tan 4x tan 2x 2 8

. " n
Statement 2: General solutionoftan @ =1 is @=nn+ 7 ,ne l.

Statement 1: The equation sin (cos x) = cos (sinx) has no real solution,

Statement 2: sinxvxcosx € [—sfi ﬁ] "

Statement 1: Equation sin x = ¢ has infinite solutions.

Statement 2: y = ¢" is an unbounded function.

Statement 1: Number of solution of # | sin x| =m | cos x | (where m, n € Z) in [0, 27] is independent of
m and n.

Statement 2: Multiplying trigonometric functions by constant changes only range of the function but
period remains same. '
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Linked Comprehension Type | ~ Solutions on page 3.61

Based upon each paragraph, three multiple choice guestions have to be answered. Each question has four
choices a, b, ¢, and d, out of which only oneis correct.
For Problems 1-3

Consider the cubic equation

x* = (1 + cos 8+ sin ) x* ++ (cos @sin B+ cos @+ sin 6) x —sin Bcos 6=0

whose roots are x,, x, and x;.

1. The value of xf + x} +x3 equals

al : h2 ¢ 2cos d sin O(sin @+ cos 6)
2. Number of values of @ in [0, 27] for which at least two roots are equal
a3 h 4 &5 d 6

3. Greatest possible difference between two of the roots if 8€ [0, 27] is

a 2 b ] c V2 d 242
For Problems 4 -6 ’
Consider the equation sec 8+ cosec 0= a, 8€ (0,27) — {7/2, m, 37/2)
4. If the equation has four real roots, then

a a2 22 hilag<2v2 caz-2\2 d none of these
5. If the equation has two real roots, then ‘

a |a|2 242 h a< 2V2 ¢ lal< 22 d none of these
6. If the equation has no real roots, then

a |g2 22 ha< 242 ¢ fa| < 22 ' d none of these

For Problems 7—9
Consider the system of cquations
sinxcos2y=(a*—1)*+1,
cosxsin2y=a+ 1|
7. Number of values of a for which the system has a solution is
a l h?2 e 3 ' d infinite
8. Number of values of x € [0, 2x], when the system has solution for permissible values of a, is/are
a | h 2 c3 : d 4
9. Number of values of y € [0, 27], when the system has solution for permissible values of a, are
a 2 ' b3 c 4 dS5
For Problems 10—12

Consider the equation L: (r2 -8t +13)dt = x sin(a/x)

10. The number of real values of x for which the cquation has solution is
a l b 2 ¢ 3 d infinite
11. Ifx takes the values for which the equation has a solution, then the number of values of a € [0, 100] is
a2 " hi (- d3 -
J2. One of the solutions of |y - cosa] < x, where x and « are values that satisfy the given equation, is
a ye [-5,7] bhye[-7,5] e yel57] d none of these
For Problems 13-15
Consider the system of equations
x cos’ ¥+ 3xcosysin’y = 14
xsin’ y+ 3x cos? y siny=13
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13. The value/values of x is/are

a £5-/5 h+ 5 'c.il/\/g . d none of these
14. The number of values of y € [0, 67] is

as b 3 ¢4 d6
15. The value of sin’y + 2cos’y is

a 4/5 b 9/5 c2 d none of these

Matrix-Match Type

Each question contains statements given in two columns which have to be matched. Statements (a, b, ¢, d) in
column 1 have to be matched with statements (p, g, r, $) in column I1. If the correct match area — p,a— s,b— q,
¢ = p,c— qandd-> s,then the correctly bubbled 4 x 4 matrix should be as follows:

: OO
> OO

\PORS
2(010]6, 9]

Solutions on page 3.64 _l

Column 1 (Equation) Column 11 (Solution)

= n n
p.x- HJT'{""'&" J n]r‘i-g nez

a  cos’2y+ cos’x = 1

h oosx-t—JI-’) sin x=\@

nn
q.x= '—3-,n€ Z

e |+ JE tan’ x = (] + \5) 1anx

rx=(2n -1) g—,n €z

d.tan 3x—tan 2y ~tanx=0

n
s.x= {2"7I+-2‘} U{Z:m+l6r—Lne z

Column 1 (Equation)

Column Il (Number of solutions)

a.x>+xt+4x+2sinx=0in0<x <20 p.4
b. sine* cos ¢* =2""2+2 "2 q.1
c.sin2x+cosdx=2 r2
d.30[sinx]=xin0<Sx <21 5.0
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3.
Column 1 (Equation) Column T (Solution)
a. r;nax {5sin 8+ 3 sin (8- @)} =7 then the p.2nn+3md .ne Z
R

set of possible values of o is

)sin’x-3 sinx+2 =

b.xi%’i and (cos x q.2niri—§-;nez

¢. JGsinx) +2"* cosx =0 t.2nm+cos™ (1/3),ne Z
d. log, tan x = (logs 4) (log, (3 sinx) s. no solution

Integer Type Solutions on page 3.66

1. Number of values of p for which equation sin’x + 1 +p° —3 p sinx =0 (» > 0) has a root is

2. Number of roots of the equation [sin x cos x| + ,}2+ tan’x +cot’x = Jﬁ , X € [0, 47), are

3. Number of roots of thé equation (3 + cos x)* =4 — 2 sin®x, x € [0, 57 arc

sin x sin 3x i
™ 4 8 Ox

4, Number of solution(s) of the equation
co83x © cos9x  cos27x

T
= 0 in the interval [ng]
is
2 2
5. Number of solutions of the equation (\5 + I) " % (ﬁ ~ 1) T =¥is

4m -6

6. Number of integral value(s) of m for the equation sin x - Vicosx = s has solutions
x € [0, 2m] is |

7. The value of @ for which system of equations sin’x + cos’y = 370 and cos’x + sinzy = E;— has a
solution is

8. Ifcosdx=aqay+ alcoszx + a,cos'x is true for all values of x € R, then the value of Sa + @, + a,
is

9. Number of mtegral values of a for which the equatlon cosx ~sinx+a=0 has roots when x € (0, 7/2)
is

10. The maximum mtegral value of a for which the equation a sinx + cos 2x =2a -~ 7 has a solution is

sin? .t—E
4

tan _]
11. Number of roots the equation 2 [ - 2(0.25) ¥ 4+ "O is

12. Number of solution of the equation sin® x ~ cos® x sin x + 2 sin® x + sin x = O in0€x<3nis
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3.32 Trigonometry ;
' : Solutions on page 3. 69
———— e s .w e - mo e GOAY MBS ooy .yt me———— oty ——p— ] a2 oo gl G W =
‘Subjective
1. Find the coordinates of the points of intersection of the curves y = cos x, y = sin 3x if — 3253 x< %
_ & § (IIT-JEE, 1982)
2. Find all the solution of 4 cos® x sin x — 2 sin® x = 3 sin x. (11T-JEE, 1983)
3. Find the values of x € (~ 7, ) which satisfy the equation 8 (+cos stticos” sfieos® st+..) . 47,
o o (IIT-EE, 1984)
4. Find all values of 8in the interval [uz, E) satisfying the equation
(1 —tan 6) (1 +tan 6) sec® § + 2u'9 . (IT-JEE, 1996)

5. Find the number of all possible value of 8, where 0 < @ <, for which the system of equations
(y+z)cos 30 =(xyz)sin36

2 cos 36 4 2 sin 36

xsin 38=
¥ Z
(xyz)sin30=(y+2z)cos 36+ ysin3 0
“have a solution (xg, yg, Zo) With yyzo # 0. (1IT-JEE, 2010)

6. Find the number of values of 8 in the interval (% %J such that 0 # % forn=0,% 1,2 and

tan 8= cot 50 as well as sin 28 = cos 46. (INT-JEE, 2010)
Objective '
Fill in the blanks
1. The solution set of the system of equations x +y = zTn , COS X + COS Y = % , where x and y are real, is
' : (ITT-JEE, 1986)
2. The set of all x in the interval [0, 7] for which 2 sinx—3sinx+120is ¢ (IIT-JEE, 1987)
3. General value of 8 satisfying the equation tan? 8+ sec 20=lis ______. (IIT-JEE, 1996)
4. The real roots of the equation cosT_ x+sin® x=1in the interval (- m, m) are and
(IT-JEE, 1997)
True or false
1. There exists a value of 8 between 0 and 27 that satisfies the equation sin® 6—2 sin* 6—1 =0.
(IIT-JEE, 1984)
Multiple choice questions with one correct answer
1. The equation 2cos? %sinz x=x>+x? 0<xg % has (IT-JEE, 1980)
a. no real solution ' h one real solution
¢. more than one solution d none of these
2. The general solution of the trigonometric equation sin x + cosx = 1 is given by * (IIT-JEE, 1981)
ax=2nmn=0,+1,+2,.. b x=2nm+w2;n=0,%1,%2,..
cx=ngt(=1) = 2, n=0;d: 1,£2,... d none of these

3. The general solution of the equation sinx ~3 sin2x +sin3x =cosx -3 cos 2x +cos Ix is (ne€ 2)
(MT-JEE, 1989)
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n nt n nmw r 2
a nat — h —+-— ¢ (-1)' —+— d 2nr+cos™ —
8 28 03 . 3
4. The equation (cos p — 1)x* + (cos p)x + sin p = 0 in the variable x has real roots. Then p can take any
value in the interval (1IT-JEE, 1990)
a (02n) b (-7,0) c [—-2’5 125) d (0,7)
5. The number of solutions of the equation tan x + sec x = 2 cos x lying in the interval [0, 27] is
_ ~ (IIT-JEE, 1993)
a0 b1 e 2 d3
6. The general values of 8 satisfying the equation 2 sin0—3sin 8—2=01is (ne Z) (IITNJEE,1995)

a na+(—1)" w6 b nr+(-1) n/2 ¢ na+(=1) 56 d ne+(=1)" 716
' sinx cosx cos
7. The number of distinct real roots of [cosx sinx cosx]=0 in the interval — % <x S% is
cosx cosx sinx

(IIT-JEE, 2001)
a0 h 2 c 1 d3 '
8. The number of integral values of & for which the equation 7 cos x + 5 sin x = 2k + | has a solution is
a4 h 8 e 10 d 12 (IIT-JEE,2002)
9. cos(ex—f)=1andcos(c+ ) = 1/e where e, 8 € [- =, ). Pairs of @, B which satisfy both the equations
is/are (IIT-JEE, 2005)
a0 bl (- d4
10. The value of 8€ (0, 27) for which the equation is 2 sin® @-5sin 8+2>0is (1II'T-JEE, 2006)
n Sm n 5t n n Sz\ - (4ln ,
“‘(0’6)”(6 ) o (5.%) °(°’8JU[6’6J d[48’”)
11. The number of solutions of the pair of equations (1IT-JEE, 2007)

2 sin’ 8—cos 20=0
2cos’9-3sinB=0
in the interval [0, 27] is
a0 hil e.2 d4

Multiple choice questions with one or more than one correct answers
1. The number of all the possible triplets (a,, a,, 4,) such that a, + a, cos(2x) + a, sin’(x) =0 for all x is

‘ , (IT-JEE, 1987)
a0 hl 3 d infinite
2. The values of 8 Iymg between =0 and 8= 6/2 and satlsfymg the equation
1+sin’8  cos’O 4sin40 _
sin?8  l+cos’@ 4sind® |=0 are (IITJEE, 1988)
sin?@  cos’@  1+4sin40 i
a 7724 b 5724 ¢ 11724 d 724
3. The number of values of x in the interval [0, 57] satisfying the equatlon 3sinx~Tsinx+2=0is
al b5 c6 d 10 (ITNJEE, 1998)

4. Let2sin’x+ 3 sinx—2>0andx?-x-2 <0 (x is measured in radians). Then x lies in the interval

a [“ 5") (-1 S”J ¢ (=1,2) ' d (3’—,2]
6' 6 5 : . 6

(IIT-JEE, 1994)
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. 4 4
5 lfsm x+cos x=l.then
2 8% 3 8 8 | Lt
a. gan2x=3 L 1 5 tan2x=-]- 4 Sinx cosix 2
3 8 27 125 3 8§ 27 125

(II'T-JEE, 2009)

ANSWERS AND SOLUTIONS

- " - —'_H“.- =i B ___"'\.
Subjective Type | |

- 1. We have 3 (tan 2x —tan 3x) =tan 3x (l + tan 3x tan 2x)
3(tan 2x - tan 3x)/( 1+ tan 3x tan 2x) =tan 3x

3 tan (2x - 3x) = tan 3x ;

Jtanx+(3 tanx-lan3x)l(l -3tan2x)=0

tan x [3(1 -3 tan’x) + 3 —tan’ x] =0

tanx (6 — 10 tan’x)=0

tan x = 0 or tan x = 3/5

Iftanx=0 = x=nmnel

LU0 LUy

and if tan® x = 3/5 = x=mn+ta=mn+tan" J3/5 me 2
Hence, x=nx, maxtan™ J3/5,Vm ne Z.

2. The given equation can be rewritten as 2[sin (2x + 7/6) + sin 71/2] = & + J3 sin 2x —cos 2x
= cos Zx (a®=2)2

= 2cos’x=a2orcos’x=(al2)} ' ‘ )
= a’°<40t-25as2 I (if)
For a = 0, the given equation is reduced to ‘

cosx=0,i.e.,x=nn+(W2),ne 2 i)

3. snn (x/3)+cos (x/3)> 12(ne Z)
= 1-2s5in? (x/3) cos’ (x/3)>l/2

= 1o sip? (2x/3) > =
4 2
= sin*(/3)<1
which is always true except when sin? (2x/3) = |
This means 2x/3 = nrwx (n/2) orx=B3nn/2) £ 3n/4) ,ne Z
Hence, solution set of the inequality is R — {x : X = @Bnril2)x(3n/4),neZ}.

4. sinx+siny =sin(x+y)

+ v - +y
= 2$inx 2 cm;JL v-coqu =0
- 2 2 |

5 + ; o A
= 4sin i—'vsm f—sm-)- =(
2 2 2

1]

a.sin -2 =0 = x+y=2nmneZ = x+y=0(- lx|+|y'=l=?-15x.ySl)
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b.sin§=0 = x=2mm,meZ = x=(0

c.sin%:O = y=2pmpe’Z = y=0
From [xj + [} = |
Ifx=0,thenly]=1 = y==I ;
Ify=0, then x| =1 = x=*I

Ify=—x,then x|+ |—-x|=2 = x=t%andy=;%

1 1 1 1

H ) lt' 011303'_]9 I10;_1,09 =T, Vi - e

ence, solutions are (0, 1), ( ), (1, 0),( ) (2 2)and( 2 2)

5. tan' x +tan' y + 2 co? x cot? y =3 + sin? (x +y)
= tan4x+tan4y+2cotzxcotzy—Z?I+sin2(x+y)
= (tan® x —tan? y)? + 2(tan x tan y — cot x cot y)P=—1+sin’ (x +y)
NowL.H.S.20and R.H.S.£0
= LHS.=RHS.=0
= tan’x= tan’y and tan’x tanzy =] and sin’(x +1)=0
- tan2y= landx+y=nn,ne Z

n n
= x=nnt Z,ne Zandy=ml:x-z,ne .

6. The given equation is possible if sin (1 =x) 20 and cosx 2 0.
On squaring, we get sin (1 —x) = cos x

Yy
l 13 B
// o y 8!11(1 )-
= -X 0
X / - X
_E & n ’/
Iz - 2 | . /
yl
Fig. 3.6

= cos[g-—(l -x))=cosx

= %—l+x=2mr:tx,ns Z

-2 41
T — ,ne Z
2
i T ” i :
Forn=2, x= T+-5 which is the smallest positive root of the given equation.

7. 2sinx+cosy=2 ;
= cosy=2(1-sinx), wehavecosye [-1, 1]

= -—lSl—sinxS-l =5 lSs.in‘;t.'s—:"- = lSsin.»:S]
2 2 2 . 2 2
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Leti=sinx = x=sin'(f), 1€ [1/2,1]

=2nmw+cos” 2(1—1) .
e ) }te[lfiz,l]

= cosy=2(l-1) —
and x = n,7 +(~1)" sin™ (1)

8. sinx= % | x|+ % or 2 sinx = |x| + a. Consider graphs of y=2sinxand y = | x|.
“ A
Wt gl
f & o

ke

4]

Fig. 3.7

Equation 2 sin x = | x | + a will have a solution so long as the line y=|x|+ aintersects or at least touches
the curve, y = 2sin x. In this case, we must have dy/dx = 2¢os x = 1 = the slope of the line

= x=m3.
33 -
3

9. tan [E COSs 9) =cot (E sin 9J=tan(£—£sin 9}' -
2 2 2 2

= Ecos‘.(§‘=mr+£—£sin8,n ez
2 ¥ 2

Hence, the solution exists lf —3~ + a>2sin 5 =a>

~ Z (sin® +cosB) =nr-+ & =[n + l] n
2 o 2

= sinB+cos @=(2n+1)

= 2 sin (9+~;5) =@2n+1)

= #n=0,— 1 are the only possibilities '
So, sin[6+ E] =t L = gin (:t &
4 J2 4
= 9+£=m£+£,m6‘2'
4 2 4

= @=m % me Z
However, for the values of m =2k, k € Z, the equation is not defined.

Hence, 0=(2k+ 1) % where ke Z.
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10. sinx +sin (%J(l ~cos2x)” +sin’ 2xJ =0

11.

R g ;
S'"(E J(l -cost)z +sin’ ‘Zx] - sin% \J2 =2 cos2x = sin (%Isin xlj

. T -
Now sin x + sin (—&-Ism -"I) =( @)

The equation has a solution only when sin x < 0.
The graph of f(x) = sin x <0 is shown in Fig. 3.8.

-1 O b4 2n an in

— e J
\/-1

Fig. 3.8
The graph y = sin [#/4 |sin x|] is as shown in Fig. 3.9.
4

\

‘ .
[NV W
-~ O ‘ n n In n i ~
' Fig. 3.9

Hence, Eq. (i) has general solution x = nm, ne Z.

. 1 B ¢ n
sin®x + Zsm2 3x =sin xsin’ 3x

: : , 1.
= sin*x-sinxsin?3x+ Z sin®3x=0

2
, LR oo B e
= [smx—ism 3x] +~Zsm 3x(|—sm 3x)=0

-

2 ,
= (sin X - -é-sin2 BxJ + % sin® 3x cos® 3x =0 “%

2
= (sin x—lsin2 3x +Lsin26x =(
2 16

p’ 1 5 :
"= sinx- — sin? 3x=0and sin 6x=0

= 2sinx=sin?3xand sin 6x=0 = Fromsinbx =0,x=kml6, ke Z
From here, we choose those values which satisfy the equation, 2 sin x = sin® 3x

_zm_{l, if k is odd}

krm
Nowsin®3 | == | =+sin? —— =
owsin .,[6) 757 10,4t & is even

= sinx=0or1/2

= XxX=nAOrx=nm+ % -1, nez
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Objective Type | _ {

}.a. sin @=1/2and cos 8= f/z

=> @ lies in the second quadrant.
= sin 8=sin 51/6; cos @=cos 57/6;
& 0=2nn+ (576)
2. ¢. Since tan 6<0 and cos 8> 0, @lies in the fourth quadrant. Then 6= 77/4.
Hence, the general value of @is 2nr+ 77/4, ne Z.
3.¢. cos pf=-cos g6=cos (n~-qgb)
= pO=2nnx(n-q6)
= (PFqo=Cnxh)n

(2n £ 1)z

= O=~+———— neZ

ED)

rn )
= 0= ntag ,where r=-3,~1,1,3, .. . ¢
- = =3 - /4 3n

"ptq ptq ptq ptyq

" Shown above is an A.P. of common difference X
4.d. (cos B8+ cos76)+(cos30+cos560)=0
= 2c¢0540(cos30+cos )=0
= d4cos4 Bcos28cos 8=0

4 x

= 2 sinﬁ(sm d 6) =g

= sin80=0o0r@=nn/8,ne Z
sin @

5.b. 3 3 —-2s5in6 =0, cos 820
cos” 6 ;

3sin 0 — 2 sin6(1 —sin® 6)=0
sin (2 sin6+ 3 sin 8-2)=0
sin 8(2sin 8— 1) (sin 6+2)=0
sin @=0, |

6= nm, nw + (=1)" (n/6), ne Z
6.b. We have 1% = sin 8¢os 26

] —sin 8(1 -2 sin* §)=0

2sin’ O—sin@+1=0

(sin 8+ 1)(2sin’ @-25sin 6+1)=0
sin 0= -

L 414

b4 8
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= O=nn+(-1)" [—%) =nn-(-1)" 12r—=mr-l~(—l)""I %,ne Z.

2 cos B[cos 120°+cos 20] = |
" 2¢o0s 8 [—%+2c052 9—!)= 1

4cos’ @-3cosB-1=0
cos30=1=cos0

=

=
=

= 36=2mror9=2'Tm,ne Z *

Given the values 50 that 2» does not exceed 18.
n=01,2,3..,9
27: 9(9+1)
2

| —cosf _ (\E - 1) sin@

Hence, the sum = —-—Z =307,

secB-—l-——(ﬁwl)tanB: N~ preos

2 sin? (8/2) = (- /2 — 1) 2 sin (8/2) cos (6/2)
sin (0/2) =0 or tan (8/2) =(~2 - 1) =tan (%/8)
012 =nmorB/2 =nn+ (nf8) ,ne Z

=
e
)
= 0=2nrmor@=2nn+(w4),neZ

. sin? x + cos* x =sin x cos x
. = (sin® x + cos? x)? — 2 sin® x cos

2 y = sin x cos x

| sin22x__sin2x

2 S 2
sin? 2x + sin 2x -2 =0
(sin2x+2)(sin2x-1)=0
sin2x=1

I 1A A

2r=(4n+l)%,nez

J

x=(4n+li£,nez

—% 5—"( - x e [0,27])

Thus, there are two solutions.
sin 3x + (sin Sx + sinx)=0
= sin3x +(2sin3xcos2x)=0
2n

sin 3x =0 or cos 2x = - l-cos —
2 3

=

= x=pmlorx=nnx I, neZ

Then x =0, /3, and 27/3, Hence, there are three solutions.
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11.a. From the given relation
cos 8= (2 sin Ocos 0) sin @, sin 8#0

= sinf= i_Lz orcos 8=0

3

n T
= @= = = = (.8e[0,
= 2 A 2( € [0, )

.. B
Then the sum of roots is %

12.¢. The given equation is (cos x — 1) (12cos’x + Scosx +9)=0 -
=> cosx = | only as the other factor gives imaginary roots
=1=x=2nmneZ
Hence, it.has infinite solutions as n € Z..

13.d. cos2x=1-2sin’xand put 275" * =/

- 2cosll‘= 21—25?n21 ___2(2-5“’2")2 = 2:2_

= 2f-3t+1=0

= t=1,172"

Ry 2*51[12.!:1:20 .

= sin’x=0o0r x=nm,ne Z
- i

From 275 % = > =271, we get

g n
sinx=1orx=nmr+ E,m’—_' v

14.a. cos x cos 6x =]
= 2c¢0sxcosbx=-2 = €08 7x+cosSx=-2 = ¢os 7x=-1and cos 5x =-1
The value of x satisfying these two equations simultaneously and lying between 0 and 27 is 7.
Therefore, the general solutionis x=2nn+ m ne Z. '
= x=2nt+tl)mneZ

15.¢. This is possible only when sin x = cos x = 1, whichdoes not hold simultaneously.
Hence, there is no solution. ' '

16.a. The given equation is 3 (sin x + cos x) — 2 (sinx + cos x) (1 —sinx cos x) = 8
= (sinx+cosx)[3-2+2sinxcosx]=8
= (sinx+cosx) [sin2 x+ cos’ x + 2 sin x cos x| =8
= (sinx+cosx)’ =8
= sinx+cosx=2 |
Above solution is not possible. Hence, the given equation has no solution.

17.a. cos’ @= % sin @tan @

= 6¢c0s 0=1-cos’ 0
= 6¢co0s O+cos’0-1=0
= (2cosO-1)(3cos’0+2¢cosB+1)=0

N
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18.d.

19. c.

20.d.

21.d.

22.b.
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1
= Co0s 0= = =:9=2rm:|:%,ne Z
The other factor gives imaginary roots.

(1-cos 2x) + (1 = cos? 2x) =2

= cos2x(cos2x+1)=0

= cos2x=0orcosx=-1|

= x=2n+)m2or2x=2nx1)m,ne

= x=2n+)nldorx=2nx1)n2,ne 2

Hence, the solutions are /4, 3/4, 57/4, T4, /2, 372,

Dividing the given equation by cos?

tanx-5tanx—6=0

= (tanx+1)(tanx—-6)=0

= tanx=-lortanx=6

Iftanx=—1=tan (- m/4),thenx=nn—-nm4,Vne Z
and, if tan x = 6 = tan ¢ (say)

= a=tan"' 6, thenx=nr+a=nn+tan™ 6,V ne 2
Hence, x = nn—(n/4), nw+tan™ 6,ne Z. '

From the given c'quation, we have ekl alis. =—tan 760
| - tan 6 tan 48 ;

= tan(0+46)=-tan70

=> tan50=tan(-76)

= 58=nn-70

= O=nm/12,wherene Z, butn#6, 18, 30, ...

We have — l =+ 22 =8,sin 8#0,c0s 6 #0

sin“ @cos”“ @ sin” 8

= 1+2cos® 6= 8sin* Ocos’ 8= 8 cos® 6 (1 — cos>6)

= 8cos'6-6¢cos?6+1=0

= (4cos’6-1)(2cos’6-1)=0

= ¢os’ 8= 1/4 = cos? (n/3) or cos? 8= 1/2 = cos? (/4)

= O=nga+(mw3)orO=nnt(n/d),ne Z

Hence, for0< 0 £ /2, 6= n/3, 6= /4

tanx + cot x = 2cosec x
SiINX COSX 2
+ —

cosx sinx sinx
1 2

sinxcosx Sinx

1
= coOSx=r—
2
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x, as cos x = 0 does not satisfy the equation, we have

Office.: 606 , 6th Floor, Hariom Tower, Circular. Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



23, ¢c.

24.b.

25. d.

26. b.

27.b.
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R .
=f—
= x 3 3

Thus, there are four solutions.

342isin@ (3 + 2isin @) (1 + 2i sin@) .(3 ~ 4 sin’ 9) + 8i sin 6

LetZ= : = . =
L~2isin@ (1 -2isin0)(1+2isin6) 1+ 4sin® 6
3 -4sin? 6 . 8sin @
Therefore, the redl part of Z= ——1—2—- and the imaginary part of Z = _12—
1+ 4sin® @ 1+4sin” 0
p - . 8sinf ) \
Zis real, if imaginary part = —5—=0 orsin@=0o0r@=nm,V ne I
l+4sin“ 0

Zis purely imaginﬁry, if real part (3 - 4 sin® @)/(1 + &sin® §)=0
or sin’ 8=3/4 =sin’ (W) orO=nn+ W3,V ne I

+1 NE)

sinx~=— ~1=0
"2 -

i\

1 —sin’x +

) 3
= 5itPy — ———sinx + — =N
; 2 4

= 4sin’x-2f3sinx-2sinx+ 3 =0

On solving, we gct sinx = 112,\/5/2 ‘
= x=m/6, 57/6; /3,273 4

S_ince,7cosz.r+sinxc'osx—3=0,
Dividing the equation by cos® x, we get
7+tanx—3sec’x=0

= 7+tanx-3(l +tan’x)=0

= 3fan’x-tanx-4=0

= (tanx+1)(3tanx—4)=0

Wi

= tanx=-lortanx=

4
=g x = AN+ 3% orx=km+tan ™ (EJ,where (k,ne Z)

(sin 8+ 2) (sin 8+ 3) (sinB8+4)=6
L.H.S.>6andRH.S.6 )
Therefore, cquality only holds if sin 6=— 1= 8=3#/2, Tn/2

Therefore, sum=5x=> k=5
sin’ x+acosx+a*> 1 +cosx
Putting x = 0, we get

= a+d*>?2 _:2 1
= @+a-2%0 Fig. 3.10
= (a+2)(a-1)>0

= g<-20ra>l

Therefore, we have the largest negative iritegral value of a=—3.
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~  Trigonometric Equations 3.43

Zx sinx + 2 sin’x + sinx =0

. 28:b. sin® x—cos
= sinx[sin'x~cos?x+2sinx+1]=0
= sinx{sin’x—1 +sin®x+2sinx+1]=0
= sinx[sin3x+sin2x+2sinx]=0 _
= sin® x =0 or sin’ x + sin x + 2 = 0 (not possible for real x)
= sinx=0
Hence, the solutions are x=0, &, 27, 3 7.
29, a. Since,x€ [0,2n]andy € [0, 27],
- and sinx + siny =2 B
This is possible only, when sinx = 1 and siny = |
= x=nandy=n/2
Hence, x+y= 1.

30. a. (ﬁ — 1) sin 8+(J§ +1)cos 8=2

3-1 | NS 1
o O 9 P s A e=_
S sin +[ 2\5)(:05 "

o M 4 n
= sin — sin 8+ cos — cos @=cos —
12 12 4

n T .
= ¢c0s|8——|=cos — )
( 12) '

4
= 6=F =pnsZ nez
12
=onme 24 L
4 12

31.a. sin68+sind4@+sin20=0

(sin 68+ sin 2@y +sin4 §=0
2sind40cos20+sind40=0
sind48 (2cos260+1)=0

L 44y

2

=co§ —
- : s

sind40=0orcos 20=~ %

3

46=nmor20=2nn+ 2?’: ,MNE Z

= 9=E0r9=mﬂ::§:£
4 3

32.d. The given expression cos y sin x —sin y cos x + sin y sin x +cos x €O$ ¥ i$

sin (x —y) +cos (x —y)
sosin(x—y)+cos(x—y)=0

=% ﬁ[—}gsin(x-y)+-\7l_icos(xry)]=0
: T\ _
= sm(x—yrki]—o

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranehi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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33.c.

34. a.

35.d.

36.b.

37.a.

Trigonometry

i . |

- :
=5 2—+x-y==nr:,neZ
%
= x—y=mr—:,nEZ
n
=> x=mr—: +ywherene Z

tanx tan 4x = | .
= cosdxcosx—sindxsinx=10

=cos Sx=0

|
=>5x=["+§]rr,ns,2
_(2n+l)n‘0< "
=x= 0 L0<x n

- 3n 5n Tn 9=z

Thus, there are only five solutions.
1
Letf(x)=cosx-x+ 3

1

f(0)=l+-2->0
2 2 2 2

; C o e ) n
Therefore, one root lies in the interval (O,-E].

- (ﬁ_) —_— (q_) - ) (£ _ar
4 ) 4 2 4

= — =nn+
4

=5 —
e TR
= p+tq=22n+l)

y=sinx-cosx= 2 [—J%sin —%cos x]
= 25in[x—-§—) = —ﬁSySwﬁ

4 sin*x+cos'x =1

= (2sin’x)?+ % 2 t:.()sz:t)2 =]

& (1-cos2x)24-%(l+cos2x)2=l'
=

5cos’2x-6cos2x+1=0
= (cos2x—1)(S5cos2x-1)=0 .

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

= Rangeofyis [- V2, V2]

|
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39.d.

40. b.

41, c.
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£ Trigonometric Equations 3.45

= c¢cos2x=]orcos2x=1/5§

= 2x=2nmor2x=2nn+ &, where @=cos™ (1/5), Vne Z

(1 —tan @) [1 +2 tan 8/(1 +tan” §)] = 1 +tan §

(1 —tan 8) (1 + tan 6 = (1 + tan §) () + tan’ 6)

(1+tan 6) [(1 —tan® @)= (1 +tan’ G)] =0

~2tan? =0, (] +tan 6)=0

tan 6=0,ortan 8=-1 -

@=nmor nn—-md,V ne Z for 0e[0,2n) =0, n,2x, 3n/4, Tr/d

We have (sin x + sin 3x) + sin 2x = (cos x + cos 3 x) + cos 2%

2 sin 2x cos x + sin 2x =2 ¢cos 2x cos x + ¢os 2x

sin2x(2cosx+1)=cos2x(2cosx+1)

(2 cosx+1)(sin2x —cos 2x) = 0

cosx=—1/2 orsin 2x—cos 2x =0

x=2nm+(2m/3) ortan 2x = 1 = tan (7/4)
=2nnx(2n/3)orx=(@4n+ 1) /8, ne Z

Buthere 0 <x<2n

Hence, x = /8, Sn/8, 2n/3, 9m/8, 4n/3, 137/8.

3 sin 6—4sin® 6—sin 8= 2(2cos> 6-1)

= 2sin 8(1 -2sin® 6)=2cos2 6

= 2¢0s28(sin8-1)=0

= ¢0s20=0o0rsin =1

= 20=02n+ ) n2or8=2nn+ 2,V ne Z

@=02n+1)Ymd,or6=@n+ W2,V ne Z

Hence 0= /4, 314, S, T4, 2. (. 0ef0,27))

We have 4 sin 8sin 20sin 46=3 sin 6—4 sin’ 8

sin 8 [4 sin 20sin 40~3 + 4 sin’ ]=0

sin 8 [2 (cos20~cos668) -3 +2 (1 —=cos20)] =0

sin @ (=2cos68-1)=0

sin @ =0 or cos 68=-1/2

@=nnor60=2nnt2m/3,Vne Z
=nmor @=3n+ 1) 9,V ne Z

U

L3844

4841l

42. b.From the given equation, we have tan 8+ tan 26+ tan (9+ 26)=0

Ly U

tan @ + tan 20 _
I-tan@tan20

(tan @ +tan 26) +

4

i
tan 8 +tan 2 1+ =
s i 9)[ l—tan9tan29]

(tan 8+tan26) (2—-tan Gtan 2 =0
tan & =tan (— 26) or 2 —tan 8[(2 tan §)/(1 —tan® §)) =0
6=nm-200r1-2tan’ 6=0

= n'3 or tan? = 1/2 = tan’ o (say)

Therefore, 8=nn+ @, where tan o= | /N2 ;

43.b. We have sin 30 = 4 sin & (sin’ x — sin? q)

= 3sina—4sin’ a=4sin oesin x -4 sin’ o
= 3 sin-o=4sin asin®x orsin @=0

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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3.46

44. c.

45. c.

46. a,

47. c.

48.b.

49, c.

Trigonometry

If sin @#0, sinx=3/4 =( NE) f2)2 =sin® (7/3), therefore x = na+m/3,V ne Z
If sin @=0, i.e., @= n7x, cquation becomes an identity.

We have V3 cos 6 — 3sin8 = 2 (sin 56 — sin ) -

= (V3/2)cos 0 (1/2) sin 8 =sin 50

= cos (6 + 1/6) =sin 50=cos (w2 -56)

= 6+ /6 =2nnt (72 -56)

= 0=(na3)+(w18)or 0= (—nn/2)+(n6),V ne Z
sinfx+cosx+sin2x+a=0

= (sin® x + cos’x)? — 2sin® x cos
= sin®2x-2sin2x~2-20=0 _
Let sin 2x = y. Then the given equation becomes y* — 2y —2(1 + &) =0 where -1 <y < 1,
(v ~18sin2x<1) , '
For real, discriminant 20

Ze +sin2x+a=0

= 342020 = a2 -%

Also-1£y< | =-181-3+20 1.

= 3+2as4 aa'S—;:.Thus—%saS%
Since the system has a non-trivial solution, the determinant of coefficients= 0
sin30 -1 1 '
= |cos20 4 3{=0
2 77

= sin30(28-21)—cos20(-7-7)+2(-3-4)=0
= sin38+2cos280-2=0

= (3sin @—4sin’ ) +2(1 - 2sin* G)-2=0

= 4sin’ 8+45sin’ 63 sin 6=0

= sinf@(2sin@-1)2sinO+3)=0

= sin@=0orB=nn+(-1)" w6,Vne 2

, r _ 1
Let log.,. . Sin x =1, then the given equation is 1 +; =2

= (-1=0 = =1 = log,, sinx=lorsinx=cosx = tanx=]
= x=n/4

Given x? + 2 sin(xy)+1=0

= [x+sin ()] +[1-sin*(x)] =0

= x+sin(xy)=0and sin® (xy) = 1

sin2(xy)=lgivessin(xy)=lor—l .

If sin (xy) = 1 = x=-] = sin(~y)=1 = siny=-1,then

the ordered pair is (1, 3772).

If sin (xy)=~1 = x=] = siny=-1 = (-1,37/2)

- Thus, there are two ordered pairs.

The given cquation is 8 sin x cos x cos 2x cos 4x = sin 6x (sinx # 0)
=> sin 8x=sin 6x = 2cosTxsinx=0
Assinx#0,cosTx=0orIx=nn+na2,ne Z

e, x=ntT+n/ld,ne Z

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Trigonometric Equations 3.47

50.d. We have cos 3x + sin(Zx-léz—) ==2
2 Tn
= l+cos3x+1+sin [2):--6—)=0
-
= (l+cos3x)+1—~cos (Zx——é—)“—"O
23){ . 2 n
= 2c¢os° —+2sin (x—-]=0
3 3

= cos3—x=0 and sin(x-—£]=0
2 3

" 3x_7 3

——,—,...,andx-—ﬁzo,n,21:,... =5 x=—JE
2 = B 3 3

* Therefore, the general solution of cos% =0 and sin [x—%

= By
il

ke Z.
51.b. Lettan’@=1
= 1-2+2'=0

It is clearly satisfied by ¢ = 3. By inspection, we get tan? 8= 3.
Therefore, 8=+ 7/3 in the given interval.

52.b, tan £Sil19 = cot -ECOSG
2 2
., tan £sin9 = tan E—Ecose
N 2 2 =8

. f—sin9=nn+£—£cos.9
2 g 2

sin 0+ cos 0=2n+ 1

=sinB+cosB=1%1

=1 +sin28=1

= sin 20=0

= 0=nn

53.a. cosx= V1—sin2x =|sinx—cosx|

(a)sinx<cosx = x€ [0, %J v [{‘E. 27:]

Then the given equation is cos x = cos x — sin x = sinx=0 = X=m2N

= Xx=2In . [from Eq. ()]

(b) sinx 2cos x = XE€ (EE)
4 4

= CO$SX=S8inX-CosX

= tanx=2

= x=tan”

Hence, there are two solutions.

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-'l,
Ph.: 0651-2562523, 9835508812, 8507613968 ‘
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3.48 ﬁ

54b

‘ 55.a.

56. d.

57.b.

58.b.

59. a.

Trigonometry

Z cosrx=>5

r=l

= cosx+cos2x+cos3x+cosdx+cosSx=5 .
which is possible only, when cos x = cos 2x = cos 3x = cos 4x = cos S5x =1 and is satisfied by x =0 and
x=2m.

sin 2x + cos 4x = 2

It is possible only, when sin Zx =1 andcosdx =1
= sin2x=1and1-2sin?2x=1

= sin2x=landsin2x=0 -

Hence, there is no solution.

cos? x=2cosx (1 -3 cos? x)

= 6cos’x+cos’x—2cosx=0

= cosx=0, -;—,— =

2 \ . -
2 Z, vos! [- —J (- o, Bare+ve)
g 3
E,‘ﬂ: -’_;-,thenwehavc]a_m:.’.;_.

We have sin'® x - cos'® x = 1

= sin'Px=1+cos'®x

Since the L.H.S. never exceeds 1, R.H.S. exceeds | unless cosx=0

Then, x=nn+ %,ne ]

' : 1
|cot x| =cotx + ——
sinx

: |
Ifcotx>0=cotx=cotx+ — =0
sin x

= -—l——— =0, which is not possible.
sin x

| Ti—_
If cotx<0 = =—cotx=cotx+ ——

smx
= -2(:1:)th=_L
Sinx
=>cosx=—-l
2
2r 8n
= xXx=—, —
3 3
tan(4 — B) =
= A_B_nln+£=£,3_n’_3_n’.
4 4’ 4 4
sec(A+B)=i o AbBetpnnE ok VK
N 6 6’ 6’

For the least positive values of 4 and B,

" Office.: 606 , 6th Floor, Harlom Tower, Circular Road, Ranchl 1,

Ph.: 0651- 2562523 9835508812 8507613968
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60. a.

61. a.

62. a.

1Y 1
63. d. )/2—y+a=(y——-) +a-—z

Trigonometric Equations 3.49

11 i
AFB=l fef=s o gEin ge2
6 4 4 24
Letd4=6+15° B=60-15°
= A+B=28andA-B=30°
tanA_-g
tanB |
tan A+ tan B %1

Now

o e B3] {applying componendo and dividendo rule)
= w =1
sin(A —B)

= sin268=2sin30°=1

= 26‘=2n7r+§ or9fn3z+% neZ

tan 30+ tan 8= 2 tan 20
= fan36@-tan20=tan20—tan @

sin (30 — 26)  sin (26 - 6)
cos 38 cos 20 - cos 26 cos 8
= sin 8(2sinfsin26)=0
= sinf8=0orsin26=0

=

.= O@=nmror2@=nn,ne Z

But 8= na/2 is rejected as when n is odd, tan@ is not defined and when # is even, i.e., 2r, then 8=rrx. .
Then 8= nx, n € [ is the only solution.

We have | 4 sin x - | |<\/§
= =<3 <4sinx-1<+5

| = ~{J§_l)<sinx<(£+ l]
4 4

. ; b4
= =8N — <sINX<cos —
10 5

= sin (—-I—t-) <sinx <sin (£ ....;_t.]
10 2 5

= sin (—%J<sinx<sin?—g
[ n 37:)
= X€E |==—, —
10 10

2

Since — V2 <sinx +cosx < V2, the given equation will have no real value x for any y'if a- —:f > 2

- Office.: 606 , 6th Floor, Hariom ‘Tower, Circular Road, Ranchi-1,

Ph.: 0651-2562523, 9835508812, 8507613968
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64. a.

65. a.

66. c.

67.b.

68. b.

69. a.

70.d.
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1e,a€ (\E+%,o¢) = ae(ﬁ,m)(asﬁ+%<\/§')

(2 sin x — cosec x)* + (tan x — cot x)* = 0

. 1
= sin‘x= -2~ and tanx = |

n
= y=nnt— neZ

[sinx + cos x] =3+ [—sin x] + [~ cos x]

Maximum value of left-hand side is | and minimum of right hand side is also |

= [sinx+cosx]=3 +[—sinx]'+ [-cosx]=1=xe€ rct-z-:-

= [sinx+cosx]=1,[~sinx]==1,[~cosx]=~
which is not possible.
cosPx+bcos'x+1=0
= b= —(cos4 x+ ) S-2VxeR
cos” x

= be (—9,-2] ,

Here 1 £{sin 2x| + |cos 2x| £ V2 and Isiny| <1

so solution is passible only when [sin y| = |

= y=BE 5 X
A

Given that |sin x|* + |sin x} + 5= 0

~1t+1-4b

= fsingl=———— = 0s<

= siny==%1

|2 sin 9—cosec gzl

12 sin? 6—-1|2]sin §

[cos 29>|sm A

2 cos? 202 1 -cos26‘

2 cos’ 26+ cos26-120
(2¢c0528-1)(cos28+1)20

§L04810

= c0s282 l :
2

The given equation can be written as
sin x cos x [sin %x + sin x cos x + cos® x] = |
= sinxcosx [l +sinxcosx]=1

. = s$in2x[2+sin2x]=4

71.d.

-2%
2
which is not possible.

4+1 '
= sin2x= g =—1d:~f§

P e 4 4= 0 let 1 = 5™
= (e[l €]

=5 t+% +42=0

-—li\/1—4b<]
2

—2<hp<0

(as cos 6#0, i.e, cos20=~1] .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
: Ph.: 0651-2562523, 9835508812, 8507613968
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72.b.

73.¢.

Trigonometric Equations 3.51

= F+dar+1=0
This quadratic cxpression should have two distinct roots in [ |, ]
= 16a°-4>0,f(1)=1+4a+120,f(e)=¢* +4ae+120,1<-2a<e

il
= |a[>-l-,a2—l,a2 S ,~£<a<—l
2 2 4e 2

Clearly, there is no value of a satisfying the above inequalities simultaneously.

y : y=2x-x2

X

£ Jo / za\ i
2 4 2 _y=In |sin x|

]
-
L—

—
p—
p—

Fig. 3.11
In|sin x| =—-x{x—2)

Graphs of y = In|sin x| and y == x (x ~ 2) meet exactly two times in [—% %ﬂ} .

2
|x| + [v|= 4, sin [x; J“l

2

T = ye[0,4), ﬁ"— =(4n+n1;—

74.b.

(4n+1)3 3 s <4

:hlJ-Iﬂ4J_

Thus, there are four ordered pairs.
sin {x} =cos {x}

tan {x} =1

tan (7/4)=1 <tan |

483

-1 0 : 5 4 T T

yl
Fig. 3.12
Graphs of y=tan {x} and y = 1 meet exactly six times in [0, 27].

Office.: 606, 6th Floor, Hariorh Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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75. a.

76. ¢.

77. a.

78.d.°

79. ¢.
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Trigonometry

x+4-2x+3sin(ax+5)=0
(x— 1) +3=-3 sin(ax +b)
L.HS.23andRH.S.<3
= LHS=RHS=3
(x=1)*+3+3sin(ax+b)=0
= x=1,sin(ax+b)=-1
= sin{a+b)=-I
S - n ' ; g
- a+b=(4n—l)§-,ne} = a+b=-? (from the given options)
tan' x -2 sec’x+a=0
= tan'x-2(1+tan’x)+a=0
= tan'x-2tan’x+1=3-¢
= (tan’x-1)?=3-a
= 3-a420 = aZ<3
1+ log, sinx +log, sin3x20 -
(where sin x, sin 3x > ()
= log,(2sinxsin3x)20
= 2sinxsin3x21
Forsinx>0 :
= xe(0,7) : : - @)
= sin3x>0 4 (ii)
= 3xe(0,n)Um3n). -

03)v(57)
= xe |0, ~|u|—., &
3 3

For 2 sin x sin 3x 21
2sin’x(3-4sin’x)2 |

8sin'x—6sin’+1<0
(2sin’x~1)(4sin°x—1)<0
l'<sinx<L

- -—

RN R

b

x

M
re.. 1
w |
N
| I |

C
1
ulg’
.:=|§
T |

(ii)

s (—, —]. [From Egs. (i), i), i)

sin® 8= 1 [sin 0 1]
=5 s5in 6= —| = 8= 2nn— (w/2) = infinite roots

nlog{l] %kn,ke § “
41. J

1 .
Iog;[—] =k=x=3% .

X
The possible values of kare—1,0, 1,2, 3, ...

S=34+1+ .l.+_12.+.!.3.+--~oo=_i-=?.
3 3 3 ]_l 2
3

'Offi_ce.: 606 , 6th Floor, Hariom Tower, Circular Roéd, Ranchi-1,
: Ph.: 0651-2562523, 9835508812, 8507613968 '
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80. a.

81.c.

82.c.

83.c.

Trigonometric Equations 3.53

- sin(xy) '

cos (xy)
= sin(xy) = xy

=xy=0

=x=0ory=0

But x = ( is not possible
sy=0andx=1,i.e.,(1,0)

T
tanx+cotx+1= cos[.r +E)

b
=>tanx+cotx=cos[x+ZJ -1

Now tan x + cot x <—2 and cos[x-i-%)— 1 =2

It implies that equality holds when both are —2.

i .
= cos{ x+—|=-1
45

=>x+1;- =Qm+ )L me Z

3n ix
=X =— O ——
4 4

Therefore, the sum of the sol'ultions is -?-’-f + 1—2{ = 7—”

4 2
cos{@) cos(nd) = |
= cos(6) = | and cos (76) = 1 o M
or cos(6) =—1 and cos (76) =-1 v, (i)
If cos(6) =1 = 8=2mmand cos (n0)= 1 = 0= 2n which is possible only when 8= 0.
Equation (ii) is not possible for any 0 as for cos(8) =~1, &should be odd m_ullip]e of == irrational
and for cos(n6) =—1 = & should be odd integer = rational
Both the conditions cannot be satisfied.
Therefore, 8= 0 is the only solution.

(cotx + ﬁ)z +cot? x + 4coseca +5=0
= (cotx+ J§)2 + cosec?x + dcosec x + 4 = 0

= (cotx + s/f'_l)z + (cosec x + 2)2 =0

= cotx =~+3 orcosecx =-2
¥ ‘
= x=2nn- o "€ Z : ; (" x € 4th quadrant)
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3.54 Trigonometry

84.c. 0=k k= %,p,qe 1,90

cos k7 is a rational

Hence, k=0,1,1/2,1/3,2/3

There are five values of cos 8 for which cos @ is rational.
85.b. Puttingx=0=>b’=cosb’~1=>cos b’ =1+ =b=0

For b=0, we have a(cosx— 1) cosax— | '

. ik .3 GX
= 2a sin® = =2 sin* —
2 : 2

=a=0ora=1.
Hence, ordered pairs are (a, 5) = (0, 0) or (1, 0).

Multiple Correct Answers Typé

— e T e w e e - - ¢ B e e ———— e — u W

1.a,b." We have 4 sin x + cos* x = |
= 4sin"x=1-cos'x =(1-cos?x) (1 +cos’ x) =sin’x (2 - sin’ x)
= sin*x [5sin’x-2]=0

= sinx=0orsinx=z=* JZ!S

N {2
= X=nAMOrx=nm*sin E,nez

2.a,b. (sin’ 8+ cos® @) — () —sin Bcos B) =0
=» (sin @+ cos 8) (1 —sin Ocos €) — (1 —sin Bcos &) =0
= (1 —sin B¢cos 6) (sin 8+ cos 0-1)=0
If sin @cos 6=1 = 2 sin 8cos 8=2 = sin 260=2 (not possible)
= sin@+cos =1 .

=5 8—~£=2nn‘:t£,nez
4 4

= 0=2nmor 2nn‘+§

3. a, ¢, d. We have tan® 8= 1 — cos 20 = 2 sin’ Qor cosec’ Otan® 6=2
or (1 + cot’ G) tan’ 6=2 or tan® 6+ 1 =2

= tan’@=1 = tan @==%1] = 9=nn¢-§—,nez

Moreover, tan® 8= 2 sin* = sinf8=0=8=nn

1 ’ oy
4.a,¢0. ptr—-22= y+l 2\5
¥ y

Butsinx +cosx £ \/5

1 .
= p+ — =2andsinx+cosx=+2
y

= y=1andsin [x-t--i—) =lory=landx= %

Office.: 606 , 6th Floor, Hariom Tower, Ciréular Road, Ranchi-1,
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Trigonometric Equations 3.55

5.b,d. sin @+ /3 cos f==2-(x*—6x+9)=-2 —(x=3)?
. sin 0+ 3 cos 02-2and -2 —(x-3)? <=2

As a result, we have sin 6 + V3 cos 6=—2and thenx =3
. x=3and cos (B-E—J*-l,i.e.,ﬂ—E;mBﬂ
6 6
6.a,c. sin®x-2sinx~1=0

= (sinx-—1)*=2 = sinx-1=% 2 = sinx=1— 2 assinx # |
There are two solutions in [0, 27] and two more in [27, 47].
Thus, n=4,5. )

7. a, b, ¢. The given equation is 2 (sinx + siny)—2 cos (x—y)=3

= 2><23inx+y'cosx_y-—2 2coszﬁ-] =3
2 2 2 .

8

- sin? (”)’)21 = sin x-l-y:il

2 5 :
Since x and y are smallest and positive, we have |
sin Xty . 1 and X Mo

¥ 2 _
i, x+y=m ’ . )]
&Ry 1

Also, cos | —= ==

( 2 ) 2
= x-y=2n/3or-2n/3 (i)

From Egs. (i) and (i1), we get (x =57n/6, y =n/6) or (x = /6, y =5n/6)
"8.a, d. | —2x~x?=tan? (x +y) + cot’ (x +y)

= —(x+1Y=[tan(x+y)—cot (x +»)}

NowL.H.8.<0 andRH.8.20

= —(x+1)*=[tan(x+y)—cot(x + ) =0

= x=-1andtan(x+y)=cot(x +y)

. = x=-]andtan’(-1+y)=1

= x=-land-]l+y=nnx(wd),ne Z
sin x + sin y
COSX  COSYy

]

9. b, ¢. From tan x + tan y = |, we have

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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sin x cos y + sin y cos x = c0S x COS ¥ i ' . '
2sin(x+y)=2cosxcosy
2sin{x+y)=cos(x+y)+cos(x—y)

- 2sin (/4) = cos (7/4) + cos (x—y)

cos (x—y)= 1N2=cos (n/4)

x—y=2nn+(n/4),Vne Z i (i)
Also we have x + y = /4 (ii)
From Eqs. (i) and (ii), we have
x=nn+(mwd)andy=-nn,Vne Z
orx=nrandy=-nnt+m4,Vne Z

10.a,¢.x+y=213 = y=Qw3)-x
sosinx =2 sin (27/3 —x)

=2[(\/§ /2)cosx +(1/2)sinx] = «/5 cosx +sinx

LU LUUY

- . 2r
= cosx=0 = x=ng+n2,neck = y=-—3— —Nfl ~ —=——nfk

Hence, forx € [0,4n],x= /2,372,512, Tn/2
and fory e [0 4n),y=nl6, Tn/6, 137/6, 1976
11. a,d. tan x —tan” x>0 .
= tanx(tanx-1)<0 {
= 0<tanx<1 '
= 0<x<m4
= nr<x<nn+n/4,ne Z(generalizing)
|sin x| < L = - L <sinx < 4
g 2 2 2
=6 <x<m6 =-mlb+nw<x<n/6+nnr nec Z(generalizing)
Then the common values are nt <x < na+ /6.
12.a,b,d. cos (x+ w/3) +cosx=a

=5 % cosx—(ﬁ/?.) sinx+cosx=a

= (32)cosx—([3/2)sinx=a

S e )

=\~ 3 a5 3 | (@)
Hence, there are three integral values of a=—1, 0, 1 whose sum is 0.

For a = 1, the given equation is ('ﬁJZ) cos x — (‘I /2)sinx = l/ﬁ

= cos(x+m6)=1/[3 1

= X+l =2mr.£ a, where @=cos™' (l/ﬁ )
= x=2na-mw6ta

Hence, the solutions for @ =1 in [0, 27] are cos™! (1/ ﬁ )~ 16, 11/6 —cos™ (Ilﬁ 3
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13.a, b,

14. a, b,

15. a, b. Given that the quadratic equation is an identity

., Trgenometric Equations . .3.57

¢. The given inequality can be written as

e’ s Joy 241 <42 ' ' Q0

Since cosec? x > | for all real x, we have
2 , ) : "
g ' : (i)

Also(y=1P+121 = Jiy-12+12] ; . i)

From Eqs. (i) and (ii), we get

g0’ x fiy 1 1) 4 ] 22 ' (iv)

Therefore, from Eqs. (i) and (iv), equality holds only when 260%€" X =2 and J(y )2 +1 =1 -
= cosec’x=land(y—1)’+1=1 = sinx=xlandy=1

T 3n
= yx=—,—andy=1
2
: " - n 3z
Hence, the solution of the given inequality is x = e andy= 1.

, €. sin? x — @ sin x + b= 0 has only one solution in (0, 7).

= sinx = | gives one solution and sin x = & gives other solution such that &> 1 or 2<0
= (sinx—1)(sinx- @)= 0 is the same equation as sin‘x—asinx+b=0
= l+a=aanda=bH -

= l+b=aandb>1o0rb<0

= be& (=o0,0]U[]l,0)and a € (oo, 1] [2, e0)

». cosec? 8=4 and cot 8=~ 3
= cosec@=2or—-2andtan 6=- ]—
J

8—5—’torl—l—ﬁ-

6 6

16. ¢, d. Abscissa corresponding to the vertex is given by

KT
sma

>1 isthe vertex

vertex

0 1 x=coseca

Fig. 3.13
The graph of f(x) = (sin @) x> - 2x+ b is shown as V x < |
Therefore, the minimum of f(x) = (sin Q) = 2x + b— Zmustbegreaterd'lanzerobutmmlmum isatx=1,

i.e,sin@-2+5H-220
= b24-sino, e (0, n) = b24assina>0in(0, 7)
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JB=1 B+l

17.a,d. +
. 2\/5 sin x 2\5 COs X

7 i g ,
§in —= €OS X + COS — SinXx = sin 2x
12
; o n '
sin2x=sin | X +-— ;
12 A

S 2= ordx= rox— —
L | : 12

18.a,¢,d.cos 38=cos 3¢
" Putting n=0, 1, we have
30=2nn+30x
- 30=3aor-3qor2n+30or 27~ 30

2n 2 y
0= aor—aor ry + @ or e a = (a), (¢), (d) are correct

4 Ifn=-1,then30=-27+ 3
‘= A= —ZTK:I: o

= sin 9=sin(-—23£ia)= —s'm[%rirx): —sin(n’ —%i a}

=_s;n[ﬂ -(%iaD= _-sm(gt iz)

Hénce, (b) i$ not correct.

19.b, ¢,d. | +cos3x=2cos2x
= 1+4cos’x -3 cosx=2(2cos’x-1)
= 4 cos’x -4 cos’x—3 cosx+3=0
Let cos x =y, we have

c 4}73—4y2—3y+3=0

=4 (y-1)=-3(p-1)=0
=@-1)@*-3)=0"

=hyp=| 0r,y2=-3-

. =>cosx=1orcos’x=

Alw
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+ Trigonometric Equations 3.59

= cos x = 1 or cos’ x = cos’ 2/6
=x=2nm or x=nn+ (W), ne 2
20. b, . psec?d + plcosec?0=(2V2)* p?
1
D I A
sin? 6 cos” @ '
! P cosec 0
= sin20=1/2= (1/2)
=20=(nn)+(wWd),ne Z ’ Psec 6 .
= 0= (nm/2) +(1/8) ) Fig. 3.14
forn=0,0=n8 '
forn=1,06=3m/8

; & %, . b . .,....-\
Reasoning Type . :

{+gin2x (sin x~1-v.:u:)s.v:)2 =2

1.a. (sinx+cosx) =2=> (sinx+cosx)

Now we know that the maximum value of sin x +cos x is +2 which occurs at x = w4, for0 <x < /4.

Also, the given equation has roots only if sin x + cos x = \/5 .
Hence, there is only one solution for 0 <x < 7.
Thus, the correct answer is (a). .
2.d. We know that sin?x € | and cos® v <1, then sinx + coszy <2
Also sec?z2 1, then 2 sec’z 2 2, .
Hence, the given equation is solvable only if sin’x + coszy =2 and 2sec’ z = 2, for which sin’x . coszy,
. sectz=1. '
Then sinx, cosy, secz==% ]

Hence, statement |1 is false and statement 2 is true.

Fig. 3.15
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362 Trigonometry

w L#3]
o
T ———

-

l r
‘I\ H" y = sec 0
34 o
Vv il
o | ¥ L/-J
- B | / PPl
y ,’ i (
4 L. p, A
> X
0] I ] ir '\ ¥ = cosec 6
2 - .V

-

) AR

o |
g

'Fig.3.17

1/

Y = sec @+ cosec 8

B
—

=g_—,r_;:_—

sec B+ cosec A= a has solution where graphs of y = a and y = sec 0 + cosec 8 intersect. (i)
Graphs of y = sec 0, y = cosec @and y = sec 6+ cosec 0 are as shown in Fig. 3.17.

Clearly, Eq. (i) has two solutions if ~2:2 < y< 22,

Equation (i) has four golutions if y< -2J2 ory2 0/2.
In any case, Eq. (i) has two roots always. |

For Problems 7—-9

7.a,8.b,9.d.

Sol.  The given system is sin x.cos 2y = (&> — 1)’ + 1, and cos x sin2y=a+1 (i)
Since the L.H.S. of the equations does not exceed 1, the given system may have solutions only for a’s
such that ' .
(@-1Y+1<land-1<a+1<1 o (i)

(@-1P+1<1 = (@-1<0 = @-1¥=0 = a=1

But @ = | does not satisfy cos x sin 2y =a+ |

Thus, a=— 1 only and we get

sinx cos 2y = 1 _

cosx sin2y=10 _ | | (i)
sin x cos 2y = |

=sinx=1,cos2y=1

or sinx =-1, cos 2y = -1

for which cos x sin 2y =0

- Office.: 606, Gth F'Ioor, Hariom Towér, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



K. MALIK’S
EWTON CLASSES

For Problems 10—-12
10.a,11.d, 12. b,

Sol.  Given that [{r? ~8t +13) dr =xsin (alx)
0

R.H.S. shows thatx 20
Integrating L.H.S., we get

3 X
[5-— _ap? +13r] = x sin (alx)
3 0
or (173) [x* = 12x% + 39x] = x sin (a/x)
or sin (a/x) = (1/3) [x¥* = 12x +39]
=(1/3) {(x-6)* + 3}
=(1/3) (x=6)* + 1

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

Trigonometric Equations 3.63

®

{x#0)

But sin (a/x) £ 1, so sin (a/x) = 1, which is possible only forx =6

then we have sin (a/6) = |
oral6=2nn+m2ora= 12nn+3n,ne 2
Hence,x=6,a= 12nn+3m,ne Z.

Fora e [0, 100], there are exactly three values of a= 37, 157rand 277, i.e.,

|y —~cos al <x = |y+1]<6 = ye[-7,5]

For Problems 1315
13.a,14.d,15.b

Sol.

The given equations are

x cosay + 3x cosy sin’ y = 14 and

x sin> y+ 3x cos lysiny=13

Adding Eqgs. (i) and (11) we have

x (cos® y+ 3 cos ysin® y+ 3 cos? y sin y sin’ y) = .27
= x(cosy+siny)’ =27

= x"(cosy+siny)=3

Subtracting Eq. (ii) from Eq. (i), we have

x (cos® y + 3 cos y sin® y— 3 cos? y sin y - sin’ y) = |
= x(cosy—siny)’ =1 ;

= x"(cosy~-siny)=1

Dividing Eq. (iii) by (iv), we get

cos y +sin y=3cos y - 3siny

= tany=1/2

Casel:

sin y = INS and cosy= 2h5

y=2nnr+ o, where 0 <@ <m/2 and sin a= II\B
i.e., y lies in the first quadrant

From Egs. (iii), x?(3A/5 ) =3 orx = 5A/5
Casell:

siny=— 1A5 and cosy=—2f\f§

(i)
(i)

.(iii)

(v)

Office.: 606, 6th FIoor,_Hariom‘Tower, Circular Road, Ranchi-1,
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3.60 .

i . Trigonometry

Draw the graphs of y = sinx and y = 1/x and verify.

When n = |, we have interval [0, 7], which covers only first and second quadrant, in which

4. d.
sinx = — 1/2 is not possible. Hence, the number of solutions is zero. Also from 2(n —1), we have zero
solution whenn=1.
For n = 2, we have interval [0, 27] which covers all the quadrant only once. Hencc the number of
solutions is two.
Also from 2(n—1), we have two solutsons, when n=2. _
For n = 3, we have interval (0, 37}, which covers third and fourth quadrant only once. Hence, the
number of solutions is two. But from 2(n ~1), we have four solutions which contradict.
Hence, statement | is false, statement 2 is true. '
5.a. Jl-sin2x =sinx
= J(sin x—cosx)? =sinx
= [sinx—cosx|=sinx
=» COSX~Sinv =sinx
= 2sinx=cosx

‘6. b.

7.d.

" 8.a.

9.h.

4

tanx = d which has only one solution for x € (0, 7/4] for these values of x.

Draw the graphs of y = | sinx | and y =| x | and verify that |sin x| = |x| has only one solution x = 0. But
statement 2 is not the correct explanation of statement 1.
Giventan2x=|

i 2=+ % , n € Z[note that tan 4x is not defined for these values of x]

Hence, the given equation has no solution.

Therefore, statement 1 is false and statement 2 is true.

cos (sin x) = sin (cos x)

= ¢os (sinx) =-cos [(7/2) - cos x]

= sinx=2nax(n/2-cosx),ne Z : (i)
Taking + ive sign, we get sinx =2nm+ m/2 - cosx

or(cosx +sinx) = % (An+ Dn

NowL.HS. € [—JE, ﬁ],hence-- V2 £ 12 dn+ l)n‘\/l—’. -
—Zﬁ—frs’]s%/i—rr

» which is not satisfied by any integer .

' Simnlarly, takmg ve sign, we have sin x —cos x = (4n— 1)7/2, which is also not satlsﬁed for any integer n,

Hence, there is no solution.

Statement | is true.

Also statement 2 is true but does not explain statcment L

Consider the equation sin x = x°.

Here, y = x” is an unbounded function but equation has finite number of solutions.
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19.a. Lety=n|sinx|=m|cosx|
The curve y = n|sinx | and y = m | cos x | intersect at four points in [0, 27].

y
n
njsinx|
m
’ v mjcosx|
o w2 n iz 2x

Fig. 3.16

- . M e—— e —— o — ) — . gy = —— e s S e —_—- ......-.—-_—_-——\
Linked Comprehension Type .
For Problems 1 -3

by 2iesdin
Sol.

1.b. x*~(1+cos 8+ sin 8) x* + (cos @sin 8+ cos 8+ sin G)x —sin Ocos = 0
Given cubic function is
f(x)=(x—1) (x—cos 6) (x—sin 6)

Therefore, roots are 1, sin 8 and cos 8

Hence, X} + x3 +x2 =1 +sin® 8+ cos’ =2
2.¢. Now if 1 =sin 8, we get = /2

If 1 =cos 6,then 6=0,2x

and if sin 8= cos 6, we get tan 8= |

.= _JE, iﬂ:...
4 4
Therefore, the number of values of &in [0, 27] is 5.
3.a. Againthe maximum possible difference between the two roots is 2.
] =sin =2 when 8=3m/2 or | —cos 8=2when 8= n '
For Problems 4-6
4.,a,5.¢,6.d.
Sol. See Fig. 3.17 for the solution

Office.: 606 , 6th Floor, Hariom Tower, Circular Roaid, Ranchi-1,
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y=2nn+(n+ o), where 0 << 7m/2 and sin a= -1A5
i.e.,y lies in the 3" quadrant

Therefore, from Eq 3),x' (- 3K5 5)=3orx= —Sf
Thus, sin’y +2cos’y = 1/5 + 8/5 = 9/5;
Also there are exactly six values of y € [0, 67], three in 1% quadrant and three in 3" quadrant.

: o i ™
.Matrix-Match Type L L O P ITE V

1. a-snb—os,c—op,d-oq.
a cos’2x—sinx=0

= cos3xcosx=0

= cos3x=0orcosx=0

= 3x=(2n-—1),—2:'0rx=(2n—l)%,nez
= x=(2n—l)% 0rx='(2n —l)%

Hence, the general solution is (2n—l)-§ as (2n —l)% is contained in (2n—l)§.
b. cosx++/3 sin x =43

cosx 3 . _\/:
2 2

+—sinx =
y .

S
= CO§| X —— | =CO05 —
- 6

= x-£=.2nn':l:£,nez
3 - 6

n .- T n
= Xx===2nT +—or 2nx - —
3 T T

®. v 3 n
= x=2nn+ Eorx=2n7:+—-—

c \Gtanz x—(\/i+l) tanx+1=0

=3 xﬁtanx(tanx—l)-—(tanx—l)=0
= (tanx~l)(~[§tanx-l)=0
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e
Sotanx=| Y xﬂmﬁ-z,nez

1
ortanx= — = x=nx+ E,nez
V3 6

tan 3x—tan 2x—tanx =0
or tan x tan 2x tan 3x = 0

x=nnror nal2 (rejected) ornz /3

Therefore, the general solution is nn/3 as nr is contained in nm/3.
a—>q; b—)s c—-as,d—@p '
Here, x” + (x +2)2 +2sinx=4,
Clearly, x = 0 satisfies the equation
If0<x€mx’+(x+2)°+2sinx>4
Ha<x<2mx®+(x+2) +2sinx>27+25-2
So, x = 0 is the only solution.
i

Here, -;- sin (2¢%) = (2‘ +27%) 2 32- (« AM.2GM)

1

2

= sin(2eN21 = sin(2¢)=1

But equality can hold when 2°=27"=1 i, x=0.
Then sin (2. eo) =1, which is not true.

Hence, there is no solution.

sin2x +cos4x=2

= sin2x= I,cosdx= I

L 1=2sin*2x=1o0r1-2= | (absurd)

1 he given solution is |sm x | =x/30,

Therefore, the solution of this equation is the pomt of intersections of the curves, i.e.,
y=|sinx] and y = x/30,

0 nl2 p 3nf2 2n

Fig. 3.18

Since there are four points of intersection in 0 < x £ 27, the equation has four selutions.
a->q;bos;c—op;dor

5sin 8+ 3 (sin 8¢cos ax—cos @sin &)

=(5+ 3 cos @) sin 8-3 sin & cos 8

= max {5sin 6+ 3 sin (6~ )} = \/(5+3cosa)2 +9sin’

= \/34 +30cos ¢

Therefore, the given equation is 34 + 30 cos o= 49,
= cosa=12 = a=2nnxn3,nel
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3.66

Trigonometry

h (cos.‘,)sinzx-hinx-i-z =1

= sin‘x-3sinx+2=0 = (sinx~2)(si°nx— =0 = sinx=|
but this does not satisfy the equation because 0 = 1 is absurd,

. (J(sin x)+2" cosx=0 ()

(sin x) >0 and so cos x < 0,
Also sin x > 0 = x lies in 2nd quadrant

“

Equation (i) can be rewritten as 2" cos x =~ /(sin x)

On squaring, we get J2 cos?x =sinx
= \/—sin23+sinx-\/_—0 = (ﬁsinx—l)(sinx+~f§)=0

sinx #— J— 2, therefore sin x = 1142 (i)
= x = 37/4 and so the general value of x is given by x=2nm+ 370(4 ne ’z

logs tan x = (logs 4) (log, (3 sinx))

= loggtanx=log (3 sinx) ' (i)
Since log x is real when x > 0, we have )

tanx>0,sinx>0

Thercfoe, x lies in the first quadrant. Now Eq. (i) gives

tanx=3sinxorcosx=1/3

s x=2nm+cos” (1/3),ne Z

Integer Type. , ' S [ o

1L(1) sin’x+p’ +1-3psm,\

= (sinx+p+1)sin’x+ | +p*=sinx-p-psinx)=0
Therefore, either sinx +p+1=0= p= - (| +sinx), or
sinx=1=p ‘

Hence, only one value of p(p > 0) is possible which is given by p=1.

2.(0) |sinxcosx|+|tanx+cotx|= /3

= | sin x cos x| + m -3

1
|sin x cos x| + i 22

|sin x cos x

Hence, there is no solution.

3.(3) 4<L.H.S.<16

2<R.H.S.£4
Hence, equality can occur c;nly when both sides are 4, which is possible if x =7, 37, 57.

That is, there are three solutions.

Office.: 606 , 6th Floor, Hariorh waer, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968



, , JEE (MAIN & ADV.), MEDICAL
Iﬁévl\ffowé_lgg§5§ + BOARD, NDA, FOUNDATION

Trigonometric Equations ~3.67

sin x sin 3x sin 9x
+ + =
cos3x  cos9x  cos27x

4. (6)

2sin xcos x . 2sin3xcos3x  2sin 9xcos9x _

=5 -
2cos3xcosx 2c089xcos3x  2cos 27x cos 9x

sin(3x — x) i sin(9x — 3x) sin(27x-9x)
2cos 3xcos x  2cos9xcos3x  2¢0s 27x cos Ox
=> (tan 3x —~ tan x) + (tan 9x — tan 3x ) + (tan 27x —tan 9x) =0
=y tan27x ~tanx =0 ,
=>tanx =tan 27x . .
=27x=nn+x,nel 1

nr

=yx= ?‘S‘,nel

n 2rm 3m 4m Sm 6w

Hence, there are six solutions,

5. (1) (\/5 + l)h‘ -I-(ﬁ ._1)2x=23x= (zﬁ)z.x

2l 2z | 22 ) T

= (sin 75°)* + (cos 75°)* = 1
=x=

6.(4) Since~2<sinx~- [3cosx<2

(2m=3)-(4-m)
=5 <0

4-m =
3m-17

m-—4

= 20 . | X0
Co2m=3 ‘
Also,— 1 = Amni
m+1 , . : .
= m-4 <0 (ii)

3
Therefore, the possible integers are -1, 0, |, 2.

. 2] .
From Eq. (i) and (ii), we get m € ['-l, —]
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368 Trigonometry

.

7.(1) Adding given equations, we get

3a  a* 5
= —+.__.
l 2 2
=ad+3a-4=0

:»(a--+4)(a- l)¥0
= a=1(asa=-4 isrejected)

© 8.(5) cos 4x=2 cos®2x - 1
=2(2 cos’x - 1)2 - |
=2(4 cos'x + 1 —4 cos?x) - |
,=8cos'x-8 cqsz.tl‘+ 1
Sa=1la=-8, a,=8
o Sagtaytay =S
S 9.(1) 1=sinx—sinx+a=90
= sin’x + sinx—(a+1)=0 | : -0
From Eq. (i), we get
sin’x +sinx=(a+1)
Forx e (0, n/2), the range of sin®x + sin x is (0, 2).
=0<(@+1)<2=ae(-1,1) ‘

10. (6) asinx + | —2sinx=2a—7
= 2 sin‘x—asinx+ (2a—8)=0 :
ai\[az—B(Za—S) ' affa-8) , a-4

r a 2o0r >

= sinx=

) -
For a solution -1 <1,wehave2<acx< 6.

g 2 |

sin’ (.r-ﬁ) = (sin x — cos x) ——(sin x = cos x) 1 n

11. (0) ok . i) e
cos 2x cos® x—sin’ x cos X + sin x 2

X -

’ tan lmn{.r—i] '
Given equation reduces to 2 ( 4] -2(025% \. 4 +1=0

lnﬂ[.l'—‘-!-:-) . : j &

=2 \. 4 =] . ' )

= x = m/4 which is not possible as cos 2x = 0 for this value of x, which is not defining the original
equation, )

12. (4) sin'x = cos? x sinx + 2 sin®x+sinx=0
= sinx [sin’ x — cos’x+2sinx+ 1] =0
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Trigonometric Equations 3.69

= sin x [sin® x +sin’ x + 2 sinx] =0
= sin® x[sin® x + sinx +2] =0

= sinx=0,wherex=0, 7,27 37
Hence, there are four solutions.

Subjective '

1. At the intersection point of y = cos x and y'=-' sin 3x, we have cos x = sin 3x
n n
= cosx=cos(5—3x) =5 xnznni(-;—?;x),nez

oz - [~ <x< )
8 8

Thus, the points are E, .3 ' [E, cosﬁ) and (—-3—7-:- coséEJ
4’2, \8" 8 8 8
2. The given equation is

4 cos® x sinx ~2sin*x =3 sinx

= 4cos’xsinx—2sin’x—3sinx=0

= 4(1-sin’x)sinx=2sin*x=3sinx=0
= sinx[4sin®x+2sinx—1]=0

= eithersinx=0or4sinx+2sinx-1=0
Ifsinx=0 = Xx=nA,n€’Z
If4sinx+2sinx=1=0

“1+5

4
cox=ma+(=1)"sin™ ("1 i‘EJ,m €Z

-11«/3]

= x=

L

= sinx=

“Thus, x = nxr, ma+ (-1)" sin™ [ F

where m and n are integers.
. - 2 3 awe
3. The given equation js 8(*Hkos d+kos"dtcos’a+-) _ 43
- 23(1+|cos4+|ms?;1+¢os’ x40) 26
= 3 (1+|cosx|+|cos’ x|+ cos’ x| + ) =6
= I+|cosx|+|coszx|+lcos3x|+---=2

1

e B by
1 —|cos x|

—
= |[cosx|{=1/2

= |cosx|= :
2

= x=n/3,-n3,2n/3,-2n3,...
The values of x e (=, @) are + /3, 4+ 270/3.
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2
4. Given that (I —tan 6) (1 + tan 8) sec’ 0+ 210 =0

= (] -tan’ 9)(1 +tan® 6) + 2" -0

Let us put tan® 8=/

(=01 +0+2'=0 = 1-72+2'=0
It is clearly satisfied by 1=3 '
as—8+8=0, wc::gcttan2 6=3

;. 8= /3 in the given interval.

. (v+2)cos30—(xyz) sin360=0 - ' (i)
xyz sin 30=2cos (36) z+ (2 sin 36)y $ (i)
(v +2)cos 30= (2 cos 30)z + (2 sin 36)y = (y +2z) cos 30+ ysin 30
s (cos 302 sin36) =z cos30and y(sin 36—cos 36)=0
=»8in 360-cos360=0
= §in36=cos 36

(4n+
3

/4

L 30=nn+(d),neZ = 0= =>6=§only

. tan 8=cot 56
= cos 660=0
= 4cos’20-3c0s20=0

S

cos20=0or+ = g | (i)
sin20=cos 48

25in*20+sin20-1=0

2 sin’ 20+ 2 sin 26—sin 29-.- 1=6

!

sin260=~1orsin 28=

cos20=0andsin20=-1

20=-L m9=_Z
2 4

T I T
m-—

or cos20== —22-, sin20= 13

2
= 29=£ §£=:>19= i.s—n
6 6 . 12 1
. Gr:_ .E £ 5_71'
4’12 12
Objective
Fill in the blanks

3
. Wc have cos x +cos y = 5-

(x-i- y] (x ,') 3
= 2c0s cos =
2 2 2
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- x-y) 3 »
_ 20053005(—2—)=5 [using : x +y=27/3]

-

= cos(' ~ v)= % , which is not possible.

Hence, the system of equations has no solution.
. We have 2 sinx—3sinx+ 120
= (2sinx-1)(sinx-1)=20

= (sinx—%)(sinx—l)ao

. I .
= smxSE orsinx 21
But we know that sin x < | and sinx 20 forx € [0, 7).

Therefore, either sinx =1 or0 <sinx < % = eitherx=m2 orx e [0, /6] L [57/6, n]

T n hY/4
Combining, we getxe [0, — |[Us—}| —, T |.
SR [ 6} {2} [6 ]
. tan’ 6+sec20= 1

-

fz+ ::2 =1, where /=tan 6
= £(#-3)=0 = tan 6=0,% 3 = O@=nnand 0=nn+ m3.ne Z.
. cos’ x=1~sin*x .
=(1 =sin®*x) (1 +sin’x)
=¢os” x (1 +sin”x)
s cosx=0o0rx= 2, - w2, orcos x= | +sin’x
cos’x < 1but | +sin®x2 1
= cos’x=1+sin’x=1 . :
= cosx=landsinx=0. . [both these imply x =0}

Hence, x=— f—, -Eand 0.
29
True or false
1. Given that equation is sin® 8—~2sin? 8—1=0 -
- sin? @= 212‘@ =11+J2
But sin’ 8 cannot be -ve
- sin? 0= /2 +1

Butas -1 <sin 8< 1, sin® 8% sﬁ + ]
Thus there is no value of 8 which satisfies the given equation.
Therefore, statement is false.

Multiple choice questions with one correct answer

1.a. The given equation is

X l
2cos? (-—] sin? x = x? oo
2 X
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Now cos (a—f)= ] = a-f=0 = oa=p

soeos(a+fB)=1lle = cos2a=1/e

w0<l/e<land2ae [-2n, 2n7) ;

There will be two values of 2 satisfying cos 2= 1/e in [0, 27] and two in [-27, 0].

Therefore, there will be four values of @ in [-7, 7] and correspondingly four values of . Hence, there
are four sets of (a, ).

10.a. 2sin® 8-5sin6+2>0 - . :
= (5in@-2)2sin6-1)>0 = sinf<1/2 [(v=1<sin8<1]
= x€ (0, 76) (576, 2n)

11.¢. 2sin®8—cos28=0
= |-~2c¢0520=0

[
= Cc0s20~ —
2

b= —, —, —, — : 0]
where 8¢ [0, 271).
Also 2 cos? 83 sin 8=0
= 2sin’ 64 3sin0-2=0
=. (2sin0-1)(sin 0+2)=0
= sin@=1/2 ; [ stn @#-2]
= 0=n/6,57/6 where 8¢ (0, 27] , : . (i)
St

Combining Egs. (i) and (ii), we get 6= % NT

Therefore, there are two solutions.

Multiple chaoice questions with one or more than one correct answer
1.d. Sinég a, +a, cos 2x + ay sin” x=0 forall x
Putting x = 0 and x = /2, we get
ayta; =0,anda;—a;+a;=0
= a,=-—a and a;=-2a; .
Therefore, the given equation becomes
a,—a, cos 2x - 2a, sin*x =0,V x
= a,(l-cos2x-2sin’x)=0,Vx =5 a,(25.in2 x=2sin’x)=0,Vx

The above is satisfied for all values of a,.
Hence, the infinite number of triplets (a,, — a,. ~2a,) is possible.
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Trigonometric Equations 3.75

2.a,c. We have

1+sin’@ cos’@ 45in 460
sin?@  1+cos’®  4sindd |=0
sinf@  cos’@  1+4dsind6

Operating C, - C, + C,, we get

2 cos’@®  4sind8

2 l+cos’@  4sind8 |=0

I cos’8 1+4sin40

Operating R, = R, - R, ; Ry = Ry — Ry, we get

| - 0

1 ] -1 =0

1 cos? g 1+4sind0

Expanding along R, we get 1 +4sin40+1=0 '
= 2(1+2sind46)=0 = sindf=-1/2 = 40=n+n/6or2n—-n/6 :
" = 46=Tnl6or | |n/6 = 0=7m124 or 1 1 7/24. Hence, there are two correct options.

3.¢. 3sinfx—T7sinx+2=0 .

= (sinx-2)(3sinx-1)=0 = sinx = 1/3 =sin a, say, (sin x = 2, not possible)

x=nn+(=1Y"a,n=0,1,2,3,4,5in(0,57)
4.d. 2sin’x+3sinx-2>0

(2sinx—1)(sinx+2)>0

= 2sinx-~1>0

. [ =1<sinx<1]
= sinx>1/2 = xe€ (n/6,57n/6)

o 0)
Alsox*=x-2<0 = G=-2)@E+1N<0 = -1<x<2 (i)
Combining Eqs. (i) and (ii), we get ;
x € (76,2)

(sin Jr)4 5 (cos x)" \ l
2 3 5

5.a, b,

3 —6 cos® x + 5(cos x)* = -g Letcosx=¢

= 251 -3012+9=0

B W
5
_— tan2x=-§-
| 3 16 V2 -
= (sinx)s=(-) =—
5 625
Ji]‘ 81 V3
=5 (cosx)s=(— =—
625
V5 Fig. 3.19

(sin ,1')8 +(cos .'x:)8 4
8 AT 125
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4.d.

Trigonometry

where 0 <x <
LH.S. = 2cos? (%]sinz x=(1+cos x)sin® x

+ 1+cosx<2andsin®x< 1 for0<x<%

(1 +cos x) sin’ x <2

1
-X—ZEZ

andR.H.S.=x"+

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

‘ g _— ; '
s For0<x< T given equation is not possible for any real value of x.

. sinx+cosx=1

1

-, ] 1
) nx+ JECOSX s
sin x cos (7/4) + cos x sin (/4) = sin /4
sin (x + 72/4) = sin n/4
x+(mtd)=nn+ (1) n/d, ne Z
x=nn+[(-1) n/4]- /4
where n=0,+1,£2, .., '
The given equation is )
sinx ~ 3 sin 2x + sin 3x = cos x — 3 cos 2x + cos 3x
=  25in 2x cosx — 3 sin 2x = 2 cos 2x cosx — 3 cos 2x
= sin2x (2 cosx—3)=cos2x (2 cosx—3)
= sin 2x =cos 2x (as cos x # 3/2)

Lyygue U

= tan2x=1=2>Wc=nr+nd=x= %+%,ne >4

The given equation is

(cosp—1)x*+ (cos p)x +sinp =0

For this equation to have real roots D = 0
= cos’p—4sinp(cosp—1)20

- =>coszp—4 sinp cosp+4 sm2p+4sinp-4 sin2p20

= (cosp—2sinp)’+4sinp (1-sinp)>0
For every real value of p, we have

(cos p—2 sin p)* > 0 and sin p(1 — sin p)z0
s D20,Vsinpe (0, m)

. The given equation is
Jtanx +secx=2cosx

sin x 1
=2C08x

Cosx COsx

sinx+1=2cos*x=2-2sin’x
2sinfx+sinx - 1=0

'{ZSinx- 1) (sinx+1)=0

§ 4.4 1
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6.d.

8.b.

9.d.

=R U (A

_ Trigonometric Equations 3.73

4 |
= sinx=—,-1
2

But for x = 37/2, tan x and sec x are not defined.
Therefore, there are only two solutions.

The given equation is

2sin* 6-3sin 8-2=0

> (2sin 8+ 1) (5in 0-2)=0

i

: ] : ; :
sin = = 3 ' [ sin 8~2 =0 is not possible].

sin.@= sin{— n/6) = sin(7 /6)

8=nn+ (=1 (-n/6)= nr+ [(-1)" 77/6)

Thus, 8=nn+(=1)"7w/6,ne Z _
simplify the determinant, let sin x = a; cos x = b. Then the equation becomes

a b b -
b a b|=0.0perating C;, = C,-C,; C3 = C;—C,, we get
b b a

a b—-a 0
b a=-b b-a =0
b 0 a-b

= a(a=b)—-(b—a)[b(a-b)-bh—a)]=0
= a(u-b)=2b(b-a)(a—b)=0
—
=

(a=b): (a—2b)=0

a=hora=2b
= E'-=l or 3=2
b b

= tanxélortanx;—'z
But we have - n/d < x < /4
= tan(m/4) <tanx <tan(7/4)

"= =1<tanx<l

stanx=1 = .x=74
Therefore, there is only one real root,
We know that

—Va? +b* <acos0+bsin 0 Vot +b2 = —f14<2%+1<74
= —-8<2k+1<8 = —-45<k£3.5

(considering only integral values) = kcan take eight integral values.
Given.that cos (a¢—f)=1and cos (a.+ B) = l/e i .
where &, Be [~7, 7]
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Inverse Trigonometric
Functions

| » Introduction
» Properties and Important Formulas of Inverse Functions
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4.2 Trrgonomatry
INTRODUCTION ‘

A/\- B B/T‘ A

1 '-! { 2 2 - 1

2 > —4 4 - 2

3 - 6 6 - 3

4 = 8 8 - 4

Fig. 4.1

" If f2 X — Y is a function defined by y = f(x) such that f'is both one-one and onto, then there exists a unique
function g : ¥ — X'such that for each v € ¥, g(y¥) =x if and only if y = f(x). The function g so defined is called
the inverse of fand denoted by /', Also if g is the inverse of £; then fis the inverse of g; and the two functions
Jand g are said to'be inverses of each other.

The condition for existence of inverse of a function is that the function must be one-one and onto.
Whenever an inverse function is defined, the range of the original function becomes the domain of the inverse
function and domain of the original function becomes the range of the inverse function,

We know that trigonometric functions are many-one in their actual domain. Hence, for inverse functions to
.get defined, the actual domain of trigonometric functions must be restricted to make the function one-one.

Inverse Circular Functions

Since the domain of sine function is the set of all real numbers and range is [-1, 1], if we restrict its domain to
[-772, 7/2], then it becomes one-one and onto within the range [~ 1. 1]. Actually, sine function can be
restricted to any of the intervals [-3a2/2, —n/2], [-n/2, n/2), (#/2, 3n/2], etc. [t becomes one-one and its
range is [=1, 1]. We can, therefore, define the inverse of sine function in each of these intervals. We denote the
inverse of sin¢ function by sin”™' (arc sine functibn). Thus, sin”' is a function whose domain is {~ 1, 1] and the
range could be any of the intervals |=37/2, =#/2], [-n/2, #/2) or (n/2, 37/2] and so on. Corresponding to
- each such interval, we get a branch of the function sin”!. The branch with range |-m/2, /2] is called the
principal value branch, whereas other intervals as range give different branches of sin™'. When we refer to the
function sin™', we take it as the function whose domain is -1, 1] and range is {—n/2, n/2) . We write sin”!:
(-1, 1] = [~7/2, =/2).
From the definition of the inverse functions, it follows that sin(sin”'x) =x if = 1 £x < 1 and sin”'(sin x) =x
-2 sxs 2.

If any point (x,.y,) lies on the curve y = f{x), then corresponding to it (v;, x,) lies on y =7~ '(x). Since points
(x1,) and the (3, x,) arc symmetrical about the line y =x, the graphs of vy =7"(x) and y =/ ~'(x) arc symmetrical
about the liney=x.

Nofte:
!

o sin~' x is enrirely different from (sin x)™'. The former is the measure of an angle in radians whose sine

is x while the latter is
sin x
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Domain, Range and Graphs of Inverse Trigonometric Functions
With reference to the preceding discussion, the domain, range and graphs of inverse trigonometric functions

can be summarized as follows. :
In the following figures, dotted line graphs are of trigonometric functions and solid line graphs are of

corresponding inverse trigonometric functions.

f(x)=sin""'x -

Domain: [- 1, 1]

Range (principal values): [—g, %]

y
A
x /.
2
1 -
X } E A 0 1 E X
2 2
|
4 i3
2
yl
_ Fig. 4.2
f(x)=cos” e
Domain: [-1, 1]
Range (principal values): [0, 7] :
y

Y
>

/
"‘
P s
3
7

oy

Fig. 4.3
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F(x)=tan""x

Domain: R

Range (principal values): (—%, g]

g
7 A 3
i
<l i
2 ;
“3 I P 74
. ‘ol B 2
2 = 2 z,
i 2
% ;
- yl
" Fig.4.4
fx)= cot' x - A
Domain: R
Range (prmmpal values): (0, n‘)
y
TA, g 7/
-——_—“-\ A /
1
ZNLA
2 X
X b . =
3w o-m g 0. zi\ 7 3n
2 Y'Yl 2 2
T2 4
i
- y| b
Fig. 4.5
fx)=sec 'x J s
Domain: (—ee,— 1] U1, 00)
Range (principal values): [0, #] — {n/2}
: y
: x4
. I n .'".
2L S
x ; / .
-7 b —1 0 1 o T x
2R
2 7
s :
y'
Fig. 4.6
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£(x) = cosec™ 'x

Domain: (—eo,— 1] [1, 00)

Range (principal values): |:— -g— ,g} -~ {0}

y'.
1

T

n

2 4

_'EE' * ol
. 21 A \'Tx
) 2

22

s g yl

Fig. 4.7

PROPERTIES AND IMPORTANT FORMULAS OF INVERSE FUNCTIONS

Property 1

i. sin(sin'x)=x, forallxe [-1,1]
VA

x|

-1

Graph of y =sin(sin™'x) or y = cos(cos™'x)

Fig. 4.8
ii. cos(cos'x)=x, forallxe [-],1]
iii, tan(tan'x)=x, forallxe R
yA
1
y=x
45° ‘e
=1 0 +1
-1

Graph of y = tan (tan™x) or y = cot (cot 'x)
.o, Fig. 4.9 ;
Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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4.6 Trigonometry

iv. cot(cot™ x)=1x, forallxe R
v cosec(cosec™ x)=x, forallxe (—eo,—1]U[l,e0)

yA ' y=x

Y

-1

y=x

Graph of y = sec(sec™'x)
or y = cosec(cosec™'x)

Fig. 4.10

vi sec(sec”' x)=x, forallxe (—eo,~1JU[], )

Property 2
i. sin”'(sinx)=x, forallxe [-m2, m2]
sin”'(sin x) is defined when sin x & [-1, I] whichistrue Vx € R.
But range of sin™ 'x is [~ /2, /2], hence sin™ (sin x) = x is true only forx € [~ n/2, W/2).
With the same reasoning, we have the following resuits.

ii. cos™'(cos x)=x, forallx e [0, 7)

iii. tan™'(tan x) =x, forallxe (- w2, n/2)

iv. cot”!(cotx)=x, forallxe (0, m)

x cosec '(cosec x) =x, forallxe [-m/2, m/2]-{0}
vi sec”'(secx)=x, foralixe {0, w)—{m?2)

G'raph ofy= sin”!(sin x)
For x not lying in the principal domain, we have the following method to draw the graph.
Consider y=sin"'(sinx) = siny=sinx = y=na+(-1)'x,ne Z
Now, keeping in mind that y € [~ 7/2, 7/2], we have the following table:

Value of n Relation ' Range of x

n=-2 . B y=—2r+x x€ [3m2, 5m'2]
n=-| YFE— =X ) xe [-3n2,~mn2]
n=0 y=x x€ [-n/2, 2]
n= , y=m-X x€ [n2,3m2]
n=2 y=2m+x xe [-5a2,-3m2]

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 -



JEE (MAIN & ADV.), MEDICAL

Iﬁévl\,(fowé_lzlslélg ; + BOARD, NDA, FOUNDATION
Inverse Trigonometric Functions 4.7

From the preceding informatidn, we can plot the graph of y = sin™ (sin x) as follows (Fig. 4.11):

y
A
z
FE 2 e *
$K \\\ . s \\.ﬁ E W@)‘
” W ) 3 X 2 y;
4 * 2 " .
x 3 oo 0
-2 _J% =nm o = 7 2n
2 2
=R
2
yuf
Fig. 4.11

Graph of p =cos ' (cos x)
y= cos”(cos x) ; '
= Ccosy=cosx = y=2ng+x,ne
Now, keeping in mind that y € [0, 7}, we can plot the graph of y = sin”!(sin x) as follows (Fig.4.12):

Yy
A
a
L +
*‘,‘15" \\+ n ‘\4’ S
Gt 2 A
+ "
X' o X
-2n - . |0 n 2n
yf
Fig.4.12 =

Graph ofy =tan™ (tan x)
- tan'l(tan x)

= tany=tanx = y=nnt+x,nel’
Now, keeping in mind thaty € (- /2, n/2), we can plot the graph ofy = tan I(tan x) as follows (Fig

4.13):

+
~\" L
3 £ em.
. 2 /

R
5 s

- o

y
Fig. 4.13
Graphofy= cot™!(cot x)° '

y=cot"'(cotx)  => coty=cotx
= tany=tanx = y=nntx,ne’
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. Ph.: 0651-2562523, 9835508812, 8507613968



’ JEE (MAIN & ADV.), MEDICAL
'E-EV'\%OM@L';L!&% . .+ BOARD, NDA, FOUNDATION
1.8 .7 Trigonometry

Now, keeping in mind thaty € (0, x), we can plot the graph of y = cot " '(cot x) as follows (Fig. 4.14);

et

N
3

Graphofy= cosec !(cosec x)
y = cosec” Y(cosec X)=> COSecy = cosecx = siny=sinx .
Hence, graph of y = cosec ' (cosec x) is the same as that of y = sin” (sin x), but excluding points x = nz, ne Z.

y.
I 7 1:!2?
0 W
‘ﬁ' h T ’.f+ Gy dn /‘f}"
Y %Y |V K> 2 -4
X K % X
-2r 3 =% e n 2n
. o 2
2 -
2|
yn’
Fig. 4.15

Graph of f(x) =sec”'(secx).

y=sec'(secx)= secy=secx - = COSY=COSX

Hence, graph of y = sec”'(sec x) is the same as that of y = cos'(cos x), but excludmg pomts
x=2n+ 1)70’2 he Z

AT

xeﬁ‘ J-«{h\ _Tf_ ‘\’/‘ﬁh =
i {, ‘ N |2/] ! 4§
| | | AN

x - : : - X

-2t 3¢ = ® | m T 3t 2n

2 2y 2 2

‘ Fig. 4.16

Example 4.1 Evaluate the following:

i. sin”'(sin 7z4) ii. cos”'(2a/3) iii. tan”'(tanm/3)
"Sol. We know that ‘
sin” (sin @) = 6, if - w2 < 0< W2,
cos (cos 0)=0,if0<B<

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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and tan™' (tan 8) = 6, if — g <f< %
Then

i. sin™! [sin E) =Z
4 4

% =] ( 275) 2
1. COS§ =

iii. tan™ (tan —)

Example 4.2 Evaluate the following:

i. sin™ (-233) i, cog"’ (cos “%:r) iii. tan™ [tan 2{) iv. cos (cos" (-?) + %}

i, sin™ [31 EEJ % 2?“ as% does not lie between —-g— and —

Sol.

3 2

Now, sin™’ (sinzl) = sin™! sin(z—ﬁ] = sin™! (sinEJ =L
’ 3 3 3 3

. cos” [cos 263) % -%t as :%— does not lie between 0 and /4

Now, cos™" [0087—:-) = cos™ [cos (?.rr - —SGED =cos™! (cos 5—:-) - 5?“ ’

iii. tan™ (tan 2—” # —2-5, because E-E does not lie between — L and 8
3 3 3 2 2

Now, tan™’ (tang—{) =tan™' (tan(n—ED = tan™" (—tan E—] = tan”! [tan (—E)] =z
3 : 3 3 : 3 3

iv. €os [cos" {—{-?-J + 1;-] = cos: [5% + %) =cos(m)=—
Evaluate the following:

i. sin”'(sin 10) ii. sin™'(sin S) iii. cos™'(cos 10) iv. tan~'(tan (—6))

Soli. Here, 6= 10 rad does not lie between-% and % ;

But,37—-6, ie.,3n- IOIiesbetween—%—andf-.

2
Also, sm (Br-10)=sin 10
- sin”'(sin 10)=sin"'(sin 37~ 10))=37 - 10)

ii. Here, =5 rad. Clearly, it does not lie between - —;—t- and % But both 27~ 5 and 5 — 27 lie between

= % and = Therefore,

sin(5-2n)=sin(—(2r -5))=-=sin(2A-5)=—(-sin5)=sin 5
= sin”'(sin 5)=sin"! sin (5 -2n))=5-2n

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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. We know that cos ' (cos 9) 0 if0co<n
Here, 8=10rad.
Clearly, it does not lie between 0 and 7.
However, (47— 10) lies between 0 and 7 such that cos (47— 10)=cos 10
= cos '(cos 10)=cos '(cos (47— 10))=4x— 10
iv. we know that tan'(tan 6) = 6, if — m/2 < 0 < 7/2.
Here, 8= — 6 rad does not lie between — 772 and 7/2. We find that 27— 6 lies between
— /2 and 7/2 such that .
tan 27— 6)=—tan 6 =tan (- 6)
tan™ (tan (~6)) = tan™' (tan 27— 6)) =276

Evaluate the following:

i. sin (éos‘l 3) ii. cos(tan“é) iii. sin| = —sip”! (1)
5 4 2 2
Sol. '

i. Letcos™ 3/5=6.
Then, cos 8=3/5 = sin'@=4/5
+. sin(cos™ 3/5) = sin 6=4/5

ii. Lettan ' 3/4=8,

Example 4.4

Then, tan 6=3/4 = ¢os 0=4/5 ‘ “rascos’ 6 = —l-zm
: 1 +tan“ @

<. cos (tan™'(3/4)) = cos 8=4/5

o (J’C . ,_1( ID_ . [n ( T:D_ . 2n 3
i S| — =sin ot = 5l | —ey| =~ = S5l =
2 2 2 6 3 2

Ifcos™' A+ cos™ g+ cos™ y= 3, then find the value of A+ py+ yA.

Example 4.5
Sol. .
We know that 0 £ cos™' x < 7.
Hence, from the question
cos”' A=m cos ' p=m, cosly =nx
[ cos™'A+cos™ ' u+cosly =37is possible only when each term attains its maximum.]
= A= j=y=-1 = Apu+uy+yA=3

. . e 1 '
If cos(2 sin”~' x) = 3’ then find the values of x.

Sol. Letsin™ x= 0

v C0s20= —
= 1-2sin’0=9 = I—2:nc2=l = .".'2=i = x=¢g
9 ‘ 9 3
e 5 11 .t B
Example 4.7 Find the value of sin —-z-cot =gp
Sol. . i /
Letcot™ ' (-3/4)=0 = cotf=-3/4 = 0Oe (W2,

= cos6=-3/5(0e (W2,m) = 1-2sin’(82)=-3/5

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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sin® 8/2 = 4/5 orsin 812=2//5

Example 4.8 Find the number of solutions of the equation cos(cos “Ix)= cosec(cosec™x).
Sol.

I
e

v
.

cos(cos 'x)=xforxe [-1, 1)

cosec(cosec™ x) =x forx € (~oo,—1]WU[1, e0)

= cos(cos "'x) = coesec(cosec"x) forx =z 1 only.
Hence, there are two roots only.

Example 4.9 Find the range of flx) = |3tan"x ~cos™'(0)| - cos™ (-1 ) 7

I
e
h

Sol.

fx) = |3tan“'x cos“(l))l cos”'(-1) = |3tan"x (m'2)| -
Now —— < tan™' x < E
2 2
3n -1 n
= -—2— <3tan” x<—

. &
= 2r <3tan 'x——2-<n:

3tan”’ x—%’<27r

-

0%

o r
3 tan 1x-—;l-:r<:r

5

6. Find the value of tan [% cos

Concept Application Exercise 4.1

. Find the principal of

i. cosec™'(-1) ii. cot™ [-——};]

. Find the principal value of

i. sin (sin 3) ii. sin" (sin 100) iiii. cos~' (cos 20) iv. cot™! (cot 4)

. Evaluate the following:

i. sin(cot™ x) ii. sin [-;i —-sin”" (-—l?—]}

: - y ol n :
fsin” x+sin” y+sin” z= 3—2»,thenﬁndthevalue 2y,

2
If (sin™ %)%+ (sin™ y)? + (sin”" 2)? = 3’2— , then find the minimum value of x +y + z.

4{5_
3 .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4,12 Trigonometry
' Property 3
i. sin E(—.1n‘)= sin™' (x), forallxe [-1,1]
ii. cos”!(-x)=m-cos'x, - forallxe [~],1]
iii, lan“'(—x)=-—tar1"1 N forallxe R

iv. cosec”'(-x)=~cosec”' x, forallxe (—oo,—1]U[l,o0)
v. sec”i(-x)=m-sec”' x, forallx € (=eo,~ 11U [I,0)
vi. cot™l(-x)=rm—cot™ x, forallxe.R

Proof;

i. Clearly,~x€ [-1,1]forallxe [~1,]1]
Let sin™'(-x)= 8 (0

Juusuy

-x=sin 0

x=-—sin 8

x=sin(-6) ;

-@=sin"'x : [ xe(-1, 1] and -0 €[-r/2, m/2) for all O e[-m/2, n/2)]
@=—sin"' x (i)

From Egs. (i) and (ii), we get sin™'(-x) = —sin™' x

Proof:

i, Clearly, xe [-1,1]forallxe [, I]
" Letcos™'(-x)=8 . | @)

=
=
=
=
=

-x=cos 6
x=—cos 8
x=cos(n-6)

cos'x=n-80 . : [ xel-1, 1 and 78 €[0,x] for all 8 &[0, 7]]

0=m—-cos'x . ; : - (i)

From Egs. (i) and (ii), we get
cos™ (-x)=m-cos™' x
Similarly, we can prove other results.

Property 4

,..
=)
=
L
Iy

1) coscc"x forallxe(—-o.a-l]u[l o)
X

ii. cos" [l] sec™ x, forallxe(—oo—-l]u[l o)

Proof: .

,(1) Vg for x>0
tan ‘
X —m+cot”' x, . forx<0 -

i. Letcosec x=0" - ' D)
where 8€ [- /2, m2] -{0} and x € (—oo,—1] U[1, %)

1 " s
= x=cosecf = - =8inf = @ =sin

From Egs. (i) and (ii), we get sin™'(1/x) = cosec™ x.

al
X i X

(i)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road;-Ranchi-i,.
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. Letsec'x=6 | )

where 8¢ [0, #] ~ {72} andx € (—o0, = 1] U1, 00)

Now, sec™' x=6

= x=sech = l =¢os @ = 6=cos” . (i)
A X

i1
From Eqs.(i) and (ii), we get €08 : (;) =sec” x,
iii. Letcot™' x=86, where O¢ (0, ®)andx e R

= x=cotd = :a tan 6 = tan™" [l] =tan™ (tan @)
X X
- §
L) |
2 v
X’ X
r o n T
. 2 2
\ 5 ’
£ [
y|
. Graph of y = tan~'(tan x)
' Fig.4.17

From the graph,
- ( 1 ) {9, 0<8<ml2 {cot"l X, O<cot™ x<m/2 {cot"1 > x>0
an” | —|= - =

% -T+6, Jt/2<9<1t_ -1

—Jr+c0t_1x, ml2<cot ' x<m —m+cot™ x, x<0

| a2, if x>0
Example 4. 10 Prove that tan~! x + tan™! l = ’ _
' x -n/2

, if x<0
Sol. ‘
af1 cot™! X, x>0
We know that tan '(—] = 1
: X - 4+cot™ x, x<0
n - n
q i 1 tan™ x+cot™ x, x>0 |2’ x>0 2’ x>0
= tan x+tan i 4 - = % =
X ~mw+cot” x+tan” x, x<0 b, %O _E, P
2 2
. axy+1 +1 ayz+1l .y zx+l
Example 4.11 If x> y>z>0 then find the value of cot™ + cot +cot .
-y i =X
Sol. "
. + 1 o +1 o +1
cot ' 'l.y——+cot . -XZ'—Jrcot o
xX-y y -z zZ—X

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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3 ~]
o X = = -2 -] 2=X cot x for x>0 .
= i Lt e fgtan 2 | la"ﬂ[lJz :
o l4+xy i+y2 - 1+ 2x x/) |-m+cot™ x, forx<O
=tan™' x — tan™' y+ tan™" y- tan™' z+ m+tan”' z —tan” x
=7r .

Examplcd.12 Find the value of x for which sec” x +sin™ x = % :

Sol.
We know that sec™'x is defined for x € (— oo, — 1] U1, o).
But sin”'x is defined forx € [~ 1, 1]

= i T
Hence, sec ' +sin x=-§ forx=%1.

Concept Appliqathn‘Exercise 4.2

1.1f tzin" (-!-J =_g+cot™y, where y = x* = 3x + 2, then find the value of x.
y ‘ :

2. ifae (-% 0), then find the value of tan™ (cot @) — cot™ (tan @).

Property 5

i. sin™' x+cos™

x=§,foral|xe [-1,1]

o L . n
ii. “tan™" x+cot IJr=-5,forallxra}€t’

o N7
iii. sec™ x+cosec x=7 forallxe (—o0,— 1]1U[1,0)

Proof:
i. Letsin”'x=0 ' ‘ 0]
where ¢ [-n/2, m/2] '

= - £5—9$£
2 2

- 05%-95::

- -2’5-9 e [0, 7]

Now, sin"" x =8

= x=sind

= x= cos[E-BJ
2

Officé.: 606 , 6th Flobr, Hariom ToWer, Circular 'Road, Ranchi-1,
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- cos"‘x=§-9 , : [+ xe[-1,1] and (7t/2-86) €{0, 7]}
= §+ cos"x=% _ (i)

From Eqs. (i) and (ii), we get sin™' x+cos™ x = 72, Similarly, we get the other results.

Example4.13 Ifsin”! x=7/5, for some x € (=1,1), thien find the value of cos™ x.
Sol. ' '

Gl g T g T . W OR 3m
sin"'x+cosT x=— = cos" x= ——8in x=——— =
2 2 2 5 10
” ey ¥
Example4.14 SEIEL (sm ) 3 +Cos '.x) =1, then find the value of x:
Sol.
) i —ll -1 L
sinfsin" —+cos x{=1=1
5
- | o n
=> Sin~ —<4co8" x=—
5 2
e
= sinT —=—-—cos X
2
o e e
= sinT —=sin"" x
5
Example4.158 Solve sin~' x < cos™ x.
Sol.
o b i b4 il - LT
cos” x2sinT x = ~—2—?_25m-‘x. = sm'xsz

= -=1<x<sin [E] = Xx€ {—I,L]
4 V2
DAIINIENIE  Find the range ot‘f(x)=sin“l x+_t:am'1.rc-l-c'os'l X

Sol.
Clearly, the domain of the functionis[- 1, 1].

T on -
Also,tan”'xe |~—, — | forxe [~ 1, 1].

4’4 |
Now, sin™" x+cos"1x=% forxe (1,1}

Thus, f(x)= tan~" x + 1;— ,wherexe [-1,]].

) T nn n| - |x 3z
Hence, the range is | == 4=, == | = | —, — |,
4 2 4 2 4 4
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Example 4.17 Find the minimum value of (sec:".wc)z + (cosec“l Jc)z.

Sol.
Let /= (sec”' x)* + (cos«;efI 15)2
o (seg_] x + cosec” x)2 ~2sec”! x cosec™ x

2

=£—~—2‘sec_l x E—sec_] x]
4 2
n’ 10\ 1
=——+2(sec' x) —wsec X
4
2 o 2 2
= £~+2 (sec" x) —2£sec_1x+ - P
4 4 | 4 8
2 2 2
T w n
=3 gpe ™ x| = ]2
4] 8 8
Solve sin“‘ﬁﬂ-sin'l 2J1_5 =3—l—.
x hx | 22
Sol.
1 o] 2'\/5_]5
sin - — +81 =—
B3 =l 2
; 3
: -1 14 - | & 241 -
=5  sin Hok =£—~sin_l@ = cos_'z—\/i—s- = gin ! l—( ﬁ]
|x] 2 | x| | x| | x|

2 <1orfx 2 2415, we have

M=16 = x=+16 whichsatisfy|x|> 2:/15.

2

3 { 215 J
| x|
Example 4.19. B sin”! (cos(sin™' x)) and = cos™ (sin (cos‘l x)), then find tan - tan .

Sol.

B= cos™ [sin (% ~gin~" ;\,D = cos™ [cos(sin™' x)] also a = sin™ [cos(sin™' x)]

o+ B=m/2 = tan = cot B= tan & tan f=1

11 R E
1 - feos T x+cos' =

X g X

Example 4.20 Find the value of sin ™ x +sin

Sol.

o =] e 1 -]
Sin " x +sin " —+cos
X

which is possible only whenx =11

1 1
x +cos”! = is defined only whcn x, —e[- 1, 1]

B o .- 1 . a1
for which sin ’x+sm P2 4 cos™ x+cost == g
X X

Office.: 606 , 6th Floor, Harlom Tower, Circular Road, Ranchi- 1,
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g L LT T DL TR

COncept Applicatlon Exerc?ée 4, 3

K3 1 St 44 CINPYLLE, o) buniibn | sty Raretly

1. Ifsin' x+sin! y= 23—” then find the value of cos™ x + cos™ y,

. 0 (4
2. Solvecot™' x+tan”' 3= =,

; 2
3. Solve sec” 'x > coseclx.
4. Solve tan™'x > cot” 'x.

5. Solve 2 cos™ x +sin™! x = H
6
_ 3 2
6. Solve (tan™ x)” + (cot™ x)* = Si
Property 6
i. Forx>0,
; . 1 1
sin x= cos  V1-x? = tan! === = cot™" 1N sec”) = cosec (—
Vl— x2 X 1- x2 X
Refer the following diagram for the proof.
1 X
6
NEpe.
Fig. 4.18

il. Forx>0,

2 x 1l 4 1 )
cos x=sin"' V1-x* = tan™! 1-% | = cot™ = sec” '~ = cosec™
X l_x2 X 1_x2 \

Refer the following diagram for the proof.

X
Fig. 4.19

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.18 Trigonometry

iii. Forx>0,

/ ,

" 1 -
{ | = g =1 * = -1 = COot ( J
wLEm [ l+xz] - \ 1+x2J TAX

¥
= sec™! 1+ x? = cosec™ S L ]

X
\

Refer the following diagram for the proof.

Fig. 4.20

; TR " e : '
R EPIM Find tan”' ———, in terms of sin™' where x € (0, 4).

AW
Sol. L Y
g 4f asin@ ) e
tan” —==——==== =tan [putting x = a sin 6]
a® - x° ‘

acos 8
X
a

J1+x2 -1 '
bt ¥ ]=%tan"x.

= tan™ (tan 6) = 0=sin” (

RFTIDIE w2  Prove that tan”' (

x
Sol.
, 2 _ / -
tan'{ I+ x ]}=tan"'{ | +tan” 8 ]} [putting x = tan 6]
X tan @
N— (sec 8 ~ 1
| tan@
- 1 - cos 6]
sin@
: ‘Zs_in2 -g-
- tan ) )
2sin— cos —
L AR
' af 9) 8 1. .
= tan tan — |=—=-—1tan x
., 24 2 2

Office.: 606, 6th Floor, Hariom Tower, Circular Road, éanchi—l,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4,19

ST E WAl Simplify sin cot™ tan cos™ x.

Sol.
Letcos™ x=8
= x=cos8

= secO=
= tan @= \/sec 0-1= [—- -HJI- X
\‘ x
. @ 1 " |
Now, sin cot™' tan 8= sin cot™ (]—IJI - x2].
x

Again, putting x = sin 6, we get

] o |h-sinfe) ,
sin cot™ (l—-—l 1- x2) = sin cot™' [— = sin cot™ |cot 8 =sin @=x
x

| sin 6|

IPTN I RYM  Prove that cosec (tan™ (cos (cot™ (sec(sin™ a))))) = V3-a?, wherea € |0, 1).

Sol.
Here x = cosec(tan™ (cos {cot™ (sec (sin™ a)))))

/ o/
3 \ P 1 ]
= gosect tan COS| cot
{ \ [ \V1-a®

/ \
) 1
=cosec| tan | ]
\ 2= (1'2 J

= \’3_02 ' (1)
B Example 4.28 If x <0, then prove that cos™ 'x= 7 —sin™ V1 x?.
Sol. '

Letx=cos 8 = cosf=x

Sincex<0, Oe [75’2 )

Now, sin” "W1=x2 =sin' V1-cos?

= sin- (sfm 9) # 6 ' (B¢ [,—ﬂ."/ 2, ml2])

= sin”! (sin(x-0)) = -6

= c¢os 'x=m-sin"'Vl-x

- ¥ 1+x ~1
DTN RIS Prove that cos 1{11 = } =005 X, -1<x<I.
, 2

2

Sol.
Letx=cos 6, where @€ [0, n]

’ ¢ 1| {1 +cos@
:>cos"{ H.)} =COS '{ i }
. 2 2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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4.20 ' Trigonometry
2 cos2E
=cos™ B
2
s (eof)
=C08 | cos—
. 2
_g
g .
_ cos™ x
2
Eminplci’? 8 Provethat l‘Lan'l- —x—-— = lsin"l-{ ~A<x<a.
a ++a* - x* 2 a
Sol. '
Letx=asin 6, since—a<x<a
- T
=-a<asinf<a= -1<smb<|=0¢e (_E’E)
— x tan”] a sin 6
an e = .
a+\/a2——x2 a++a* —sin* @
1] siné@
= tan
1+cos@
ZSingCOSQ
g 2 2 2 ;
2c08°— |
2 -
: r  sinx
Example 4.28 = ?+ 3 ,0<x<1.

Sol.

. | -
Letx=sin 6. Since 0 <x<1=0<sin8< 1= f¢c (0, 5-)

" Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.21

. Sin_,{Jl-i-x+J1—x}=8in_,{\/1+c§se+\ll-cosB}

2

J2cos2 2 + J2sin2 2
1 2 2

2

= sin”

cmg+sinE
% 2

2n

Prove that cos™ ]—-——2—
14x*"

Example 4.29° ]=2t.an'I x",0<x<ea,

Sol.
Since 0 <x<eo; ) <x" <00
Letx"=tan 0= 6¢ (0, n/2)

-1 l—xz" & l—lanz 0
COS n = COS —2'
14 x I-tan® 8

= cos™ (cos 26)

=26
=2 tan"'x”

Concept Application Exercise 4.4

\ll+aer2 -1

ax

1. Evaluate tan"[ ], where x # 0.

o

xX+a

2. Express sin”

as a function of tan ~".

\ll-.\'z

X

3. 1f x <0, then prove that cos™'

x'= g tan™!

‘ 1 :
4. If tan(cos™ x) = sxn(cot 1_:_2_)’ then find the value of x.

Office.: 606 , 6th Floor, Hariom Tower', Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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. 1-x° 1 1
5. Evaloate sin™ e v , where — —= < x < —=.
[ N2 2 NG

6. Prove that sin| 2 tan ' Lk =J1-x%.
1+ x

Property 7

mn"[x”},if el ifay<l
I=-xy

1l

+ N '
Jr+tan_l[u], if x>0, y>0and xy>1

i. tan” x+tan™ y
Xy

al 1y ;
-7+ tan 1[135 y], if x<0,y<0and xy>1
« —x}?

tan_](xuy), if xy>-1
J N xy :

v -1, -1 s s
. tan” x—tan” y = n’+tan_l[u-], “if x>0, y<0and xy < -1
I+ xy

-n+tan“[x_y} if x<0, y>0and xy<-1
P+ xy '

Proof: ;
i. Lettan™ x=Aandtan™' y=B8, where 4, Be (=2, m2).

‘tan A +tan B XNy
l-tanAtanB 1-—xy

Now, tan (A + B) =

o x+ -

= tan 1[__}’_} =tan” 'tan(4 + B)
1-xy ]

= tan” 'tan'c;, where ote (- 71, 7)

. y
| n 4 E
)
X - X
-7 T o = % .
5 2
.3
i
y’
Graph of y = tan~(tan x)
Fig. 4.21
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Inverse Trigonometric Functions 4.23

. a+n, ~n<a<(-n/2)
i) (x'*') ) T (~mi2)Sa<(n/2)
. - oa-n, (nl)<a<r

tan™' x+tan”™ y4+7, —m<tan” x+tan”! y< €7/2)

= {tan” x+tan™ ¥y, (—n/?)Stan“' x+tan™! y&(n/2)

tan~ x+tan” y-7m, (@/2) <tan”' x+tan”’ YT

Casel .

—m<tan” x+tan~ y<(-n/2) = x<0,y<0

Also, tan™' x < (—;rr!Z)I—-tan_] ¥

= lan"x<—((1rf2)—tan"(—y)) = x<—tan(-Vy) = x<(h) = x>|
~ Casell

(i <tan x+tan y<r = xy>0

Also, tan"x>(7r/2)—tan_'y - = tan” x>tan” (lly}) = a>/y) = ay>1.
Caselll _

(~/2) € tan”" x+tan” x < (r12) = <l

This property can be proved by replacing y by - y.

Example 4.30 Find the value of tan™ %-l- tan™ %

Sol.

tl_H Wy, T
—+tan”~ = = tan
2 3

1 1 1 "
Here, = x==—=<1 = tan
2 3 @

(1/2)+(1/3) ] T
1-(1/2)x(1/3)

If two angles of a triangle are tan™'(2) and tan™'(3), then find the third angle.

Example4.31

Sol.
Given two angles are tan™ (2) and tan™ (3). Now (2) (3)> 1

: i ' n :
= tan”(2) and tan”'(3) = 7 +¢an™ 243 ) gttan "=1) = 7=Z =22 Hence, the third
1-2%3 4 4
: 3n =«
angle is 1 =—=—,
4 4
Exampled.32 TR R P S S
NAMPIC |, ve I+2 i 2 - 4 A
Sol.
- x~—1 =1 x +1 n
tan =~ e=—— + {an = —
x+2 x+2 4

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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424 Trigonometry
[ kel wdl |
-1 x+2 x+2 T
= tan =—
|- x=1\f x+1 4
e x+2/\lx+2 |
2x (x +2) n
= e = tan —
x* +44 4x “x* +1 4
2x (x +2) n 5
=y  eee———t = fan — =] = 2°+4x=4x+5
4x +5
= x=:t\/§
2

But forx = —\E ,L.H,S. is negative. Hence x = \g .

Find the value of tan™’ Gtaxi 2A) +tan™ (cotA)+tan~! (cot® A), for 0<A4 < % y !

Example4.33

Sol.

ForQ <4 <(m/4),cotA> | = (cot_A)(cotBA) >1

i 1
Then tan [Etan QAJ + tan™! (cotA4) +tan™ (cm3 A)

o tanA _i[ cotA+cot’ A
=tan — + + tan —%% 7 7
\l—-tan“ A / l-cot™ A
4 tanA ) 4 cotA ‘
=tan . + 7t + tan N
\1—tan“ A I-cot” A
o tanA f tanA
=tan —— + T+ tan —m—t | =
- \l—-tan“ A/ ' tan” A—1
: ‘ : . in 2 | tan @ n T
RIS  Simplify tan™’ i N +tan l|:—:|, where- —<a < —,
54 3cos2a 4 2 2
Sol.
sl 3sin2a | _[tan | 6tan « S tane
o | ————— [ || = ™ | —— | Sl
5 + 3cos 2o 4 8 +2tan” o ) - 4
. 3tan« tan o
| 4 +tanfa 4 . 3n’a
= tan : I e o]
- 3tan“ o 16 +4 tan” «x
16 +4 tan® «
= tan™"

12 tan @ +4 tan & +tan’ o
16+tan® o

tan” (tanat) = o

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi'—l,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.25

Examplc 4.35 Ifa,,a, ay ...,a,is an A.P. with common difference d, then prove that

tan| tan™* E +tan™! . + = +tan™! . - i ;
1+aa, 1+a,a, 1+a,_,a, 1+a,a,
We have

+f 4 of Af @
tan +tan +---+tan ———rrr
I+alaz ]+a2a3 1+an._|a"

f ay—a af a5-a afa,-a,
= tan™ | 2—L l4tan™ | 2—2 [4engpan™ | L —psiE
L +aa, 1+a,a, l+a, ,a,
= (tan™ ay —tan™" a,) + (tan™' @y —tan”" ay) + o + (tan”t g, —tan™ a,_,)

r _ | a —a al (n=0)d
={an"' g, —tan”' g, = tan ‘[-—ﬂ—‘—J = tan '[-{ﬂ—)]

I+anat I+ ala,,

. d s d 4 d _(n=Dd
= lan|tan +tan 4+ o 41an =
t+aa, L+ a,ay ) I+a,.,a, l+aa,

BT RIM Solve the equation tan™'2x + tan™ 3v = n/d.

Sol,

i1
Sol. tan”™'2x +tan”' 3x= —

1l 2x + 3x T
tan™ | —— | = =
1-6x 4
Sx
1= 6x* o " :
= 6x%+5x—1=0 : . : (i)
= (6x—=1){x+1)=0 = x=1/60r—I,butx=-1does not satisfy Eq. (i). Hence, x= 1/6.

=1

Concept Application Exercise 4.5

W T3 it 1
1. Find the value of sin ! —]-Han 1(—).
' \ 5 7

2. Find the value of tan [cos" (-:—) + tan™ (—i—]]

X alx+ »

= 4tan”! £l

y X=¥ ]
Cy

CxX—y - c wi SRl - 1
LS 70 b 2L 0L el BT etan™ =,
. aqy+x l+¢50 1+ ¢4, ¢,
5. Ifx + y+z =xyz, and x, y, 2 > 0, then find the value oftan™ x +tan”! y+tan”' z.

6. Find the value of tan™ ,/ﬂ +tan” A +tan”" Jﬂ ,where a, b, ce R*andA=a+b+c.
be g ca ab "

3. 1fx > y> 0, then find the value of tan™

.

4. Find the sum: tan™

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Property 8
sin™! (x\}l-—yz +'y\h i ) x20, y20 and % +y2 <1

n—sin” (x\fl-yz +y\/l—x2). x20,y20and x*+y* >1

i sin” x+sin” y=

Proof: .
Letsin~'x = 4 and sin"y'—= B, wherex20andy20
= A,Be [0, 2] = A+Be[0,n]

Now, sin{4 + B)y=sin A cos B+sin BcosA= ,r,}] —° + y\/l o

= sin”(sin(4 + B))=sin"" (,\-Jl-_ A )

A+ B, 0SA+BL(n/2) .
= gin~ xSl o2 g 2)= : i
- ("‘ L {zr-(A+B)_.(Jr/2)<A+BSJr ®

Now, A+ B<(w/2) = A <(n/2)~B

= sindScosB = xS fl-y! = xP+)<]

And A4+ B> % =xl+yE> ]

Hence from Eq. (i), we get

-1

sin” x+sin x* +v Sl
sin~ (r\/l—y +y\fl- ) { ot »

m=(sin” x+sin' y) %% y? > 1

sin”™! (x\/]-yz +y\/1-—1't2), x20, y20and x* +y* <1

= sin”' x+sin” y=
n-sin™ (x\/l-yz +y~Jl—x2), x20, y20and .tz-i-yz >1

Note:

For x <0 and y <0, these identities can be used with-the help of property 3, i.e., change x and v to
— X and -y which are pomrve

it. cos '\+cos 'y = cos 1(-‘)’ vl \}]‘)’ ) x20,y20

Proof:

Let cos™'x =4 and cos™'y = B, where x> 0 and y 2 0
= A,Be (0, 2] = A+Be[0,7]

Now, cos(A+B) cos A cos B—sin Bsin 4= xy—\’l—y \h-

Office.: 606 , 6th Floor, Hariom Tower, Circular Road,'Ranchi-l,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.27

= cos” (cos(A4 + B)) = cos™! ():y -1~ \/1-— )'2 )
= A+B=cos'x+cos™'y= cos™ (ry -V1-4? \f.l -y )

cos™ (,(v-i-\/l-.rz \}l—yz), x20,v20and x<y
~cos™" (xy+\}t-x2 \/I-—yz), x20,y20and x>y

1 i

iii. cos"x—cos"y=

Proof:

Let cos™'x=A and cos™'y = B, where x = 0 and y > 0

= A Be(0,n2)]

if x <y, then cos™ x 2 cos™ (. cos™ is a decreasing function)
= A2B = A-Be [0, 2]

Now, cos(4 -~ B)=cos A cos B+sinBsin A= xy— \/1— 3.:2 Vi=2?

= cos™'(cos(4 - B)) = cos™' (x\/l st y\/l -x ) _

= A-B=cos"x-cos"y=cos™ (\\/ |- y? + vl =2 )

Ifx >y, thencos™ x <cos™' y
= A<B = A-Be[-m2,0)

= cos X —cos”'y = - cos™ (x,}l —y? 1wl —.1-2)

Note:

Forx <0 and y < 0, these identities can be used with the help of property 3. i.c.. change x and y (o
~x and -y which are positive.

: : Y. ey
Example4.37 Find the value of cot™ = + sin™ T

_]3 __15___|4 ._15
Sol. cot z+sm — =8 —+Ein~ —

13 5 I3
2 e 2 !
= sin~! i — i i = i ns'n_][££+_5-.3_)_ : —fé_:i
ek 5\‘1 (]3) e b B a E TR T

= e 2y Fig
Solve sin~! x + sin”' 2x = -5-

E‘;\;:_\mpié 4.38

Sol. sin™' x+sin™' 2x= -J-;- _ (1)

sin™ 2= sin™ %- sin”x =sin™' |§/1 -x? —x ,/1 —-}] .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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= x= \/21—8 =% —3— . ('.'x=—%\[%- makes .L..H.S. of Eq. (i)n’cgalivc) '

i. 2sin”'x={ m-sin”’ (2.r\}]—x2). x>—!——.
_ V2

~m—sin™! (2.\'\/1-,\'2), .\'<—-—1-
. | J2

' ST (3x-—4x3), ;%sté
ii. 3sin”' x =1 n’—sin'l(Bx—4x3), .r>%
~mt —sin~! (3,1'-41-3). Cox< -%

-

Proof:
Letx=sin0,0¢ [-m2,7/2) = OH=sin"'x

Now, sin™ (wah —x? ) = sin".(ZSin Bcos 9)
= sin™ (sin26)
= sin” (sinex) , where e [ 7, 7]

Now, consider the graph of y = sin~'(sin@) , where @€ (-7, 7]

y
A
-
2.
X e X
I N 0 .
2 2
s
7
y
Fig. 4.22

Office.: 606 , 6th Ifloor, Hariom Tower, Circular Road, Ranchi-1,
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Inverse Trigonometric Functions 4.29

From the graph,

sin~! (2,:- \’l - x* ) = gin~! (sin a)

(~a -7, =w<a<(-n/2)
=40, (-ni2)sas(n/2)
—a+m, T (ml2)<a<nm

(2sin™! (x=7), -7 < 2sin”~' ¥ < (~7/2)
={2sin”'x, —(m/2)<2sin”' xS (w/2)
k—2sin"(x+:r). (m12)<2sin™ x<m
(—2sin™! (x= 1), (- /2) <sin~' x < (- /4)
={2sin"'x, (-m/4)<sin~' xS (n/4)
h—25in"(x.+ m), (mld)<sin™ x<(n/2)

i 1

~25in  X—=7, X< =—
J2
= {2sin” x ——l—sx<—1—
: 2N -
1 - -
—ZSil'l-l .1‘+E)__ D —
R ;)

sin"(Z,\'\/l—xz). -
V272
= Zsin".\:=4 Jr—sin"(ZA'\Jl-,\'z), x>-l—

V2
—n—sin“'(zx\/l—xz). x<—%
Property 10 .
tan"[lzxzj, if —lex<l
—X :
i. 2tan”' x=¢ ﬂ+tan'1(]2xé), it x>»1
-x
‘2 .
_n+tan‘1(l “2), if x<—1
-x
| tan”" -3x—_x—3 if -——l-<x<—l—
1=-3x% ) \5 \/5
3 ' .
i, 3tan”' x={ 7+tan”" 3% xz . if x>—L )
1-3x o8
-z +tan”! 3x-x if x<——1—
L ] =3x? 3

Office.: 606 , 6th Floor, Hariom Tower, Circulér Road, Ranchi-1,
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R. K. MALIK’S
NEWTON CLASSES
4.30 . Trigonometry
Proof: :
i InProperty 7 (i) replace y by x. iR,
From this information, we can also draw the graph of y= tan™ [1 2x2 ] as follows (Fig. 4.23).
—-—x .
Y )
x
g e
_._»--———""‘-‘/
x’ : - X
74 -7 zi =V 0 Tt n "
-3 ~ig 'y e T
2 2 2 iy
n / i
..... 5
y’
Fig. 4.23
. - 4 : -1 1 =1 1 =1 1
BEINIERVE  Find the valueofdtan™ —~tan™ — +tan™ —.
; 5 70 99
Sol. g
2
4 tan™' tan " LS +tan~' =2 tan! | —2 < | —tant! — 4+ tan™! —
70 ) i, 99
25
1.1
%t (_5_] ]
1 1 = X —
99 70
s
-1 6 -1 —29]
= tan t prm—
-] (6931
144
" (120] _1[ 1 ] '
=tan" | — |- tan~ | —
119 239
120 1
Y=t 110 23R ) s R
tan 120 I = tan (1)—4
+— X ——
119 239
Property 11
r : . '
sin"( 2”“2), if ~1<x<1
\N1+Xx
; -1 (2% ;
i, 2tan™ x=4 m—sin [ 2], if x>1
l+x%
~rc—sin"[ xz)’ if x<-1 | :
( I+x .

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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inverse Trigonometric Functions 4,31

ii. 2tan™ x =4

Proof:
i, Letx=tan8,0¢ (-2, m2) = O=tan"'x

)“—- sin”' [ : 2lan29 ] = sin~ (sin26) = sin™ (sinx) , where a € (-7, 7).
I+tan” 6

2

Now, sin"[ o
l+x

Now, consider the graph of y = sin”! (sin a)1 where ¢ € (—m, 7).

y
A

n

2 LY

X X
- _.E 0 _,1 b4
2 2

\E

2
4

Fig. 4.24
From the graph,
sin"( 2"‘2) = sin™ (sin @)
1+ x

[—a—7, —m<a<(=x/2)
=<0, (-m/2)Sa<(n/2)
|—a+n, (ml)<o<n

'—2 tan" (x—7) —zm<2tan” x<—(7/2)
={2wan x, (~/2)<2tan™ x €(n/2)

“2tan " (x+m), (w/2)<2tan”' x<7

(2tan N (x—m), (~m/2)<tan™" x < (-7/4)
2tan”! x, (-m/4)<tan” x< (w/4)

“2tan”'(x+m),  (w/d)<tan” x<(n/2)

i

=4 tan"(x—:rj, x<~1

=< 2tan”" x, -15x5)

|

—21an"(x-+-1r), xo>1

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi- 1
Ph 0651- 2562523 9835508812 8507613968
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4.32 Trigonometry

From this information, we can also draw the graph of y= sin™ ( i ] as'follows (Fig. 4.25).

2

14+ x
y
3
X
2
\H--..____'_‘___
X / - X
4_-___:3-_2 -1 0 4 2 3 4
\\
K
2
yl

Fig. 4.25

ii. Letx=tan 8,0e (-2, @2) = O=tan 'x

2 : _ . o :
Now, cos™ (; "2] = cos™' [: tanz g] = cos™' (c0s 20) = cos™ (cos @), where a€ (—m, 7).
+X 1+ tan -

Now, consider the graph of y = cos™ (cosa), where o€ (- 7, 7).

N
T A
i
2
x’_n Tz " = X
2 v’ 2
Fig. 4.26
From the graph, -
. 1—x?
-] ’ i
cos = cos~ (cosa
[l +x2] ( )

[~a, ~m<a<0
x, 0<a<n

X, 0<2tan x<nm

. -2tan"' x, —w<2tan”' x<0
2tan”

[-2tan 5, (-7/2)<tan™ x <0
2tan”" x, 0<tan™ x<{(mi2)

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.33

N tan™" x, x<0
2tan”" x, xz20

2

From this information, we can also draw the graph of y= cos™ (: - xz ] as follows (Fig. 4.27).
t+x
y
n \.
R e b
\\\\ 2 //
2
" 3n ol o x i 3n X
5 2 e l
Fig. 4.27
- ; . wl 2x . .
Example 4.40 =tan , then find the values of x.
1-x

Sol.

2x

5o ;

and y = sin I T, we get—lI<x<|.
" +x i

By referring to the graphs of y = sin™ v 4
+ X

J + 2%~ (_%J is independent of v, find the values of x.

Sol.

. 4
Example4.42 ERIEEH = =— +2tan™ 3x, then find the values of x.

1+ 9x? 2
Sol.
6 n o
cos™ . 7 e +2tan”" 3x
14+9x
— £ —sin”' P = - i) +2tan” 3x

1 +9x?

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
© Ph.: 0651-2562523, 9835508812, 8507613968
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4.34 Trigonometry )
sin™' o2 ==7 -2 tan”' 3x
1 +9x
ol A X3x o
sin 3 =m—2tan” 3x
I+ (3x)
It is true when 3x> 1 = > %

Examp]é EWRI 1f (x— 1) (27 + 1)> 0, then find the value of sin [l tan™! 2x - —tan~! xJ_
B 2 I -x

Sol
G-DEE+NDN>0 = x>1

. 1 2'. ' ] "
. sin|— tan™ ‘ ~tan~! x | =sin| = (-Ir + 2tan”™! .r) - tan~) x | =sin (—1] =~
2 1-? 2 E
1 [ } i
Solve cos™ [512 +V1=-x? I'TJ = cos™! i‘-—cos"x.
; : 2

. 3 . A2 )
COS_I[—%x2+JI—x2 1,1—%} =Cos_'[%.&'+'\/1-x2 J]-(%J ] .

2

1P ] Y .
For ¢os I(Exz 41— x? j—%]:cos"%—cos" X

i‘l.}.‘a mpled.44 -

Sol.

L.H.S.>0,hence RH.S.>0 = cos™ -';-—cos" x>0

Since cos™ ' is a decreasing function, we get

’%Sx = ;;-.20 =x20 = xe[0,1]

._ ' e e : n
Example4.45.. BRIBY= (0, E),thcn show that

” .
cos™ (5(1 +C0S2x) + \1 (sin? x —48cos” x)sin x) =x-cos™ (7 cos x).

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
" Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.35

Sol.

y=cos™ (% (1+cos 2x) -h/(sin2 x—48cos’ x) sin x]

= cos™ ((? cos £)(c0s x) + V1 —49cos? xv1 - cos® .r)

= cos™ (cos x)—cos ! (7cos x) [+ cosx <7 cosx]
=x—cos™" (7 cos x}

27 —cos™ (2.):2 -l), if -1€x<0
Prove that 2 cos™' x=

Example 4.46 ‘
cos™ (2.1:2 -1), ifo<x<l1
Sol.

Letcos™ 'x= @ where € {0, nt] = cosf=x

Now, cos™ (2x*= 1) = cos™(2cos*8— 1) = cos ™' (cos 26) = cos™(cos @), where o€ [0, 27)
Refer the graph of y = cos™ (cos ), aue [0, 27):

y
f
T
R
2
* 0 14 n e
y.l'
_ Fig. 4.28
From the graph,
o if 0fa<n
=1 y~d8 J
cos  (2x‘=1)=
( ) {er—a. ifrsa<2n -

2c08'x, if0<2cos™'x<nm

2w —cos” A if r<2cos ' x<2n

2m—cos ' x, if (ml2)<cos ' x<n

2c0s”! x, if 0<x<1

{ 2¢0s”! if 0<cos™ x<(n/2)

2—cos™' x, if-1<x<0

2w —cos” (2x2 —.l). if —1€x<0
= 2cos ' x=-
cos"(2x2-l). if0<x<1

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Tngonometry

EXERCISES

Su bjective Type~ N |  Solutions on page 454

1. Solve 2 cos™' x = sin™ (2,1' \/l -—.1'2).

10.
11.
12,
13.

14.
1S,

. [k
Find the domain for f(x) = sin"[ -;x ]
x

Find the range of f(x) = cot™" (2x - x%).

Find the sum cot™ 2 + cot™ 8 + cot™ 18 + - oo,

Find the sum cosec™ V10 + cosec™ /50 +cosec™ 170 + - + cosec™ \/{"2 +]) (nz +2n +2) .
Find the number of positi\}e integral solutions of the equation

i =sin --3—
\/1—}'2 V10

i
If tan™ y=4 tan™ x (l x| <tan E] , find y as an algebraic function of x, and hence, prove that tan /8

tan~! x + cos™

is a root of the equation x* — 6x* + 1 =0,
If x,, x5, ¥y 2nd x, are the roots of the equation x* — x* sin 28+ x? cos 28— x cos B~ sin f=0,
prove that tan™ x; + tan™ x, + tan™ xy + tan”™ x, = nw+ (n/2) — B, where n is an integer.

(s;in_l 2)? +(cos™! x)? =7

Solve for real values of x: oot S5
(tan™ x+cot™ x)

Find the set of values of parameter a so that the equation (sin™' x)* + (cos™ x)* = az has a solution.
-1 q4=r - r=p

-1 L2 L ian L +1an '
1+ pg I+ gr L +rp

If p> g> 0 and pr < - 1< gr, then find the value of tan

Solve the equation /| sin™ {cosx{|+ |cos™ |sinx|| =sin™ [cosx|— cos™ |sinx|.

-1 X -1 -1
T =tan " (-7).

-f &¥1
Solve the equation tan ' 5 1+lan

Solve the equation sin™ 6x +sin™' 643 x =-n/2.

[f0<a, <a, < <a,,then prove that

afax—y 1l ay—a | ay—a ‘ " fa -a, - X
tan '[ - ]-Han I[L-]Han ’(—3—-—2] i (an '("—“Jﬂan '(—)mtan =
, x+ay 1+a,a, 1+ aya, l+a,a,_ da,, y

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4,37

Objective Type Solutions on page 4.5 9

Each question has four choices a, b, ¢ and d, out of which only one is correct.
1. The principal value of sin”'(sin 10) is

10.

a 10 h 10-3x e 3n-10 d. none of these

cos™! (cos[i{]) is given by
4
: s h = & = d none of these.
4 4 4 :

. The value of sin™' (sin 12) + cos™ (cos 12) is equal 10

a, zero h 24-2rx c.4r-24 d. none of these

22 - 5 < Sn g :
. The value of the expression sin™’ (sin Tn] +cos”™! (cos TK] + tan™ (tan —7—) +sin™" (cos 2) is

a ”—K—Z h -2 _ ¢, —”-2 d. none of these
42 21

The value of sin™ {(cos (cos"' (cos x) + sin™ (sin x))), where x € [% :r), is equal to
5= h-n (4 d ..
2 ' 2
cos™ (cos (2 cot™ (\/_ — 1)) is equal to

a Ji—l b S c 3—” d none of these
4 4
The value of sin™ [col[sin" J# +cos™ £+§ o J_J]
a0 h g ¢ % d none of these

The value of cos™ \E - cos™! V6 +1 is equal to

23
n : n 4 ' n
— h — ¢ — 4 —
"3 4 - 2 6
The value of cos (—1— cos™ 1] is
2 8 .
3 3 1 i
= - L2 d =
* 4 “16 4
Iftan (x +y) =33 and x =tan™' 3, then y will be
. i
a 03 b tan™'(1.3) & ta'n"l(O.B) ; d tan '(l—gj

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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11. The value of tan —]—cos‘l _J_§ is
: 2 3
a 3+2J§ C h3+45 . & —;—(3—\5) d none of these
12. tan"'[ gosfx ]is equal to
I+sinx
T oXx n 3n R X nn
——— —— — ; h —==,fi - =
a z,forx_e(z 2] ' g ere(z 2)
. E—f,forxe (ES_H) d E—i,forxe (—3—’1”,-—-7—:-)
4 2 X272 4 2 2 2
13. Iff(.\'*)=x” +x°=x"+x°+1and f(sin™' (sin 8)) = &, s a constant, then f(tan™" (tan 8)) is equal to
a o : ha-2 C O : d2-o
Vi M
14, The maximum value of f{x) = tan™’ (—:{-1_—2——%2— s
, X +2x°+3
. 25 d 15°

a I8 - h 36°.

15. The valuc of sin™ {x\/l = x —xVi=x? ] is equal to

asin'x+sin” J¥  hsin” x-sin”! Vx  csint Jx =sin'x  d none of these

16. lan"](—{)mtan'l[x-y] IS .
A x+y N

a.E -h.f L d.—JEcar-?’—:"I
2 : > 3 4 4 4
17. If tan™ a+x+mn_1 < =£, then x* =
a | . a 6 :
a 23a h V3a ¢ 243 d none of these
18, Ifcot” L> = ,ne N, thenthe maximum valuc of n is
s
a6 h7 (T d none of these
19. sec’(tan™ 2) + cosec’(cot™ 3) is equal to ‘
a s - b3 c. 15 d6
20, 1fa=tan (22| and B ot (22K , then the value of 4 — B is
2K - x K3
a. 0° . . b. 45° c. 60° , d. 30°
. b+ . 5
21. The value of sec| tan™ Lt S
b—-a b

a2 h V2 ¢4 d 1

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Inverse Trigonometric Functions 4.39

22, Ifasin™ x~bcos™ x=¢, then asin™' x + b cos™ x is equal to

wab +clb-a wab + c{a =b
a0 h ( ) e L d ( )
. a+b 2 a+b
. ” .I l+-x2 1 b4 -
23. The number of solution of the equation cos™ 3 —Co8” X = r +sin” x is given by
o

a 0 hi c.2 d3
24. The sum of the solutions of the equation 2 sin™ \/.\ +x+1 +cos” \/.x +x =— ls

al b -1 : ¢l ' d 2

: ; : o = T,
25. The number of solutions of the equation tan™' (1 +x) + tan™'(1 —=x) = — is

a2 h3 &1 do
26. The number of solution of the equation sin™ x + sin™ (I - x) = cc;o:r,'I X is
a l " hoO &2 d none of these
RN PN . |
27. If tan™ ——=~1an"" x, then x is equal to
I+x 2
a | h V3 [ \ B d none of these
| N ,
28. For the equation cos™ x + cos™ 2x + 7= 0, the number of real solution is
a | h2 c.0 : d e
29. The value of ‘a’, for which eax? +sin™ (x* = 2x + 2) + cos™ (x® = 2x + 2) =0 has a real solution is
a i h - &, & 2- ' it~ -2—
2 2 n . n
30. The number of real solutions of the equation tan™' \x* ~3x + 2 +cos™ Jdx - 2? =3 =ris
a one h two €. Zero .d infinite
31. If3tan” —\c —tan™ 3 = tan™! l,thenxis equal to
2+ \E X 3 ‘
a l b 2 c.3 d V2
-1 | T 2r .
32, ean" x+2cot” x= 5 then x is equal to
3-1
a, 93 b3 : ¢ V3 . d V2
V3 +1 |
2y 4 5 1 —xz 2 ‘ < 2x " E .
33. 1f3sin”! P a8 [+ x° s 1—x2 | 3, wherex| <, thenxisequal to
1 1 ' - 3 3
V3 3 4 2
34. Ifsin™ [EJ +sin”! («1-% .. , then x is equal to
X X 2 '
13
a A h = ¢ 13 d —
13 3 7

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.40

38,

3.
37,
38.
39.
40,

41.

42.

43.

44.

~45.

46.

Trigonometry

2

If sin”™! (x = 1) + cos™ (x = 3) + tan™ [
2-x

J = cds'.]. k + m, then the value of £ is

1 I '
a 1 b - C. —= . d none of these
: 2 V2

o "
If cot™ x+cot™ y+cot™ z= E,x. y,z>0andxy < |, thenx +y + z is also equal to

11 1

A —F—t- b x};z . xy+yz+zx d none of these
X ¥y 2
If cos™ x + cos™ y + cos™ £ =, then
a.x2+y2+'2+xy"‘0 b2+ +22 4 2x2=0
e x4y 42 dxpr=1 d. 2 +y? + 2+ 2xpz =
n
If tan™ x + tan™ y+ tan™ z= g then
axtytz—xyz=0 hx+y+z+xyz=0 C.xytyztex+]=0 dxy+yz+zx—-1=0
¥ a » In .
If cos™ fp +cos™ J1=p+cos™ \fl -g ==, then the value of g is
4
] : 1 1
a l h ¢ - d -
o\ 3 >
If'sin™' @+ sin™' b+ sin”' ¢= 7, then the value of aJ(l -a%) +bJ(l By +c\/(l ~c*) will be
' I I
a 2abc h abc & Eabc , d Eabc
Ifsin™! x+sin™ y+sin” 2= m then x® + '+ 2* + 4xy22? = K (% 2 + P22 + A%), where K is equal to
a | b2 c.4 d none of these
If cos™" x —cos™ —%'- = o , then 4x* = dxy cos o + y* Is equal to
a. 4 h 2sin’ o c. —4sin’ o d 4sin’a
X
The value of x which satisfies equation 2 tan™ 2x = sin™’ B is valid in the interval
+4x

a [l, oo] h (—oo, --'-] e =111 d [—l,i] :
2 2 2'2

Ifxe [—1,0), thencos™ (2x>— 1) =2 sin™' x is equal to
a - . bz ¢ §£ d -2rn
2 . 2
1£2 sin™ x = sin™! (2x¥1=27) , then
¥ | “1 l .
a[=-11] [-———, T] < {-—, —] d none of these
V2 V2 2
-1 l+x ) g 1= .12 ' : ‘
Ifx,=2tan™ | — |,x; =sin , where x € (0, 1), then x; + x, is equal to
I=x 1457 _
a0  h2n e d none of these

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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47

48.

49,

50.

51.

52.

33.

54.

35,

56. .

- A

Inverse Trigonometric Functions 4.41

The value of sin(2 sin™' (0.8)) is equal to

a sin 1.2° h sin 1.6° c. 048 - d 096
The value of tan (sin™ (cos (sin™' x)))tan (cos™ (sin (cos™ x))), where x € (0, 1), is equal to
al hl c. ~l d none of these
el & . 2 e _
If sin™ ( a2 ]+sm ! ( )2)= 21an”! x, then x is equal to [a, b € (0, 1)]
' l+a 1+b
N a-b h b " b 4 +b
1+ab l1+ab l—ab 1—ab
If x takes negative permissible value, then sin™! x is equal to
a cos” v1—x? h —cos™ vI - x? ¢ cos” Wt -1 d m—cos™ V1-a?
Ifx* +y* +z2=r? thentan™ ("—yJ+ tan™ [E] +tan™ [ﬁ] is equal to
zr Xt yr n
n _
anr h T ¢. 0 d none of these
if £ (x)=sin™ (%x—% 1374 ], —% <x £ 1, then f(x) is equal to
1
a sin” (E]—sin" (x) hsinx - % c. sin”' x + % d none of these

2 2
- o [ 1= .
If x € (0, 1), then the value of lan_](l l ]-i-cos ' [ xz] is equal to
2x 1+x

T h zero o= dr
2 2 ;
The trigonometric equation sin™ x =2 sin™' a has a solution for
a. all real values h |a| < L] ' ¢ |a|s - d.' s <|al< o
2 T2 2 V2

If2 tan™" x = 7 + tan™' (1 2"-2 ] , then
—x

a x> | . hx<l IR d-1<x<l|

0 [Jr=r1)
T 5in™ | e | is equal to
r=l r(r+1)
a tan™! (\/r_e)-% htan"(JnH)—% e tan™! (\/n) d tan”! (Vn+1)

n r=l
z tan™ (WJ is equal to
+

r=|

a tan”'(2") b tan™'(2") - % c. tan”'(2™") d tan”'(2") - -}

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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58,

59.

60.

61.

62.

63

64.

65.

66.

67.

n |
2 tan”’

m=1

2
n +n

[ 2m
m* +m’ +

MALIK'S

) is equal to

2

2
n

] h lan“'[z—
n“-n+2

- B turf' . T
n"+n+2

-n

The value of £ tan™ [ = } is equal to
r=0 1+ r+r
n 3n
8 — bh —
2 4

)c.

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

lan"[

T
c..p—
4

ﬂz +n

Ifsin” x = 0+ Band sin™' y= 60— f3, then | +xyis equal to

h sin? 8+ cos’ B

a sin” 6-+sin’

¢. cos® 0+ cos® 0

— »n u),
If u=cot™ ,/tan o —tan”' Jtan o, then tan (Z - E) is equal to

a \ftan o

T 1 . | a
oftan| —+—cos  —
4 2 b

2a

b.

a

b \/cot &

¢ tan o

b4 1 qai.
+ tan| —=—cos  — | is equal to
4 2 b .

2b
i
a

cot

‘@ X

The value of tan (

a 20

Ifxe [_%, %), then the vglue of tan”! [ta—:ij +tan”! (

a x2

' _,|:sfl—sinx+\/l+sinx

-./l—sinx—\/l+sinx

| h2m-x

xcosB

—_]—cot"( ,
l—xsin@

h @

b 2x

acos@+b

. The value 2tan™ ,’3_btanﬂ is equal to
a+b 2

_l[acoseﬂ)) _l(a-t-bcosﬂ
a cos | ——————or h cos | ———
a+bcos@

cos@

x—sinf

) c cqs‘l (
L 7).
] [where xE[O, —Z-D is equal to

C.

>R

acosf

C.

M| =

)

¢ 072

3sin2x
S5+3cos2x
& 3%

If cot™ (,/cosa) - tan™} (,‘ /cosa) = x, then sin x is

2 O
a tan®™ —
; 2

h cot”™ —-

¢ tan g

2
ot 2

a+bcos€l

J |

]_

d none of these

d none of these

© d cos’ 8+ sin* B

& cot &

- k-

d cos™ (—b oLl J
acos@+b

d independent of O

"

d cot w4
2
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1
68. .tan (E +—cos™! .x) +tan (E—lcos“1 .1') ,x#0, is equal to
4 2 4 2 ‘ :
2 f
a x b 2x ¢ - d none of these
. X
69. The least and the greatest values of (sin™' x)* + (cos™ x)* are
ok ol o
a —”.F— h i,f— 3 ﬁ—,l d none of these
B2 8§ 8 32 8
70. Range of f{x) =sin”' x +tan™" x +sec” x is
a [-’-r-. o &|Z, L g4, & " d none of these
4.4 4 4 4 4
71. Range of tan™ ( 2"-,) is
I+ x° :
I & (_z,z) " _35_1] & zz,z]
4 4] - 2 2 L2 4 4 2
72. If [cot™ x] + [cos™ x] = 0, where [-] denotes the greatest integer function, lhcn the complete set of
values of x is \
~afeosl, ] b (cos I,cos 1) ¢ (cobilY | d none of these
73. sin”'(sin 5)> x? ~ 4x holds if '
ax=2-/9-2n . hx=2+,f9727r
¢ x>2+ 9-2nx _ d xe(2-y9-2m 2+9-2m)
3 3
74.- The value of E_COSOC:! —tan” — [3 [an = —é is equal to
2 2 [J' 2 2 o
a (a-pB) (o +BhH h (a+p)(?- ) c. (a+ P+ ) d none of these
75. The value of Iliim cos (tan”" (sin(tan™ x))) is equal to
A]|=peo .
- | 1
a -1 h 2 . i o il e
- V2 V2
76. sin'(3x =2 ~-x?) +cos”'(x* —4x +3) = -’i— can have a solution forx €
a [1,2] b [3+2J§, 2+J2-J L [3;2@,2-&} d none of these
i P 2 Jeinx 2(a+2)2A“ * +8a < 0 for at least one real x, then
q 1
a %Sa<2 ha<2 c.ae R-{2} d.ae[ s)u(z o)
78. The number of integral values of k for which the equation sin™ x + tan™ x = 2k + 1 has a solution is
al b2 ¢ 3 d4
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79: 1ftan”'(sin® 8—2 sin O+ 3) + cot™ (55“2” + ]) = %, then the value of cos? 6 sin Bis equal to

a.0 " bl ' ¢l _ d none of these
80. Complete solution set of [cot™ x] + 2 [tan™' x] = 0, 'where [-] denotes the greatest integer function, is
equal to ’

a. (0,cot 1) b. (O,tan1) ~ c (tan 1,00) . d (cot1,tan 1)

tan ' x tan'2x tan”' 3x
= = %
81. Let tan~ 3x tan  x tan !2x

ot » _ = 0, then the number of values of x satisfying the equation is
an” 2x tan” 3x tan” Xx

a.l | b2 ¢.3 44

. 2x° =1
82. Which of the following is the solution set of the equation 2cos™x = cot’ | — 7= |?
. 1 ¢ 1tollowing 1s the solution set o € €quation 2Cos "X = €O [zx\m]

a (0,1) h (~1,1)-{0} c. (-1,0) d [-1,1]
83. The values of x satisfying the equation sin(tan™ x) = cos (cot™ (x + 1)) is
1 - A 4 :
a. 5 ' - h 5 o2 -1 d no finite value

: 2
84. There exists a positive real number x satisfying cos (tan™'x) = x. Then the value of cos™ [%] is
n T 2r an

a.‘l—o h.? c.? : d.—s—

85. The range of values of p for which the equation sin cos™ (cos(tan"'x)) = p has a solution is

1 1 : 1 ‘
a. [—72—7—5) h [0,]) ‘ ¢ (31) d 1,1

86. Sum of roots of the equation sin™ x — cos™ x =sin™ (3x —2) is

a 32 hl ' ¢ 172 d2
| | . | = x?
87. The solution set of the equation gin™ /1 — x> +cos™! x =cot™ —~gin~! x is
X

a [-I, l] {0} h (0,11U {~1} ¢ [-1,00U {1} d [-1,1]
88. The number of real solutions of the equation /1 + cos 2x = ﬁ sin”! (sinx), -wr<x < &, is

a 0 ' b1 ¢ 2 d infinite

2 ‘

89. The equation 3 cos™x — mx - Cn 0 has

a. one negative solution _ " h one positive solution

¢, no solution N d more than one solution

Office.: 606, 6th Floor Harlom Tower, Circular Road, Ranchi- 1,
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" 9 1 1 '
a4 X€E -Eﬁ] hxe [—ﬁ‘—[—g] c.xe(Osﬁ) d none of these .

n 14 x* 4yt
91. Ifsin™' x +sin™ y= PY the.n . xgyz 8 y2 is equal to
a1 h2 & -;» d none of these
92. The value of sin”(x*=4x + 6) + cos™'(x*—4x +6) forallx € Ris
i % hrw c.0 d none of these

93. The product of all values of x satisfying the equation

z i —
sin~! cos 2x2 il Lk = cot| cot™! 2 18| +£ is
" x° 4+ 5x+ 3 9 2

LR h-9 e =3 d -]

94. The value of 2 tan™' (cosec tan™ x — tan cot*'x) is equal to
1
a cot™! x h cot™ ¢ tan™ x d none of these

Multiple Correct Answers Type Solutions on page 4.80

Each question has four choicesa, b, c and d, out of which one or more answers are correct. |
1. If o, B(e< B) are the roots of the equation 6x* + 1 1x + 3 =0, then which of the following are real?

a cos” « h sin™' B c. cosec”’ @ d Bothcot™ aandcot™
2. 2tan” '(— 2) is equal to
a — cos™ 13- h—-m+ cos“-?: c.-£ +tan"[-2) d~n+ cot“'(-éj
5 5 2 4 4
3. If o, Band yare the roots of tan™'(x — 1) + tan™" x + tan™'(x + 1) =tan™' 3x, then
a g+f+y=0 h af+By+ya=-1/4
¢. apy=1 d 10 Bluy =]
4. Iff(x)=sin"'x + sec”'x is defined, then which of the following value/values is/are in its range?
a —2 h 72 e d 3n2
N N
e o] il 1 oy
5. If (sin™ x +sin™ w) (sin™ y+sin” z) = 72, then D= n, (N, N3, N3, Nye N)
. Z wt d
a. has amaximum value of 2 " h hasaminimum value of 0
¢. 16 different D are possible d hasaminimum valuc of -2

6. Indicate the relation which can hold in their respective domain for infinite values of x.
a. tan |tan™! x| = |x] b cot [cot™ x| = x| ¢, tan™ |tan x| = x| d& sin [sin™ x]= x|
7. If ais a real number for which f(x) = log, cos™' x is defined, then a possible value of [a] (where [ - ] _
denotes the greatest integer function) is
a0 bl c -1 d~-2
Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
"Ph.: 0651-2562523, 9835508812, 8507613968
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8. Which of the following is a rational number?
a. sin [tan_l 3+ tan™ —1-} h cos [f':_ —sin™! 9_]
3 2 4
c. log, {sm (E sin~’ \/_D ' d tan [% cos™ -{ij

9, Ifz=sec” [x e 1] + sec”! [ v+ -1-] , where xy < 0, then the possible values of z is (are)
;i X ¥

10 10 - 10 20
10. If £ (x) = (sin™" x)* + (cos™ 'x)% then. '
?1'2 ; 571.2
a. / (x) has the least value of 3 b. f (x) has the greatest value of 5
y n? 5m2 ;
¢. /' (x) has the least value of e d /' (x) has the greatest value of %

- O :
11. Ifsin' x+sin™ y= = and sin 2x = cos 2y, then

2
22 6 Y=\ 12 \Jz 64 Y77 Tes 8

12, If cot"[" m 6] > 2 e N, then n can be
n 6
a3 h 2 c.4 d 8
13, IS, =cot™ (3) +cot* (7) +cot ! (13) + cot™ (21) + - mterms, then
* 5 . n , -1 4 -l
a S,= tan” = hS,=— ¢ Sg= sin™ — - d Sy = cot™ 1.1
10 6 ) 4 . 6~ St 5 20

14. The value of 4 (k> 0) such that the length of the longest interval in which the function.

f(x)=sin™" |sin kx| + cos™' (cos kx) is constant is /4 is/are

a 8 h 4 - c. 12 d 16
15. Equation 1 +x* + 2x sin (cos™ y) = 0 is satisfied by

a. exactly one value of x h exactly two values of x

c. exactly one value of y - d exactly two values of y

281.‘0&-11 1 %aw‘l \ "
. To the equation 2 —-(a +5J2 " " =&’ =0 has only one real root, then

a l<a<3 b.a>1 c.as-3 ‘ daz3

<

2 3
17. Ifsin™ [a —%+%+ } +cos (1 + b+ +.)= %,then

. e 283 b i, S0 o g D e 2
3a 2a 2-3b 3-2b

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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18. If2tan”" x +sin™ is independent of x, then

2x
) a?
ax>1 hx<-1 c. 0<x<]| ) d-1<x<0

¢ 1
19. cos™ x + cos™ (% + 51’3 - 3x2J is equal to
n | T 1
a — forxe | —,1 h — forxe |0, —
3 2 3 2

] 1
e. 2cos” x—cos™! = for xe | -, 1 d 2cos™ x—cos™ ) forxe |0, L
2 2 2 . 2

20. Which of the following quantities is/are positive?
a cos(tan”' (tan4))  h sin(cot™ (cot 4)) ¢ tan(cos™ (cos 5))  d cot(sin™' (sin4))

21. Ifcos'x + cos"y+ cos™'z = &, then
24y + 24 2z = h 2(sin"'x + sin~'y + sin”'z) = cos™'x + cos™!y + cos7'z

1 | 1
. xytyztax=x+y+z-| d x+:\-_ t, )’+; # z+-z- 26

22. Which one of the following quantities is/are positive?
a. cos (tan”' (tan 4)) h sin (cot™' (cot4)) c. tan (cos™ (cos $)) d cot (sin”' (sin 4))

: i lar
23. Which of the following is/are the value of cos [ECOS ’(CO{—TD]?

(-5 0 5 )
a €oS|{ T3 h sin 10 €. coS| 7% d —cos 5
Reasoning Type ' | ” | 7 Solutions on page 4.87"

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
STATEMENT 1 and STATEMENT 2. :
a. Both the statements are TRUE, and STATEMENT 2 js the correct explanation of STATEMENT |
b Both the statements are TRUE but STATEMENT 2 is NOT the correct explanatlon of STATEMENT |
¢. STATEMENT | is TRUE and STATEMENT 2 is FALSE
d STATEMENT | is FALSE and STATEMENT 2 is TRUE

1. Statement 1: Number ofroots of the equation cot™'x + cos™ 2x + =0 is zero.
Statement 2: Range of cot™'x and cos "x is (0, ) and [0, n1), respectively. |
2. Statement 1: Range of /'(x) =tan"'x + sin"'x + cos™'x is (0, 7).

Statement 2: £ (x) = tan"'x + sin”'x + cos”'x = % +tan”'x, forx e [-1, 1].

3. Statement I: cosec™ (-;— -+ LJ >sec”! [% + —l—-)

V2 2

Statement 2: cosec™ x <se¢” xif 1 €x < \/5 :

4. Statement 1: sin™" (—\/‘7) >tan™ (71_;)

Statement 2: sin™ x> tan™ pforx>y, V x,ye (0, 1).

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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5, Statement I: Principal value of cos™ (cos30) is 30 - 9.
Statement 2:30-9 7 € [0, z].

6. Let/(x)=sin ( Lo ’ ]
1 "
é 2
Statement 1: /(2)=~ T

2

Statement 2: sin”™'
1+ x

J =g-2tan”' x, Vx> |

7. Statement 1: Domain of tan™"x and cot 'x is R,
Statement 2: /' (x) = tan x and g(x) = cot x are unbounded functions,

8. Statement1: tan™' (2] + tan”! (-L) = I
4 7 4

Statement 2: Forx>0,y> 0, tan”™" (ﬁj-ﬂan" (y -—x] s’
.

y+x 4
9. Statement 1: Principal value of sin™'(sin 3) can be 3 if we restrict the domain of /(x) = sinx to {772, 37/2].
Statement 2: The restriction that the principal values of sin™'(sin x) is [-/2, —n/2] is a matter of
convention. We could have allowed principal values [#/2, 37/2) without affecting the condition
required for definition of iniverse function,

Linked Comprehension Type | N Solunon.s on page 4.88

Based upon each paragraph, three multiple chmce questions havc to be answercd Fach quest:on has four
choices a, b, ¢ and d, out of which only one is correct.
For Problems 1-3

Forx,y,z,t€ R,sin"' x+cos”'y+sec 2272 -2 1 +31°

1. The value of x + y +z 18 equal to .
a |l h O ¢ 2 d-1

2. The principal value of cos™ '(cos 5r2) is

a 3—E : h L ; ¢ & d L
2 2 3 3
3. The value of cos™'(min {x, y,z}) is
ao b2 _ c ) g
2 3
For Problems 4 -6
ax+ b (sec(tan" x))=canday+b (sec(tan"' )=¢
4. The value of xy is
2ab , i i g% it i £ th
a C. none of these
12 = al —p? g2+b2
"5, The value of x + y is
2 ac " ¢ -b> ¢ - 4 i
i ‘ c. none of these
a® b2 a’-b* a® +b’

Offlce 606 , 6th Floor, Hariom Tower, Clrcular Road Ranchi-1,
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: X+y .
6. The value of =—2- is
= xy
2 ab 2ac ct-b?
a h c. d none of these
a® = a’-¢* a’ +b?
For Problems 7 -9
‘ P — I 2 P -y g A2 %
Constder the system of equations cos™ x + (sin™ y)* = & and (cos .1') (sm y) = 16’ pPEZ.

7. The value of p for which system has a solution is
a | h 2 c. 0 d-1
8. The valuc of x which satisfies the system of equations is
2 2 2
n LT n :
a. cos— b sm—4- & cos—2~ d none of these

9. Which of the following is not the value of y that satisfies the system of equations?

1

A -2- d none of these

a l h -1 C

For Problems 10-12

Let cos “'(4.\-3 -3x)=a+ bcos” 'x.

10. Ifxe ~%,—1),1hcnthcvalueofu+bnis

a. 2n h 3n (4 d 27
11. Ifxe —l-l- , then the principal valueofsin"[sinﬁ] is
| 292 b
4 m T n
g h — PP d =
"2 3 ¥ "% 6
1
12, Ifxe (—. l],lhen the value of lim bcos (v) is
2 y=3a
a—1/3 h-3 C % d3

Matrix-Match Type ' l Solutions on page 4.91

Each question contains statements given in two columns which have to be matched. Statements a, i), c,din
column 1 have to be matched with statements p, g, r, s in column I1. If the correct matches are a-p, a-s, li*q, b-
r, ¢-p, ¢-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

P qQ r s

®OOE
®OO®
®OOE
®OO®

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.50 Trigonometry
1.
Column| Column 1l
a. cos™'(4x? = 3x) =3cos ' x, p.[172,1]
then x can take values
b. sin”'(3x - 4x*) = 3sin"'x, q.[-172,0]
then x can take values
c. cos '(4x" = 3x) = 3sin"x, r. [0, NG 2]
then x can take values
d. sin"(’a‘x—4x3) = 3cos'x, s. [0, 1/2]
then x can take values
3.
Column | Column 11
ot
a. (sin™' x)? + (sin” y)’ = T p.l
= x° +y3 o
b. (cos™! x)? + (cos™'y)? =277 q:—2
= +ys
p
¢. (sin™ x)? (cos™'y)? = 5 [x =y r0
d. [sin” x=sin”' y|= 1 =>x¥ 5.2
3
Column Column 11
a.x€ [x, 27} = |tan”' (1an x)| can be p.|x—2n
b.x€ {7, 27} = |cot™ (cot x) | can be q.|x—n|
c.x€ [~m ] = {sin”! (sin x) | can be r x|
d.x € [~ 7] = |cos™ (cosx)]canbe s.|x + 7|
4.
Columnl Column []
a. sin~" - +2 tan™ - p. /6
5 3
63
b. sin~' L) +cos™ & +tan”! — = q.71/2
13 5 16
X i
¢ IfA =tan™ and B=tan™" el ; r. /4
24 - x A3
then the value of 4 — B is
1
d.tan™' = +2tan™ ia S. T
7 3

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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5.
Column Column H
T | -l we] n F( 4
a. Range of f{x)= sin™' x +cos™ x+cot” xis p. [OEJU(_?:E]
-1 -1 o . m 3rm
b. Range of /f{x)= cot ~ x +tan™" x+cosec™ xis q. 22
c. Range of f{x) = cot™ x +tan” x+cos” xis r. {0, n}
=1 | T 3 Sm
d. Range of f{x)= sec ~ x +cosec™ x+sin” xis dr o .
6.
Column | Column
a. sin” x+x>0, for p.x<0
b. cos™ x—x 20, for . q.xe (0,1]
¢.tan” x+x <0, for r.xe [-1,0)
d. cot™ x+x>0, for s.x> 0

Integer Type | N Solutions on page 4.94

I. The solution set of inequality (cot™'x) (tan‘_’x) + (2 - —’25] cot™x - 3tan"'x - 3 (2 - %J >0 is (a, b),

then the value of cot” 'a + cot™ 'b is
2. 1f x=sin"' (®+ 1) +cos™ (a* + 1) —tan™' (& + 1), @ € R, then the value of sec’x is

3. If the roots of the equation x* — 10x + 11 = 0 are u, v and . Then the value of 3cosec’(tan”'u
+ tan~'v + tan~'w) is

4 6 8 12
o' ‘. o n
4, Number of values ofx for which sin"l[.vr2 —% + :}é_ ] + cos™! [x“ --‘—+—~— ] = *-2-‘- . where 0

Ski< J3.is :

5. If the domain of the function fx) = J3c05'1(4x)— n  is [a, &), then the value of 4a + 645 is

6. If 0<cos™'x<1 and | +sin(cos™ x)+sin¥(cos 1 %) +sin® (cos™ x) +--- 0o =2, then the value of 12x%is

1] x 3 & [ a6 | 4.
7. If tan” -‘+';_ ~ tan *—; = tan -{:,then the value of x" is

8. Ifrange of the function fx)=sin"'x +2 tan"'x +x? +4x+1 is [p, g], then the value of (p + q) is

9. If n is the number of terms of the series cot™ 3, cot™ 7, cot™ 13, cot™ 21, ..., whose sum is

I =1 2_4- | f .
Ecos 145 , then the value of n -5 is
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10. If'the area enclosed by the curves f(x) = cos™'(cos x) and g(x) = sin“](cos x)in xe [9n/4, \Sn/4] is
amlb (where a and b are coprime), then the value of (a — b) is

11. Absolute value of sum of all integers in the domain of f{x) = cot™ /(x + 3) X + cos™ \/ x*4+3x+1is

12. The least value of (1 + sec™'x) (1 + cos™'x) is

13. Let cos™'(x) + cos™'(2x) + cos™'(3x) be 7. Ifx satisfies the equation ax® + bx? + cx — 1 = 0, then the
valueof (b—a-c) is

14. Number of integral values of x satisfying the equation tan™' (3x) + tan~!(5x) = tan™' (7x) + tan”'(2x) is

Solutions on page 4.98

Subjective
1. Find the value of cos(2 cos™' x +sin~' x) at x = 1/5, where 0 S cos™' x < wand -7/2 < sin”™! x < 7/2.
(IIT-JEE, 1981)
| 1 3'2 +1
2. Prove that costan™ sincot™ x= 2 . (1ITJJEE, 2002)
_ X‘+2
Objective
Fill in the blanks

1. Let a, hand c be positive real numbers. Let 8= tan™ Jﬁw—c—) +tan™ Ll el
: be ca
+gan™" ,/f(‘”%@ MThen tan 8= __ (IT-JEE, 1981)
a

2. The numerical value of tan(2 tan™! (é)-%] is equal to : (1IT-JEE, 1984)
3. The greater of the two angles 4 = 2tan™" (22 = 1) and B =3sin™ (1/3)+sin™'(3/5) is
(IIT-JEE, 1989)
Multiple choice questions with one correct answer
| L4 38 . | | , |
1. The value of tan| cos 3 + tan 3 is (IITJEE, 1983)
6 7 1
a — . h — C. L . d none of these
17 16 7 .
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2. The principal value of sin™! [sin %”) is (INT-JEE, 1986)
2
3 3 3 3

e. none of these

3. If we consider only the principal values of the inverse trigonometric functions, then the value of
ai b o W ) ;
tan| cos” —=-sin" —=| is NIT-JEE, 1994
[ 5¢2 17 ( e
J29 29 f 3
a — h — c. — d — (IT-JEE, 1999
3 3 29 29 ( )
4. The number of real solutions of tan™ .,/x(x+l) +sin~! Nt +x+l=m/2 is
a zero h one c. two d infinite
= (IIT-JEE, 2001)
a il Xz x3 1| 2 1'4 Iﬁ . ‘ﬂ ‘
5. If sin” x——2—+T—--- + RN —7+—4----- =Efor0<|x|< ﬁ,thenxequals
a 172 ) b1 c. =172 d ~1
6. Domain of the definition of the function f{x) = \/ﬁin'| 2x)+m/6 is (IIT-JEE, 2003)
a [-1/4,1/2) h (-1/2,1/9] c [-1/2,1/2] . d [-1/4,1/4)
7. The value of x for which sin(cot™ (1 + x)) = cos(tan™" x) is _ (NITJEE, 2004)
a lR2 ) b c0 . d 12

Martch the following type

1. The question contains statements given in two columns which have to be matched. Statements a, b, ¢, -
d in column | have to be matched with statements p, q, 1, s in column II. The answers to these questions
have to be appropriately bubbled as illustrated in the following example. 1f'the correct matches are a-
p, a-s, b-q, b-r, ¢-p, c-q, and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

Jejeiele
6 QO QO
e LI
e (IO

Let (x, ¥) be such that sin”'(ax) + cos™'(y) + cos"(bxy) = 7/2. Match the statements in column | with
statements in column II and indicate your answer by darkening the appropriate bubbles in the 4 x 4
matrix given in the ORS.
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Column |

Column 1

a. Ifa=1and b= 0, then (x, y))

p. lies on the circle x* + 7 = |

b.Ifa=1and b= |, then (x,y)

q.lieson (3*~ 1) (3?=1)=0

c.Ifa=1and b=2, then (x,y)

r.liessony=x

d.Ifa=2and b= 2, then (x,y)

s. lieson (4x2= 1) (3P =1)=0

~ Subjectivé Type
1. Letx=cosy, where 0 <y <, x| )

2 cos™ x =sin™ (Zx 1’1—.1'2 )
= 2cos™ (cos y)=sin" (2 cos yfl —cos? y)

=sin™' (2 cos y siny)
= sin™' (sin2y)
= sin~' (sin 2y) =2y for- 4 <y < /4
and 2 cos™ (cosy)=2yfor0<y<m
Thus, Eq. (i) holds only when
ye [0, 4] = xe[1/2,1]

2

i\ .2
;x } is defined for -1 < l
X

X

X

2. f(x)=sin™ [1

|1 +x%| € |2x], forall x
| +x*<|2x], forall x (as 1 +x*>0)
X =2px|+1<0
Wl = 2| + 1 <0 (asx* = )
(W~ 1)*<0
But (|x|— 1)? is always either positive or zero.
Thus, (x| - 1)*=0
= |=1=bx=x]
Hence, domain for f(x) is {~1, I}.
3. Let 8=cot™ (2x-x?), where 6 e (0, )
= cot O=2x-x, where B¢ (0, 7)
= —(1 -2x +x?), where 6 e (0, 7)
=1—(1 —x)? wherec@e (0, Jrj

$ 4 10 48

T

= cot @< 1, where e (0, n) => 2

ANSWERS AND SOLUTIONS

<1 or

0]

4+ x
2x

<@<mr = -Rangeoff(x)is [1;— n)
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4. Let 1, denotes the nth term of the series.

Then £, =cot™ 2= tan™" —— = tan"! Q@n+D-Qn-l)

2n? l+(4n -1)
Putting n— 1,2,3,...,etc. in (1), we get
f, =tan” 3 tan' 1
1= tan” '5—tan™' 3
fy=tan” Ve atan™ 8

tan™' (2n+ 1)~tan™' 2n-1)

t,=tan"! 2n+1)—tan™' (2n—1)
Adding, we get

S,=tan™ 2n+ 1)—tan™' |
asn— oo, tan"' (2n+1) = w2

i /1
Hence, the required sum = %

5. Let 0= cosec™ J(n2 +1)(r:2 +2n +2)
= cosec’@=( + 1) (P +2n+2)=( + 12 +2n (P + D)+ + 1 = (P +n+ 12+ 1
= cotf@=(*+n+1)
1 (n +l)-—n

= tan 0= =
" +n +1 1+(n+l)n

= O#=tan™ [(n i } =tan” (n+1)—tan”' n

b+{(n+1)n
Thus, sum of » terms of thc given series :

—(tan" 2-tan” 1)+ (tan”' 3 ~tan”! 2)+ (tan™' 4 —tan~' 3)+ - + (tan” (n+ 1) ~tan"'n)
=tan™' (n+ 1)- /4

¥ v olf

3
‘ ot gy N =S —
6. Here, tan™" x + cos {] o yz V10

= tan"' x +tan”' [—l—) =tan”' (3)
y

afl . "
= tan™ [-—) =tan”' 3 -tan™' (x)
“l

= y=

As x, y are positive integers, x = 1, 2 and borresponding y=2,1.
Therefore, 1the solutions are (x, )= (1, 2) and (2, 7), i.e., there are two solutions.
7. We have tan™' y =4 tan” x

2x
= tan"y=2tan"l 5 (as ] <1)
-x
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4x
|=x?
= tan™!
4x*

(-2)

‘ 4x(1—x2) 2 |
=tan” — > as 7«1
x° =6x° +1 l—xl
4x (1-2%)
=> I ——
- x* ~6x% 41
Ifx=tan% =5 tan"ly=4tan"lx=% = yoree - = x'-6x'+1=0

n .
Hence, tan 3 isaroot of x* ~ 6x? + 1 =0.
8. x,, x5, x3and x, are the roots of the equation
x* = x%sin 213+.x2 cos 2f3-x cos f—sin f=0 .
—~sin?2 :
Ty =xy+ X5t X+ xy= —(—s—"f——@= sin2f
Tx)x,=c0s 23
Zx)xax3 = cos B and x x,x;x, = —sin
Now, tan [tan™'x, + tan™'x, + tan™'x, + tan”'x,]
_ Ix-Ygxpxys  _ sin2f-cosf _ 2sinficosf-cosf _ cosB(2sin B-1)
|- Zxx, +xx,x%x, l-cos2fB-sinp 2sin? B—sin B sin B(2sin B-1)

=cotf
\ r A v Jr
or tan [tan lx|-+-tan 'x2+tan 'x3+um '14]= [an(.i._ﬁJ
-1 wl =1 il e 3
=> tan”x; +tan"'x, +tan” x; +tan"x, = nwt E—B’"E z

r o T
9. As,tan x+cotx= -E VxeR
So, the given equation can be written as
n

3
(sin™' x)* + (cos™ x)* = 7[?]

3
= (sin”"x + cos™"x)* — 3(sin”"x) (cos™'x) (sin”'x + cos'x) = 7 (%)

2

3 ‘ 3 ; ;
=5 (%] -3 (sin-l x) (cos'l x)(%) = 7[%) o (sin“‘ X) (cos" x) = _%

Now, as the maximum value of cos™ x is 71 (. cos™ xis always 2 0) and the minimum value of sin”! x is
—7/2 and this happens at the same value of x, i.e,, x=-1].
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Ph.: 0651-2562523, 9835508812, 8507613968



R. K. MALIK'S
NEWTON CLASSES

10.

11.

Inverse Trigonometric Functions 4.57

2

So, the minimum value of (sin™ x) (cos™ x) = (—g-) () = _%—.

2
So, if (sin™ x) (cos™ x) = —%, then x=— | only.

(sin™'x)* + (cos™ x)’ = an?
= (sin” x+cos™ x) ((sin”! x + cos™'x)? = 3 sin”! x cos™' x) = ar’
2
b4 i ..
= i 3sin™ xcos™! x=2an?
g n’
= sin"'x (— - sin~ x] =— (.l—Sa)
2 12

2

S (e S (TR i
= (sinT'x)'——=sin" x==-—[(1-8a
(sin™! )= 2 5 (1-8a)
2 2 ' 2
= [sin" x - 5] =L (a-1)+ X
4 12 16
2
n
== (32a -1
T\
Now, sin”' x e [—E, E]
2
s o
' 4
2 2
=5 Os[sin".x—-—J S-gli
n? 9

= 0s—(32a-1)s—
48 16
= 0<32a-1527
1 7

S 8 P
32 8

Thus, the required set of values of a is [512—, %}

Since p, ¢ > 0, therefore pg> 0,

-1 P9 - wl ‘
=t ) —1an
tan™ = an” g q ' @
Since gr>—1,

o G _tan=] ’
tan 1+qr tan™ g—tan " r _ (i)
Since pr<—1andr <0,

-1 I'=p -1 - :
tan =7 +tan_" r—tan '
Tew an_" r P (iii)
On adding Eqgs. (i). (ii) and (iii), we get

tan™ . 4 +tan™" L.l +tan”! sl
1+ pg 1 +qr 1+rmp
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4.58 ; Tngonomatry i
12; Given |sin™' {cosx||+|cos™" |sinx|| =sin~'(jcos x]) — cos™'|sin x]

13,

14,

2

s'ln" sin E—I‘ +cos™! cos(ﬁ—v] = sin~! qin(zr-— r} —cos™! ccs(ﬁ—x]
1 3 2 o » 2 J ; 2 J 2

7 n /3
= 2 ==X |=m—x——+X
( ] 2 2

Whenx e [0, —Z—], 0= E-—x S%,we have

= X=

IR I

When x € —E.O ,fsf—xs‘n,we have
2 2 2

o Tl ) o (ol (o)

= NA+2x.=0 — x=—--]2£

Taking the tangents of both sides of the equation, we have

l: -1X+'|:| [ ) I—]jl
tan | tan + tan | tan  ——
x =1 X
1 -1 [ ] X-I-]} [ _;A‘-]}
- tan| lan ——| tan| tan
¥ .l' _1 A-

=an ((tan”' (=7)) -7

X+l  x=1
P
X X
=5 i
1 x+1 x -l
x—1 x
25 —x%]
= =7
l-x
sothatx=2. "

This value makes the lefi-hand side of the given equation positive, so there is no value of x strictly
satisfying the given equation.

il G-

. ) . X+ | o
The value x = 2'is a solution of the equation tan™' —— +tan™ —— = g+ tan™' (-7).
X

Let us transfer sin™' 6+/3x (o the right-hand side of the equation and calculate the sinc of the both
sides of the resulting equation:

sin(sin™" 6x) = sin(-~sin™ 633x - 7/2)

= 6x =-sin(sin” 6v3x+sin™' 1) [using sin~" (~x) = - sin™' ()] -

= —sin(sin" \/i —108.,1'2) , (i)

Squaring both sides, we get
36x7=1-108x = 144x7 =1
whose rootsarex = 1/12and x=-1/12.
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Let us verify:
Substituting x = 1/12 in the given equanon we get

sin™! (——%)-&-sin" (—ﬁ] o W

2
Thus x = 1/12 is the roots of given equation.

Using Eq. (i), we getx = %

LHE

RH.S.= —1-108x? =-112
Thus L.H.S. # R.H.S. of Eq. (i)
Thusx=-1/12isa root of the given equation.

15. Here,
Y ;
a —— —
af ax=y A 7 < ’
tan '[-—1—1-]=tan "l x, = lan 'al-tan 14
x+ay l+a,3 x

a, —a
2L [=tan”" g, —tan™ g,
l*aza,

J=l‘m ay—tan™ a,

0l ( ay —a,
! l+a3az

1] @y — = -
tan™!| 2—2=L |=tan~'q, —tan a,_,
]+anan-l

R
an”' | — [=caa,
aﬂ'

; o o 4y =
Adding, we get L.H.S. = tan™'a, + cot™'a, — tan 1n}—=§—tan 12 =RHS.
x X
=cot' L=qan'
x y

.
.
I

Objective Type
1.e. sin”' (sin 10)=sin"" [sin 37— 10)) =37—-10

2.b. cos™’ [coszr— =cos™" cos(er—ﬂr- = cos™’ (cosijE ...
4 4 )) 4) 4

3.a. sin”' (sin 12)+cos™ (cos 12)=sin™ (sin (12—4n))+cos™ (cos (4n—12))=12-4nx+4n-12=0

4.a. sin”’ sin (2-2—75-] =sin™" sin (3n+ E] —
7 7 7

-1 (575] i ( :r] T
cos Cos|— |=cos” cos |2 - — | =—
3 3 3
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- (5::] i [ 2?‘!) 2
tan "tan |— |=tan tan | A - — |=—- —
7 7 7
sin~! cos (2) = = —cos~ cos 2 = % —2
2 2
Therefore, the reqmred value=—Z 4+ Z o R
T 3 T 2
(-18 +35)x 17x
: R I
5.d. sin™' (cos (cos™ (cos x) + sin™ (sin x))) =sin~' (cos (x + n-x)) [asx e (n/2, n)]
=g8in~ (cos ) =sin” ( )= ——125
6.¢c

8.d.

10. ¢,

. cos M cos(2eot™ (V2 -1))) = cos ‘(cor. 67 5 )

= Ccos l(co's 135 ) =T

. We have sin™" [cot {sm | ‘E % cos™ "/l_ ! J—]J

e o3 )

sin™' [cot (15° + 30° +45°))
=sin™ (cot (90°)) =sin™" (0)=0

(B (%)

=_tar{“(—-—]— _.(«/_ J_] tn“( I )—[tan"«ﬁ—tan"\ﬁ]

It

2 1++/6 TE
=(t '-1—2 nn“'-»/-] tan”' V3
L
2 3 6
I wl 1
Letcos™ |—| =0 where0 < @<m, then —cos™ — =— @
8 8 2_
(l -1 l) 2]
= COS|—cos =|=cos —
2 8 2
1 ‘ .
Now, cos™ —~ = @ =>cose=—]- =5 coszﬁ:2 =>cos.—=2
8 8 2 16 4
x=tan"' 3 = tanx=3 3

tan(x+3)=33

.Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi- 1
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tan x+tan y
— =33

b

I —tan xtan y
3+tany
] —3tany

3+tany=33-99%tany
100 tan y=30

tany=03 = y=tan”' (0.3)

-

Let cos™ [g] = ¢. Then cos o= J—;—, where0<cz<-§-
Now, tanZ = ,/l Gl JI*JE-Q = J—?’"Jg = J_)- —-—(3 J5)
2 l+cosa \I1++/5/3 3+4/5

af ecosx | | sinf(m/2)- x]
tan = tan ,
] + sin x 14 cos [{(m/2) = x]

_ - | 2800 [(rld) - (x12)] cos [(/4) - (x/2)]
2 cos” {(m/4) - (x/2)]

I

an~"tan [ = -2]=Z22
4 2/ 4 2

iy x<x x<£
2.4 2 2
In X 7
= m——C =l —
4 2 4
T x 3r
o=
4 2 4
X AN3m
= —— —g—
“{ W

13.d. f(x)+f(-x)=2

14.d. f(x)=tan”

Now (sin”'(sin 8)) =3n-8=y

and (tan”"(tan 8)) = (8 - 37)

Hence, /() +/(=»)=2

Given f(y)= o, we have f(-y)=2 -

o (12 -2)2
\x“ +2x% +3]
(
A 263-1
2

3
X +-?+2
\ X

= tan
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2, 3. .
As X +~x—222~/3 [using A.M. 2GM.]
2 3
O +—?+222+2J§
X
. o af26483-D) x
e (ﬂx))man.— 2( ;3 +1) - 12
15.b. Letx=sin @and v/x =sin ¢, wherex e [0, 1]= 0, ¢< [0, W2]
= '
0— .
= ¢e[ > 2]
Now, sin” (x-,/l - X~ \/;\/l - X" ) =sin” (smB 1 —sin? ¢ = sin ¢ /1 — sin* 9)
=gsin" (sm 6 cos ¢ sin ¢ cos 0)
=sin”' sin (9—¢)— 0= ¢ =sin (Jnc)—bsin‘I (\f;)
16. c. tan",li—tan"[x_.y - l:aui'lic-—t:an'l I—M
y x+y LR \I(y/x)
= tan™ = —(tan_1 1—tan™ -}—,)
y %
=tan~ Ty tant 2L
y X
1X =T ® T X
= tan™ +c0t V- o
y y 4 2 4 4
17.¢. Given equation is tan™ i Y wn” =L
a a 6
M a+x + a—x
= ftan ; g 5 = il
o, a+xa-—-x 6
: v @ " a
=> giz—tan -1 = x* 2s/§a
x2 &
18.¢c. cot £>£
T 6
A b/ A p :
= ;<cotg " [as cot™ x is a decreasing function]
= %(ﬁ = n< \/571' = n<546 = maximum value of nis §
19.c. Lettan™2=00 = tanq=2

andcot” 3= = cotf=3
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sec? (tan" 2)+ cos‘.m:z(cot'I 3)= sec’ o + cosec? =1+ tan’ @+ i + cot’ B

20.d. tan (A -B)=

=2+ 2P+ () =15

tan A —tan B

I+ tan A tan B

ng _2x—K
2K — x JgK
\Ex 2x-K
I+
2K = x- -_JEK'

3Kx— (2x- 'K) (2K - x)

) (2K-x)J§K+J§x(2x—K}

3Kx — (4Kx — 2x* = 2K? + Kx)

- 2\@1{'2 - 3Ky + 2‘\/5."2 -\EK,\'
2x* —2Kx +2K? [ .
- r— T = —r=lan 30
23:2 -2 3Kkx +24BK* 3
S A-B=30° )
b+a _a
f b
21.b. tan™' = ~tan™ g = tan™’ —)—-L—b—-
ab
R~ b +4::b-ab+a2 - a® + b o s
b? - ab + ab + a* a° + b 4
Therefore, the required value = sec (—E) =2
22.d. asin”' x-bcos ' x=¢
. - =) br * S br
We have b sin" x + b cos x='? = (a+b)sin x-7+c
(b;r)
AT -
= sin"' x = 2
a+b
a nab + c(a —b)
=  COs x=
a+b
-1 | +Xz n ol -1
23.b. cos = — +(sin” x +cos” x)
2x 2
3 ]
= cos™" L =x =5 ik =cosm=-1 =241 +2x=0 =y x=-]
2x Qx,

24.b. 0<x?+x+1<1and0<Sx’>+x<1

sLx==1,0
Forx=-I

3n

LHS.=2sin""14+cos'0==
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s x=-1] is asolution.

Forx=0,L.H.S.=2sin"" 1 +cos™ 0= 3?

Therefore, x = 0 is a solution and sum of the solutions = -

25. c. mn“'(l+x)+mn"(1—.1r)=-’2£

= tan~' (I +x)= g—lan'l(k—x)

=cot”'(1 —x)

= tan™! (—-—l )
l-x

3 1
= jl+,\'=l— =|=-X=]=x=0
-X
1

26.c. We have sin™ x +sin™ (1 —=x)=cos™ x
= sin(sin™’ x + sin™" (1 —x)) = sin(cos™'x)

-‘f\/l—(l—x)2 V-2 (1= =123

L
= xyl-(1-x)? = xyl-22
o

x=00r2v—x’=1-x°
_] !_1\- ] _I W
27.¢c. We have lan =—tan  x
+x 2
= ] |- tan8 =l9
&0 [1+tan 8| 2
tan E—tane' 9
-
= lan - =E
l-!-'lan-z-tsz

= tan” tan (-’F- - 9) = 9
4 2

= £—9=2
4 2
= .9=16z-=1an"x
e e
6 3

= x=0orx=

JEE (MAIN & ADV.), MEDICAL,
+ BOARD, NDA, FOUNDATION

L
i

(putting x = tan 6)

28.¢c. We have cos™ x + cos™ (2x) = - rr, which is not p0551ble as cos”'x and cos™'2x never take negative

values.

29.b. The given equahon is ax® +sin” ((x— 1)+

Now,~1<(x—- 1) +1sI=x=1

So,wehavc’a+%=0=,a=_%

I)+cos"((x ~1)?+1)=0.
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30. ¢, Since \)xz -3x+2 20=0stan” .,,.\'2 -3x+2 < %
and \/4,1‘ -x2-320=0<cos™ 1}4.\'-—,\'2 -3« %

Adding, we have 0 <L H.S. <m
Therefore, the given equation has no solution.
31.b. The given equation can be written as

3ta-n'( J_)"tan [x)ﬂan (%)

1o
_+_
. 34 2
= 3(15°)=tan" X3 -

]l —

.
| —

W | =

n
32.¢ tan'x+2cot” x= 2?

= tan"'x=2 (% . cot'lx] =2[§—(—g—w— tan™" xD =2(-% +tan™ x] ;

= tan'lx=§ =5 x=tan§=ﬁ
33.a. Putx=tanf .
. . 2tan @ 4 1-twn®8 _y 2tan @ n
G IS T 00T N T2 ——-—=5

1+ tan“ 6 1+ tan® @ | - tan?@

= 3sin™ (sin2 6)-4 cos™' (cos2 6) +2tan” (tan2 6) = .

=) 3(26)-4(29)+2(29)=% =9 29=% =2 6=% = x=tan

o N
Il

-

34.c. Putsin™ 3 =4 = o =gin 4
X X
i 12 12

sin” ——-B=>——51n8 = A+B=§

= sinA4=sin ( ] =g \/I —sin® B

J___;

_ =169 = x= l3 [ x ==13 does not satisfy the given equation]
35.¢c. sin” (x—l) = -lsx-1251 = 0sxs2 ;
cos'(x-3) = ~1<x-3<1 = 2<x<4
sox=2 ' i

=cos” k+ 7

So, sin™'(2-1)+cos™ (2-3) +tan™ v

= sin”™' 1 +cos'(=1)+tan"' (~1)=cos k+ 7 .
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T
= E+7r—— cos k+r
=5 COS = — =k -!—-
J3

. " ¥ n
36.b. cot'x+cot™ y+cot™ z= 5

n n n 7
= = —tan"'x+ — —tan” y+——lan —
2 2 2 2
= tan”' x+tan” y+tanz=7
= tan”' x+tan”' y=7~ tan” z
= tan (tan'l x + tan”! y)=tan (n— tan™' z)
X+
= AR
I=xy
== X "’"y""‘—l'_]’z
37.d. Given that cos~ x+cos 'y+cos'z=nx
= cos” (x)+cos () =mn—cos™'(z)
’ 2 2 y
= cos'l(*‘}’“\/l‘x N ) = cos™! (-z)
= ay- J(l -—x’)(l—

= (xyt+tz)= J(l - xz)(l - yz)
Squaring both sides, we get 24y 4zt 2z =1

1 p |
Trick: Putx=y=z= ) so that cos™ 5 +cos™ = +cos

" " " € n
38.d. Given thattan™ x +tan 'y+tan | zm g

I+}’+Z'—X}’Z]_E
T

= tan™
1% ¥z — Xz

Hence, xy+yz+zx~-1=0,-

-39.d. Let o= cos™ J;_; B=cos™! Jl - p and ¥ =cos™ 1/1--4:; :
= cosa= [p,cos B=./1 - p andcosy= /I -
Therefore, sina= - p ,sin = fp and sin y = \[_

The given equation may be written as
Ir

o+ p+
fra ==

= a+b-%—--y

= cos(a-&-ﬁ):cos(%—_-yj _
= ¢o0s acos - smasmﬂ— cos[ ( +yD=—-cos(§+?)
= p=r -7 7 == (s Tm7 -5

%
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Inverse Trigonometric Functions 4.67

= 0=[=g- Jg=1-q=q=q=
40.a. Letsin” a=A,sin”' b=Bandsin™' ¢=C
= sind=ga,sinB8=b,sinC=¢
and A4 +B+C=n=sin24 +sin2B+sin2C =4 sin 4 sin Bsin C : _ @)
= sinAcosA+sinBcosB+sinCcosC=2sindsinBsinC

= sinA 1}(1 - sin’ A) + sin B ,f(l - sin? B) +sinC \/l -sin’ C = 2 sin A sin Bsin C (i)
= a\/l - az) + ’JJ(] -bz) +ey(1 - c)2 = Zabc.

Trick: Leta=

J_ ~/_

Then .m.l(l--m2 +b~/l-bz+¢:*\fl~—-c =— l-~- 1-——~+1-J- =],
o

41.b. Sincesin'x+sin” y+sinz=n

sosin x+sin” y=r-sin 2

2 I 2
= sin™' (XJI—J' + 7 Y RNE )=rr-—s'm“(z) R
= @ h -y +y ../] — x* =sin(n-sin" (z)) =sin (sin"'z) =z

52 xz(]—yz)zzz%-yz(l—xz)—Zzy \/l -xt = (xz-yz-zz)2=4y222(] -—xz)
= x4yttt -t + P = 4y - adyL
= +ytes +4x2y222 =262 +1722 + 5%) ca M

42.d. We have cos™ x - cos™ % =

= X=C0S (cos % -%,—+ a) = COS. [cos“' -;—) cos & — sin (cos" %) sin o

= 2x=ycos o—sin o \J4 — y?

= 2x—ycosa=-sin \/

Squaring, we get
4x® +1* cos’ @ —4xy cos =4 sin? -2 sin’ o
= 4x®—4xycos a+y* =4 sin’ &

B, 2 i Bm gl
.d. 2tan = sin
1 +4x°
= -E-San"i 2x$£
2 2
= —EStan'l 2):5E
4 4

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.68 Trigonometry

= —1£2x<1
1

1
= ~=SXxXS-=
2 p)

44.b. cos”'(2x? - 1)=27-2cos ' x(as x < 0)
= cos(2x?-1)-2sin" x=2m—-2 cos™ x = 2sin” x

=2/-2(cos™ x+sin"' x)
n

=2R=2 ==

. 2

45.¢. 2sin~' x=sin™ (2.1-\!'1 —~ x*

Range of the right-hand angle is [—% g}

T g T
= —-—<2sin"'xg=
2 2

. n
= —<sin" xg=
4 4

=[5 %)

= x€|-—4,—=

2 N2 _

: - L2 ~

46.c..x, =2 tan™ [-1-:—-} and x, = sin”™* in. WV MR o
- ‘ 1+ x? 2x

2(1-!—1‘]

1+ S 1—-x* I —x*

‘Now —2>1 = x,=n+ tan™ I—Tz =g+tan” | = | = -tan” | ——
l=x | [1.” X

-

-

-

= x;+x,=7
47. d. si;l (2 sin”" (0.8)) = sin(sin”' (2% 0.8,/1 - (0.8)%)) = sin (sin ™' 0.96) = 0.96
48.b. tan (sin™ (cos (sin™ x))) tan (cos™ (sin (cos™ x)))

= tan(sin~'(cos(cos™! N1-22 ))) tan{cos™'(sin (sin”’ Ji-22 )Y}

= tan(sin™ Y1-x2 ) tan(cos™ V1— 22 )

= tan (cos™'x) tan (sin"'x)

= tan(cos"x) tan(/2 — cos™'x) = tan(cos™'x) cot(cos ' x)=1

49. d. Sincesin"'( .2“‘
1+x

,_,( 2a J ._]( 21;) P
sin +8in =2tan  x
_ | +a* 1+b% ) .

= 2tan"'a+2tan" b= 2t5n" X

2) =2tan"' x forxe (-1, 1)

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi_-l,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.69

= tan~'a+tan'b=tan"" x

_I((J"l'b) ]
=% tan =tan " x
1-ab

a+b
= x=
l=ab
50.b. 1fx <0, then sin™'x <0 but cos™ v1—x? is always positive.
Scc),sin".vc=—ccws'1 b=2? .
51.b.
Xy yz_y y?
We have ——==5=— 3 2<1
Irxr r Xyl
" L
=> tan '(iy—)ﬂan '(y—]+mn“l[—x£]" tan~" | ELAL 14y _'[ﬁ)
- of xr yr _ﬂ_)'_z yr
r A i o o
(y(x2_+zz)
= tan”~ | % -Han"(ﬁj
ro-xy yr
\ r
( 2 . B2
yr(x +Z )
"= pan M Xl |4 tan™! [ﬁj
(@ +7) yr
K
/
= 1an”"’ £)+ tan™ [ﬁ) 2
\ XZ yr 2
1
52.b. Lelx =sinfwhere— = Sx<1= -~ <<=
i 2 6 2
\ {
Then f(x) = sin™ ﬁx—l fit?
| 2 2
{
= sin™ —ésihﬂ—icosﬁj
\
, /
= sin”’ sin(G—ED
\ 6
=0-Z =sin'x-Z G—EG(i £)
6 6 6 3 3
Jox? Y f 1=22
53.¢ Lety= tan™ X1+ cos™! xz
2x _ I+x

Office.: 606 , 6th Floor; Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 ‘
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51.70 Trigonometry
b T
Putx=tan 8. Asxe (0,1),0¢e [0, Z] and 5—29 e(0, /2)

y=tan"' (cot 28) +cos™ (cos 26) = tan™’ (tan [g—— 29]) +cos”' (cos 29) e, %— 20+20 = %

]

54, c. sin™ x =2 sin™
- T ] 73
N —— s8N xE—
ow ) 2
= ~Zgosintass
2 2
= —£Ssin__1asf-
. 4 4
1 1 1
= —=Sas5——= = |a|f-=
Nz Al lal= 7
-1 Fi4 T ? :
55.a. Lettan™ x= 6, where _E<9<5 = -—-m<20<x
n T
Let —<280<nm =9 £<9<-— => Ectan_lamﬁ x>l
2 4 2 4 2

= tan” ( L ) =tan”' (tan26) = tan™" (tan(29~':1r))= 20-1 =2tan'x— 7

1-tan’ @
56. ¢ Sin_l u =t.an_1 Lr___l_ |
e Jrir+1) 1+Jr(r-1)
=5 Esm_’[{;;r% ] ;:‘(tan r—tan"lW‘—l) =tan“'\/;

- | r—l n r—1 ‘
g
57.b. Yran”| ——— | = o S
Z (1+22'" ) § [1+2r'2’—‘J

_ imn_l 21‘_2?-[
ml A1427 2

"2[[31‘1"(2") t:m*'(z"“‘)]—naﬁ” (2”) tan! (1) =tan™' @)~ Z.

r=l1 )
| : 3
i . _ﬂ_}_’f__ : n - 2m
58, a. Wehave'm%tan [m4 = +2J mg;t(an [1+(m +m+1) (m -m +1)
_ t (m2+m+l)-(mz_—m+l)\
2= L s - )

Office.: 606 , 6th Floor, Hariom Tower Circular Road, Ranchi- 1
Ph 0651- 2562523 9835508812 8507613968
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Inverse Trigonometric Functions 4.71

= Z[tan'| (m* +m+1)—tan™ (0 —=m + 1)]

m=]

=(an”' 3~tan"1) + (tan™' 7 -tan ™' 3)+(taﬁ" [3—tan™' 7) 4 +[tan” (2 +n+ 1)—tan™ (R—n+1)]

2
g r n® +
=tan'(* +n+1)=tan™ 1=tan™ __.._2"_..
24n°+n

Forn— e, sum=tan"'(1)= —}

1 +1-
59, a. tan” = tan”" B i e A8
1474r? 1+ r(r+1)

= tan” (r+1)—tan"'(r)

=5 i[wn"(r-f-l)—tan"l(r)] =tan™' (n+ l)—tan”’ 0) |

r=0 .
) =tan"'(n+1).
X el ) J -1 n
= tan =tan~ (e0) = —
% [1+r+ r? 2

60.b. Obviously, x = sin(@+ B) and y = sin(6- )

= ] +xy = | +sin (6+ B) sin (8- B) = | +sin® 8-sin* B =sin® 6 +cos’ B

: o ) o
61.a. Let \ftan & =tan x, then u=cot™’ (tan x)—tan™' (tan x)= > X —x=-5~2x

Fi4
=) 2x=5—u = ———=

n u
= lanx=tan|———
(4 2)

T u
= tang =tan| — —-—
[4 2)

62.b. tan £+lcos"£ +tan £—-l—cvos"E
4 2 b A4 2 b

Let '} cos™ L= 0 = cos2 6=
2 b

) l+tan@ 1—1an @
Thus, tan £+t9 + tan -75—9 = — + s
" 4 4 l—tan @ 1+tanb

o2

_1+tan® @+ 2tan § + 1+ tan® 6 - 2tan §
(]—tanzﬂ)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1, -
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4.72 ' Trigonometry ,

C 1-wn’ @  cos20  (alb)

a
' ﬁl—(a—bjlanQ 2-
- +b 2 ) Py P
63.a. 2tan”’ - tang- = cos™ = ['.’Ztan ! x =cos™ xz}
ath = 2 I+[a-b]tanzg . L+ x% |
' “la+b 2
(a +b) - (a ~b) tan? 2
= cos™* 29
(a +b)+(a-b)tan® =

L )

‘ a (1 ~ tan? Q] +bh [1 + tan’ 2]
= cos” 2 2
a[l + lan2 2) +b(l — tan2 E)

L 2 2

a(l—tan2 %]
] + b
1+ tan? =
= cos™! 2 ¥
1 —tan® =
a+b ‘ 29
. 1+ tan® =
L 2/
v [acos 8 +b
=co§ | —m—mm—m—
" La+bcos@

64.d. cot”! [Jl—sinx+\[l+-sin x]

Jl—sinx—JlJrsin x

) COt_l{ (\/l-—s'in X+ |1+ sin x] (Jl —sin x + /1 + sin x) }
(\/1 ~8in x — 3/l +sin x) (\/] —sin x + /1 + sin x)

(1 —sinx) — (1 + sin x) -2 sin x

il ; ) ' :
- cot”! I:(l sin x) + (14 sin x) + 2y/1 — sin ] = cot™ [2(1 + cosx)}

_ cr;t -l { 2 cos? (x/2)

~ 2sin (,f/z) o (x/Z)] = cot™" [— cot%] :‘cot—ll [Cm[x B _,23 )]: o 2

2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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tan"'[ xcosé )_ _1( cosf J_
65.b 1-xsin@ x—sin@,

tan !

tan !

=

= tan_

= tan”!

-1 [ tanx 1 3sin2x
od, tan™ | —= |+tan” | — |=
s B [ 4 ) > [5+3c052x)

= tan_

= tan~

ran

tan

—

=l
ta
[cosi’?—xcosﬁisin 0+ x* cos 8~ xcos@sin 8

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

Inverse Trigonometric Functions 4.73

xcos @

_1[ ] -1 [x—SiHGJ
tan | ———— |~tan
I—xsin® cos@

xcos@  x—sin@

cos O
X —S8in 6)
cos @

1—xs8in 6
( xcosf
1+

=

xcos> 0 - x +sin0 +x° sinﬂfxsinzf?

|

/ . " . E
—xsin® @ +sin@ + x°sin O — xsin’ O

 cos@—2xcosOsin0+x’ cos O }

. ~2xsin” 8 +sin @+ x” sin O

|

\cose~2xcosﬁéin6+x2 cosf

sin @(~2xsin @ +1+x?)

-1 tanx -1
an T + tan

+tan” [ ————
\ 4 8+2tan” x

b = tan"' (tan®) = 6
\ cos8(1—2xsinf+x°) i

6tan x
1+tan®x
" 3(1—tan? x)
1+tan” x

5

6tan x

Jtan x

{ tan
L x) +tan™" (—2 )
4 4+tan” x

tan x 3tan x

4 2 tanx 3tanx
4+;an b [as < . |<1
Jtan” x 4 44tan x|

| 4(4-+tan? x)

16 tan x +tan> x
16 +tan® x

=tan™! (tan x) = X

67.a. cot”! (aJcosa) — tan™" (,fcos a).=x

Office.: 606 , 6th Floor, Hariom

Tower; Circular Road, Ranchi-1,
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4.74 Trigonometry

1

= tan™! — tan”} (,/cos a) = X
: ,fcos o

1
\[cos_a - JJcos o
1 . =

= tan'

X
1+ \/cos o
1/cos o
.y 1l=cos
=% tan =X
. 24/cos o )
1~cos o
=) tanx=
2 Jcos &
2 \}cosa
= Ccotx=

‘1=cos a .

4 cos & 1+ cos @
= cosec x= |1+ T .
(l""COS(X) | - cos &

1-cosa  2sin’ (@/2)
1+cos@ 2 cos® (/2)

tan? ¢/2

1+ tan lcos"l x) 1—tan (-1— cos™ x]
2 _ 2 :

i ] 1 _
68. c. tan(£+lcos lx) +tan(£-———cos 1 } = : o l
"N 4_ ¢ l—tan(i-cos" x) 1+tan(—cos"' x)

/ 2 ; q
1 _1 1 _1
1+tan[—cos x) + 1—tan(-cos x)
2 v 2
1—tan? (lcos"i‘x)
2
' l+te3m2(%cos’1 x]
=2— 7 _
1—tan? (—cn:)s“1 x) .
2

2

cos(cos"l x)

= . sinx=

2
X

69. ¢c. We have (sin”' x)* + (cos™ x)° = (sin”! x + cos™ x)’ = 3 sin™ cos' x (sin”" x + cos' x)

13 v 4 T
= —~3(sin” xcos ™ x)~
8 2
3
b4 T 1 ¥ 1
= ———s5in"" x| ——sin" x
8 2 2

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 :
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inverse Trigonometric Functions 4.75
3 2
= J%—Tsm" x+37ﬂ(sm ' x)°
- e { o 1
-8—+-E—h(sm Xx)* = =—sin x:l
o A _( , 7!')2:| 3n’
= — | [ 8N X == | |m—
8 2 4 32
- n—3+—£[¢in lx—EJQ
32 2%
b 4

70.¢. f(x)=sin"" x+tan”! x + sec”

Thus, the range is {f(1),/D}, i.e., {% 3—”}

71.a.

-72. ¢

73.4d.

74, ¢.

3
So, the least value is L when ('s.in"l 'x-—J =0,
_ 32 4

2 2 2
And the greatest value occurs when (sin_I x—£] = [-E-E»] = _9_;_:_
4 2 4 16

3
Therefore, the greatest value is i gi ng = l
4 32 16 2 8

x, clearly domain of f(x) is x =1,

4
2| x|

1+x222K =

= —1< szsl =5 lan'l( 2% )e[-z,g]
1+ x Al +x? 4 4

[cot™ x] +[cos ' x] =0

As cos™ x, cot”™ x 20, [cot™ x] = [cos™'x] =0

[cot™ x]=0 = xe€ (cotl,o) (i)
[cos™'x] =0 = x€(cosl, ] )

~ Hence, from Egs. (i) arid (i), x € (cot 1, 1].

3 S

— < 5<—

2 2

= sin” (sin$)=5-27

Given sin™' (sin 5) > x> —4x

= x’-4x+4<9-2r7
(x-2)*<9-2n

—

= - ,/9»2:: <x-2<9-2r
= 9-21 <x <2+ o-21
a

3 3\ 3

—cosec? ltan'IE +ﬁ—se ( tan"‘3
2 2 2 2

1

+
[— cos(lan (.ﬁj l+cos(1an lﬁ)

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.76 ~ .Trigonometry : .
= (x:" . l +ﬁ3 . 1 J
1—cos| cos™ B 14cos| cos™ ——=
o’ +f? o’ + B
= o 1 3 I
= +p
gl Y

= J 2+ﬁ2 (a:’(\*a_z .;E?. +ﬁ)+ﬁ3 (\/az ';3?2 —Ct)]

\ -

= Jo? + B2 —a(\/a2+ﬁz +B)+ﬁ(W—a)] |
= \/a +ﬁ2 (a+ﬁ)\/a + B2

= (o + P)a + B?)

75. d. l‘\l1lm cos (tan™" (sin (tan™" x))) = cos(tan™" (sin (tan~" es)))

= cos (tan~ (sin (1/2)))

= cos(tan™' (1)) = cos(w/4) =

EE

76.d. sin™ (—(x— 1) (¥=2)) + cos™((x - 3) (x = 1)) = %

Forxe (1,2] = sin(-(x=1)(x-2))€ [0, m2)

and cos™'((x=3) (x— 1)) € (w2, 7] = nosolutioninthe givenrange - -

3+45
2

Also,—183x-2~x*<land-1Sx*-4x+3<1 = 2-42 <x<

?7. d. 221'”5“\-'1 '_2(a+2)2.ﬂ"8il'l_l.r+ga<0

(zﬂfsiﬂ-'.l‘ _4)(2)‘”5“‘!4.\' —23) < 0
o |
Now 2/sin"x ¢ [0, I} U (4, 00)
misin™ x o
Now for = {0, 4] we have (27" —4) <0

ansin"x —2a>0

s =l
= 2a<2m‘sm x _ 2a<%

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-l,
Ph.: 0651-2562523, 9835508812, 8507613968
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78. b,

79. c.

Inverse Trigonometric Functions 4.77

= 0<ac< —l-
8
Similarly, for r/sin™lx o [4, o0),a > 2, we get

1
ae}0,— |U(2,0
v
Given that sin”! x +tan' x=2k+ 1

~37 37?] [as both functions arc increasing]

The range of the function sin”! x +tan”' x is [-4—-, T

Therefore, the integral values of & are — | and 0.

: . sl »
From the given equation sin® -2 sin @+ 3 = 5 ¥ +1, we get
(sin 8- 1)2-!-2 = 55&:." +1

LHS.<6,RHS.26
Possible solution is sin 8=—1 when L.H.S.=R.H.S. = cos’8=0 = cos? B-sin 0=

80.d. [cot™ x]+2[tan” x]=0 = [cot™ x]=0, [tan”' x] =0

81.a.

82. a.

83.d.

or [cot™ x] =2, [tan~! x] =—|
Now [cot™ x]=0=>x € (cot 1, =)
[tan™' x]=0=>x € (0,tan 1)

Therefore, for [cot™ x] = [tan™ x] =0, x € (cot 1, tan 1)
[cot™ x] =2 = x € (cot 3, cot 2] _
‘[tan'x]=~1=>xe [-tan 1,0) = Nosuchxexists.

Thus, the solution set is (cot 1, tan 1),

Expanding, we have

(tan"' x)’ + (tan™' 2x)’ + (tan™' 3x)’ = 3 tan*' x tan*' 2x tan™' 3x

=x=0
5 N COI.-| 2X2 -1
cos™ x = ——
2x1}1 -x?
Putx=cos 0: LHS=20,0<8< wrand-1<x < ()
RES» oot~ | —8 29 | & cot-Y(oot 20)m 20 iF026<H (ii)
2cosB|sin8|) .

From Eqs. (i) and (ii). we get 0 < 8< /2

sxe (0,1)
X _ x+1
Y1+ 22 \l(x+l)2 +1

Officé.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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84.c.

85. bl

86. a.

87.¢.

LASSES

~+  Trgonometry

22 [(x+ 12+ (] =+ 17 [+ 1))
=223 (x+ 1R t 3w (x+ 1P+ (x+ 1)
= x?=(x+1)¥=x+1=xnotpossible asx — e

= x+ | =—x = x =-1/2 which is also not possible as for this L.H.S. <0 but R.H.S.> 0

1

Lettan™ (x)= 0= x=tanf=» cos O=x =

= x}(] +x3) =] = x2 =#§-=bx2 =

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA, FOUNDATION

n =1 -
=>E-(.‘.OS X = COS

sin cos™ (cos (tan”' x)) =p
Forxe Rtan"'xe€ (-2, W2)
cos (tan™' x) € (0,1] '
cos™'cos(tan-'x) € [0, ©/2)
sin{cos™ (cos(tan'x))) € [0, 1)

sin”! x — cos™! x = sin'(3x - 2)
I

/A -1 .
f=—=c0s {(3x-2
5 ( )

= 2cos'x=cos'(3x-2).Alsox g [-], 1]

=» ¢05™'(2¢* - 1) =cos'(3x~2) and (3;—-2)5 [~1,1],ie.,~] < 3x~2<1

= 2x?—=1=3x-2; hence, xe[%,l]

1
=22=-3x+ ] =0=x= IorE

o e o " \/I-x e
sin Iw/l—.:cz +cos™! x=cot™ —sin” x

] X
- =t
- ST P s \)l—x
Or-é-+sm1 1-x? =¢ot™!
X

-1 \Il-xz

X

tan +sin”! V1-x% =0

= x€ [-1,0)u {1}

"Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Inverse Trigonometric Functions 4.79

y = sin~1(sin x)

-

- - - - z - - -

e — e .——

3y Wi

.5

-

_--__a -
134

B et e . S i B e e B

== esssmeana~

- - -

[ S —— A ——
.

Bt LTS R

-— ey v -

From the graph, number of solutions is 2

89.b. 3cos'x-mx LS =>cos"x=£+£
N ' 2 306

--------- fl e crescmannna

e ——

---------------------

s - ————— -

a‘__-_--_..-____

-2 2
s i
A B beennn,
Fig. 4.30
90.b. We have
2 " g
-X - /4
cos™' : ‘2 < 5.7 ccos x2 <=
1+ x 3 3 1+ x 3
1= x? ¥(1 1 1- xz
=0 <cos™' = = <i
1+x2 3 2 1+ .
1 1

=1 +x2<2 (1 =) <2 (1 +x?) =>0$x’<-:l&-=>—.ﬁ<x<_ﬁ

Offlce 606 , 6th Floor, Hariom Tower, Circular Road, Ranchl 1
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4.80 x  €Trigonometry
i i = i B i in-! so =1 4f1 2 2
9L.b. sm"x+sm"y=; =>sm"x=-5 -sin” y=sin™ x=sin" J =¥ mmatiyie=)

1+ 4% + 5! o 1--1-(x2-+-y2)2—24\'2)}2 - 4]« 2x8y? =7
xz_xz},2+y2 |- x?y? 1—x2y?

92.d. sin"'(x*~4x +6) + cos™(x? —4x +6) = sin”! ((x = 2)? +2) +cos 7 ((x = 2)* +2)
. (x—2)*+2 22, for which sin"'x and cos™'x are not defined.

2 ; B
93, a. E-cn::s" cos 2 :SI)‘HB) 2 = cot cot™! (—2——2)+£
2 x* +5|x|+3 9| 2

T 2 2 /8

o = -2
2 x*+5|x+3 94 -2
=5 =4 +3=0
X|=1,3 =dx=t], 23

94.¢c. 2tan”' (cosec tan™ x — tan cot”'x) = 2 tan™' [cosec tan™ x — tan cot™ x]

)

‘=2 tan"' | coscc {coscc'
. X

2 —,/1 +x2 =1
=2 tan™ ( LN —i} =2 tan™' —*—}
Y. x x
=2tan"|:sctc 9;1} [putting x =tan 6]
an .
6
: 2sin? =
. =2tan|] “,cosg =2tan” | ———2
sin 9 0

2sin—cos~6—
2 2

o 0
=2tan“tan5=2x5=9=tan“'x

[ = e e 4 —

Multiple Correct Answers Type - .

) " b, ¢, d.
6x*+11x+3=0
= @x+3)(3x+1)=0
= x=-3/2,-113 _
Forx=-3/2,cos”’ x is not defined as domain of cos™ x is [-1, 1] and for x = —1/3, cosec™ x is not

defined as domain of cosec™ x is R —(~1, 1). However, cot™ x is defined for both of these values as
domain of cot™ x is R. '

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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' v Inverse Trigonometric Functions 4.81
2 DG
Let tan"'(-2)=0 = tan8=-2= 0=(-xn/2,0)
= 20=(-nm,0)
1-tan’6 _ -3
cos(-26)=cos 20 ——— = —
B l+n’@ 5
= —29=cos“'(-——3J =7t-cos'1§
: ) 5
= 29=--J:'+t:0s"3 =—:Fr-+~t:em"i =~ 7t + cot 2 =—m+ = —t:am""'g = — £—tan"—?1
5 4 2 4 2 4

T _|( 3)
| QP +tan ——
2 : 4

3. a,b,d.
tan™'(x - )+ tan"(x) + 1an"(x +1)= tan™' 3x
= ftan"'(x—1)+tan"'(x) = tan™ 3x—tan~(x + 1)

]| (I _'l)"'x || 3I—(I+ l)
= tan = tan~ | ————
1= (x-1)(x) I+ 3x(x +1)
2x -1 _ 2x =1
I=x* %2 143" £3x

= (1=x}+x)2x=1)=(1+3x* +3x) (2x-1)

= x=0,:i:—1-
2

U

4. b
We know that sin™'x is defined for x € [-1, 1] and sec”'x is defined for x € (—eo, —l]u[l oo)
Hence, the given function is defined forx e {~1, 1}.
Therefore, /(1) = /2, f(-1)= a/2.
5. a,c,d.
(sin™! x + sin™ w) (sin™" p + sin”! z) = 7
= sin x+sin'w=sinv+sinz=7x
or sin'x+sin'w=sin"' y+sinTz= -7
. =y I=p=s=w=] orx=y=z=w==]

MooyMl -

1

y

¥ wh'e

Hence, the maximum value of = 2 and minimum value

Z

Also, there are 16 different determinants as each place value is either 1 or —1.
6. a,b,c,d.

_ - tan™ x,if x>0
Since |tan™ x| = ;
—tan" x, if x <0
= |tan”' x|=tan™" [x| Vx€ R
= tan [tan”' x| =tan tan™! |x] = |x|

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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9.¢,d.

Trigonometry

Also [cot™ x| =cot™ x; Vx e R
= cotfcot™ x|=x,Vxe R

= x, if tanx>0
tan” |tan x|= ,
-x, if tanx<0
G| VN, | X, XE [0;1]
sin |sin™ x|=
-x, x€[-1,0)
a,c.

Domain of f{x) = log, cos'xisxe [-1, 1)
[e]=—lor0

.‘a,b,C.

5 = | -1 1) -_ T ;
a)sin| tan™ 3+tan™ = | =sin— =]
@ sin| L) =sin

(b) cos [-{;— —sin™! %) — ('chs"l %J - %

(c) sin [l sin™ ——@]
4 8

Let sin™' -——@ =
= sinf= @ = cos 0= l
8 8
We have cos ﬁ = il = 3
2 2 4

1 -
xy<0= x+—22,y+—5-2
- y

1
orx+ — <=2, y+ -—l— 22
X y

JEE (MAIN & ADV.), MEDICAL
+ BOARD, NDA; FOUNDATION
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Inverse Trigonometric Functions 4.83 .

10. a, d.
Let f(x) = (sin™ x) + (cos™" x)?

=(sin”' x+cos™' x)> -2 sin”  xcos™' x .
- n —

~2sin x| 5 s x
gl o olf a8

—msin™ x +2(sin™" x)

i i n’
=2 | (sin™ -—sin”! x+ —
(: x) b Sj{

z ) 72
- (Sm ’x——-] +2| —
4 16
Now,—lr—_sm IJ.SE
2 2
--3ESsm" A’—ESE

2 2
= lDS2(sin'l x——) S?:—
2 2 2 2
=) ”—s sin”! x——) +ﬂ—ssi
8 4 8 4

11.a,d.
" Forthe givenequation 0 <x, y< 1.

W -~ n
Also, sin 'x+sm'y=5

= sin"x=cos‘ly= sin”~! 1/]—):2

= x=l-y = L=l @
Again, sin 2x = cos 2y - ,

= COS§ [g - Zx) = C0§ 2y

= %-2x=2nn12y,wherenel
/

= xip=Z_nn 2 : (i)

N

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Trigonometry

From Egs. (i) and (ii), we get | ;

-

We have
2 —
cot™! [n 10n +2I.6) - %

n

2
n“=10n+21.6 P
n
n = 10n+21.6< 73
WP —10n+25+21.6=25< 73

(n-5Y2< n3+3.4
- ﬁn+3.4 <n*5<JJ§zr+3.4

5—JYV3IT+34 <n<S5+JIr+34 (i
Since 37 =5.5 nearly, Y37 +3.4 ~ /89 -~ 29

n s e
co_t%— (as cot x is decreasing for 0 <x <)

I 4 8 00 8

= 21<n<79

n=3,4,56,7 4 : {asne N}
a,b,d.

" Lett,denote the rth term of the series 3, 7, 13, 21, ... and

S=3%7+13+21+--+1t,
-S= 347413+ 41, +1,
0=3+4+6+8+-+2n~-1,

i r+l=r N =
- ) = (an '[-——-———u——J =tan”'(r+ 1)—tan"' r

re4+r+] I+r(r +l)
Thus, the sum of the first » terms of the given series is

Let7, =cot™ (P +r+1) =tan™ [

i[lan"'(rﬂ)—tan" r] =tan(n+ 1)~ tan”(1)

r=|
- lan—l [—"—:t}.l} = lan_l [ il ] = tan_] _!_..
141 (n+1) n+2 ]+E

= S.= limtan™
Ne=oo

Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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14.b.

16.

17.

inverse Trigonometric Functions 4.85

7 (x) = sin'|sin kx| + cos™'(cos kx)
Let g(x) =sin~ [sin x| + cos™ (cos x)

4

2x; OSxSE
2

n 3n
= 9 — S._.
gx)=3 =m 2<x 3

4m—2x, 3—”<x527c
. 2 b \‘)

g(x) is periodic with period 27 and is constant in the continuous interval [2mr+g-, 2nm +§£—j|

(where ne 1)and f(x) = g(kx).

So, flx) is constant in the interval 2"—”+-75~,M+3_” _
. k 2k k2%
£=3—n—£—=>£=£=>k=4
4 2k 2k k4

a,c. .

Given equation is x> + 2x sin (cos™ y) +1=0. Since x isreal, D=0
4 (sin(cos'y))’ -4 20

= (sin(cos™ )21

= sin(cosy)=x1

-1 73
= Ccos y=:t:—2- =y=0

Putting value ofy in the original equation, we have x* 4+ 2x+ 1 =0 =3 x = 1.
Hence, the equation has only one solution.
b,c.
.
<o = 2£2087x <oo

Hence, 2 should lie between or on the roots of 2 — (a + %) 1= =0 where 1= 25/

= fl2)S0 = d+2a-320 =a€ (~o0,-3]U[],)

a, .
a* a
The given relation is possible when a — T+F+ = 1+bh+ bt

" at -aJ .
AIso,—ISa—?+? t+Sland-1<1+b+b+- <

= |b<1=|d<3and — =

a
1=
3

B
1-b

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.88 Ttlgonometry ) .
, [
=tan“’[£] +tan™ | —£ =tan'l[£) +tan” 1—tan” 2 =2
y 1 +:_T' 4 Y 4
}!

Now, in Eq. (i), putting e =%, we get
y .

tan”' | = |+tan” [ = [ = =
4 7) 4

Hence, both the statements are correct and statement 2 is the correct cxplanauon of statement | .
9.a. See theory

For Problems 1-3

1.d,2.b,3.¢
Sol. "

i onil I n R‘]
sin"lxe |-—, =
722

cos™ y & [0, 7]

a /4 n . B - 2 /4 ; hY/4
sec lz'e 0,—)u[5,7r] = sin"'x+cos ’y-l-sec I2< 3+71‘+7t =—2—

-

Also, 1> —2m 1 +3m

- 2
= ¢ -2f1+—~—+3x t—ﬁ +§-’£2-5-£
2 2 2 2 2 2

The given inequation exists if equality holds, i.e.,

LHS.=RHS.= %

= x=|,y=—1,z=-1and/= ‘/—g = cos”'(cos 51%) = cos“‘[cos(%zn

cos'l(rr_\in{x,y ,zPD=cos (- =x
For Problems 4 - 6
'4.b,5.2,6.b
Sol.

]
SR

Given ax + b(sec(tan™ x)) = c and ay + b(sec (tan™' y)) = ¢

Let tan™'x = @z and tan™'y = f3, then the given relations are

atan @+ bseca=candatan f+ bsec f=c ;

From these two relations, we can conclude that equation a tan 8+ b sec8= ¢ has roots @ and .
atan @+ bsec 8=c¢

= bsec@ =c—-atanb

= blsec’@=cr-2 ac tan 0+ a*tan’0

= b+ b an2f= ¢ 2ac!an6+a’tan26
=4 (a2 b*)tan’6 - 2actan8+c b=

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.89

2ac
Therefore, sum of the roots, tan & +tan f=x+y= — 7
a —
2 _ 2 '
¢t =b
and the product of roots, tan ¢ tan f=xy = — W
a -
2ac
nd ﬁ.t)—'. = az _b2 = 2ac
F=xy c?=b* @t -c?
- a’ =
For Problems 79
7.b,8.d,9.¢
Sol.
Letcos'x=a=2ace (0, ]
andsin™' y=b=be [-n/2, n/2)
2
We have a+ b2 = 22 ()
4 v
zr ‘
and ab’ = — i
6 ' (i)
Since b* € {0, /4], we geta+ b* € [0, m+ 72/4)
2 2
So, from Eq. (i) we get0 < % Sn+ %
ie,0sps & + 1
n
Sincepe Z,sop=0,1o0r2,
Substituting the value of b from Eq, (i) in Eq. (ii), we get
2 2 .
a(-’% -a):% = 16a’—4pnia+nt=0 (iii)

sinceae R=D0D20

ie,16pn'-64n'20 = pi2a=p>2 = p=2
Substituting p = 2 in Eq. (ii'i), we get
16a* -8 a+ 7' =0,
| ﬂz' | .7r2
= (4a-7)?=0 = a= T =cos” X =5 x=cosT
4, = n g g
From Eq. (i1), we get Fy b =-l—6- = b=+ 5 =sin~ y = y=z|

-For Problems 10 - 12
10.¢c,11.a,12.d

Sol.

Letcos™ ' x= 0= x=cos 6 where 6¢& [0, 7

cos"(4x_3‘ -3x)= cos"(dm:)s3 @—3cos0) = cos "'(cqs 30) = cos ~'(cos &)

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.86 Trigonometry
3¢ 1 . i .
—— =—-— there are infinitely many solutions
a+3 1-b
= 3a-3ab=a+3 = 2a-3ab=3

'b=_ a3 and a= — :
3a 2-3b

18.a,b.
We know that

if x| < 1, then 2 tan™' x =sin™" o 3
1+ x

" -1 i 2.'('
ifx>1,2tan”" x= 7 -sin 3
l+x

. y 5 g
ifx<-1,2tan”! x=—7—sin™ 3

1+ x
Hence, the required values are x <-1 orx > |.

19.a,d.

Case 1: lfOst%,then

cos™ (% +-%J3—3x2) = cos™ [i%-k N 12_3—] = cos ' x—cos™ ~

2

Case2: If% <x<1,then

cos~ (i +l\}3 =3y ) =cos™ 4 _ cos™ x
2 2 2
20.a,b,c.
* a cos(tan”(tan(4 - ) = cos(4 — m) = cos(m—4)=—cos 4> 0
b sin(cot™ (cot(4 — m)))= sin(4 — m) =—sin 4> 0 (as sin 4 < 0)
c. tan(cos™'(cos(2m- 5))) = tan(27— 5)=—tan 5> 0 (as tan 5 <0)
d cot(sin”'(sin(z—4))=cot(m—4)=-cot4<0
21.a, b, cos™ x+cos™ y+cos z= = sin” +sin”! p+sin 2= a2

=cos™ x+cos” y=cos™ (~2) = xy - Vl-x2 -y =—z=a? +y2 +22 + 2xyz =1
22.a,b. '
a. cos (tan*'(tan (4 - m))) = cos (4 — 1) = cos (T—4) =—-cos 4 > 0
h sin (cot ~'(cot (4 — m))) =sin (4 — 1) =-sin4 >0 (as sin4 < 0)
¢. tan(cos™'(cos (22— 5))) =tan (2w - 5) =—tan 5S> 0 (as tan 5 <0)
d cot(sin”'(sin(m—4))=cot(n—-4)=—ot4 <0

23.b, ¢, d.

_l( 4n 2n
Hence, cos—cos™ | cOS— | =cOs—
v o 5 5

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranch‘i—l,
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Inverse Trigopnometric Functions 4.87
Reasoning Type

I.a. Statement 2 is correct, from which we can say cot™'x 4 cos™ 2x = - 7is not possible. Hence, both the
statements are correct and statement 2 is the correct explanation of statement 1.

2.d. Obviously, statement 2 is correct, but when x € [~1, 1] we have tan™'x € [-7/4, n/4).
It implies that —g- +tan”'x € [n/4, 3n/4).
Hence, statement 2 is true but statement 1 is false.

3.c. cosec” x> sec”'x

1

’ n o
= cosec” x> 5 - cosec”' x

4 m
= cosec 'x> 1—

2 2

But statement 2 is false.

=b J8x< \6 and [l +L)e[1,ﬁ)

1

e o] -] -1 - ‘ X
4.a. sin”’ x=tan Stan” x>tan” y [ x>y, = >xj|
3 l=x

]H

l —x

Therefore, statement 2 is true.

Now,e<nm = >

-
-

By statement 2, we have

sin”™ (%] > tan”’ (:}:} tan ! (_J%)

Therefore, statement | is true.

5.d. 30—-9me [0, x] is true but it is not principal value of cos™'(cos30) as cos™' (cos30) = cos™'(cos (97
+(30 - 97))) = cos™ ' (~cos (30 - 97)) = (30 - 97 ) = 107 - 30.
Hence, statement 2 is true but statement 1 is false.

2}:?: -2 tan"'x, x> |

6.a. f(x)=sin"[ —

1+x

2

= f@=-7=)=-5

Thus statement | is true, statement 2 is true and statement 2 is the correct explanation of statement 1.

7.b. We know that tan™'x and cot™'x have domain R, also tan x and cot x are unbounded functions. On the
other hand; sec x is an unbounded function, but its range is R — (=1, 1), and not R,

8.a. Forx>0,y>0,

tan™! {ﬁ] +lan"[y —x] - )
¥y y +x

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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4.90 * Trigonometry

where @=36¢ [0, 3n]
Refer the graph of y = cos™'(cos &), et e [0, 37).

¥
A

T

)
2

' Fig. 4.31
From the graph,
cos "(4x3 ~3x) = cos ~'(cos a)

o, Ofa<nr
={2x-a, m<a<2m
la-2r, 2r<as<3nm

3cos”™! x, 0<3cos™ x<m
={2m-3cos'x, m<3cos x< 2

L3«:03" x—2m, 2m<3cds™ x<3w

' [3cos™! X - 0<cos™ x<(m13)

=<{2n-3cos ' x, (mI3)Lcos” x<(27/3)
3cos™ x-2m, (2w/3) <3cos x<mw

f

3cos™ x, (1/2)<xst

={2r-3cos™' x, (~1/2)<x<(1/2)
3cos” ' x-2m, -1€x<-=(1/2)
[3cos™ x-27, -1€x<(~1/2)

=427 -3cos™ x, (-1/2)<x<(1/2)

Jeos™'x,. | (1/2)<x<]

1) 4
Forx e ’:— 1, -EJ , COS "(4x3- 3x) =3 cos” ly <27
= a=-2randb=3=a+bn=nm

11 :
Forxe [—5-2-], cos ~'(4x* - 3x)=27-3 cos™ 'x

‘?4‘ a=2randb=-3 = sin‘.'(sin%)=sin'l(sin-2—§)

Office.: 606 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Funclions 4.91

I
Forxe (E’ 1],005"(4x3—3x)=3 cos 'x= a=0andb=3

limbcos (y) = lim3cos(y) =3
y=a y=0

1. a=p;ib=q,s;5¢-ns;d=rs :
a cos™'(4x’—3x)=3 cos”'x
0<cos (4’ -3x)<m
= 0<3cos”'x<m = 0<cos™"x<(n/3) = (1/2)€x<]
h sin”'(3x—4x*) =3 sin"'x
(-7/2) < sin”'3x - 4x°) S (72)
= (-n/2)<3sin”'x< (n/2)
= (~1/6) < sin"'x € (1/6)
= (-12)<x2(1/2)
¢ cos™'(dx’ = 3x) =3 sin"'x
0<cos”'Bx~dx)<m
= 0<3sin'x<n
= 0<sin'x<n/3
= 0<x<(V3R)
d sin”'(3x-4x)=3cos™'x
(~n/2) S sin”'Bx -4x°) S (n2)
= (-n/2)<3cos'x<(n/2)
= (~71/6)<cos ' x & (7/6)
= '0<cos'x £(n/6)
= 0<x<(\312)
2. a.-q,nssboqgie—2ns;d—=p.
2

& (sin”! 7 + (sin”! )=

2

' = (sin”! y) = 54-

= (sin”

= sin'x=2 E, sin”' y=x% i
2 2

= x=tlandy==I

= X+y’=-2,0,2

b. (cos™ x)? + (cos™'y)? = 272

= (cos™ x)*= (cos™ y)2 =

= x=y=-|

= x4y’ ==2

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.92 ' Trigonometry '
t
¢. (sin”x)? (cos™'y)? = Fy

2 :
= (sin”' x)*= %— and (cos™'yy’ = n?

= (sinT'x)= :l:% and (cos™'y) =7 i .

= x=zx]landy=-1
= "‘lx"}’|=0,2
d |sin”' x—sin" y|=x
= sinx=-= and sin”' y= L
2 2
o sin™ x = % dnd sin™' y= =
= x'=1or(=1)'=10r-
3. a=p,q; boaqgiec—>q,ns;d—op,r
Refer the graphs of y = sin™' (sin x), y = cos™(cos x), y = tan™'(tan x) and y = cot'l(cqt x).
4. aoq;b-osic—=ap;d—or i

. 4 a4 4
a sin” —=tan" —
3
21an”"! 1-=tan'[ -:i=col"1 B
3 4 3
and tan™ x +cot™’ x=‘§
~1&l2 03 - 63 _| 48+15 - 63
- Z - — = + t —_
b .tan 3 +tan 4-Hzm 16 7+ tan 50 —36 an 7
B .1 63 163
=pg—-tan~ — +tan" —=nx
16 16
— et [ BE~A
c. A=1tan 2;L_xandﬁ tan (2\5]
-\ L tan A —tan B '
AL i 1+ tan Atan B
3 _2.1‘—2
_ 2A-x A3
= x\@ 2x -2
22-x 23
_ 3xd +{2x = A)(x -22)
\E[l(ﬂ.—x) +x(2x—/].)]
I [ 2x2 —2Ax42A% [~ 1 _ .
e 3 5 = — =tan 30
43 { 24% ~24x 424 J3

A-B=30°

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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Inverse Trigonometric Functions 4.93

21
g I 3
d tan”' = +2tan 'l =tan”! — + tan"-——:’-'-— = tan™! l + Ian"2
3 7 1__l_ 7 4
9
] 3
__*.__
= tan_lu = tan-ll =ﬂ:/4
13 |
74

5. a-sibopic-qidor

a f&x)=sin"! x +cos™ x+cot™' x |

+eot™ x xe [~1,1]

SR

..' n 3r b3 3n Sm
Forxe [-1,1], R = =+cot™ el iy
rxe | ], cot™ x [4 4} 3 co xe[4 ]

b. f(x)=cot™' x + tan”' x + cosec”'x

n &
= 5 heosec 'x,where x € (=e0,— 1] (1, 0)

Now cosec™' x € [—g. O]U[O. %] =5 %-i—cosec'ix € [0, E]U[E, 7!':|

e. f(x)=cot™ x+tan" x + cos'x

r -1
+cos

2

x, wherexe [=1, 1] =5 -;E+cos"' X € [g.i- ]

d sec” x +cosec” x+sin”! x, wherexe {—1,1)

n w .
= 5+sm X, wherexe {-1,1}

Hence, fx) e {0, n}.
6. a=qibor;c—p,rid—=q,ns

(]
]
________________ deassan
H
: i y
; E ! ' :
______ G o e | i ‘
; R e e -
1] 1] 1 ] '
: : f i b
L [} _—
------ : v el N O ZEN
H H : i i
E ; R R _eenn [ I dmmmmanan “E"
+ > L |
H ‘ ’ ; '
1] [}
] )
...... b ey ST L
i
Fig. 4.32
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4.94 * Trigonometry .

_______________

-y -

a%

e L L a ey, I PV T, W

S DRSO
i
L]
»
.
s
..:_..__l 0
1
3
1
—
)
1
]
i
\
H
1
'
'
1 ]

Refer graph for solution.

Integer Type ; |

1.(5) (cot™'x) (tan"'x) + [2 = E) cot™!x - 3tan™'x — 3(2 X E] >0

. , 2 2
= cot”'x >0 .
= (cot'x=3)(2-cot™x)>0

= (cot™'x—3) (cot™'x - 2)<0

= 2<cot 'x<3

=> cot3 <x <cot2 | [as cot™'x isa decreasing function]
=3 i—lence, x € (cot3, cot2) | |
=xcot” o+ cot™ 'b=cot™ '(cot 3)+ cot” '(cot 2)=5

2.(2) Since Sin" is defined for [~ 1, 1]
o . :

N

sLx=sin"" 1+ cos‘I ] —tan™'1 =
= secix =2 '

3.(6) Let tan™'w=a=>tan a=u
tan”'v = f=stan B=v

tan™w = Yy =tany=w:

5 =8 0-(-1)) 11
gt = 11-»523 T1-¢10) 11

. m
o a+B+ y =t-an-l(l)= -—
= 3cosec’(tan™u + tan”'v + tan”'w) = 6

4 6 3\ 8 12
iy Ta X X - 4 X X T

4 6 f -8 12
5 & o X 4 X X
by | B — i — = X ——t—..
[ 3 9 ] 3 9 )

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Inverse Trigonometric Functions 4.95

2 a
== 2 - a
s el
3 3
i3

= 3 =3“ orx=0
34x0 B4x

=9+3x*=9x%+3x* orx=0
= x*=1 = x=0,1 or -1
Therefore, the number of values is equal to 3.

5.(7) fix)= \J3cos™ (4x) - 7 is defined

Feos™ e = wmhndin < 2 i
cosTdx2 T =drS 5 =xS g - @
~1 1 g =

Also, -1 S4x< | =>—4-5st s ' (ii)

—Jd
Therefore, from Egs. (i) and (ii), we have domain: x € [T’ ‘8‘}

=4a+64b=17

6.(9) 1 +sin(cos™ x)+sin? (cos™ x) + - c0=2
1.
= - st S0
1 -sin(cos™ x)

1
= 1 —sin (cos™ x)

314 3
7.09) tan™' (I+—J ~ tan™ (x.——) = tan™" =
X x X

8.(4) f(x)=sin"'x+2tan"'x + (x +2)*-3
Domain of f(x)is [-1, 1].

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-l;
Ph.: 0651-2562523, 9835508812, 8507613968
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Also f{x) is an increasing function in the domain

P fin (X f(—])———+2[4J+1—3-—7r 2

and g= f . %) f(l)——+2: #3=0 =n+6.

Therefore, the range of f(x) is [-7—2, 7 +6].
Hence, (p +q) = 4.

9.(6) T,= mn"(—-—""'""l )
. 1+ (n+ Dt

-1 -
=tan (n+I)~tan (n)
1 -1
Hence, S =tan (n+1)-tan ]

» _.| !‘u‘+]‘-]
‘ - 1+ +11 Kl n+2

=1

=92[tan "+2J - (]45)

=:cos'1[ 22(n+l) }..cos (—4—J
n“+2n+2 14

N RV (Eﬂ.}

n* 242 145
= 12(n+1)>=145(n+1) +12=0

= ((n+1)=12)(12(n+ 1)=1)=0

=n+i1=12 = n=1l

_[( 24 ]
s e
145

.MI—
)

10. (1) We have g(x) = sin” (cos x) = %— cos™ (cosx)’

A
C (%)
: = (
3 —
2 , ' ;
oz 7z 21 e
. 4 4 !
- )
2 Tgur)
|
Fig. 4.34
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Both the curves bound the regions of same area

in [T 1..’?. ’[Q_xls_rz] and so on
4 4

Therefore, the required area = area of shaded square =

wa=9andb=8=a-b=1
11.(3) We must havex(x+3)20
=>x200r x<-3
Also,— 1 <x2+3x+1<1
=x(x+3)<0 = -3£x<0
From Egs. (i} and (i1), we get x = {0,— 3}
Hence, required sum is 3. '
12. (1) Given expression is def‘med- only forx=1and ~ 1
S fQ)=landfl-1)=(1 +m) (1 +m)= (1 + 7)?
Hence, the least value is |.
13. (3) cos”'(x) + cos™'(2x) + cos™' (3x) =7
=5 cos™ (2x) + cos™(3x) = - cos” (x) = cos ! (=x)

= cos™ M [(20)(3%) — |1 - 4x2 |1 =922 ]=cos™(=x)

= 6x° — \/l——4x2 J] —-Ox* Mex

= (6x° +x)* = (1 - 4xH)(1 - 9x%)
=y x4 12x° =1 — 13x

= 120+ 14x* =1 =0
=a=12; b=14;¢c=0

D b-a-c=14-12+1=3

14. (1) tan™'(3x) + tan™' (5x) = tan™' (7x) + tan"(Zx)
= tan”'(3x) — tan"'(2x) = tan™' (7x) —tan™' (5x)

= tan”![ 3 =2% ) = g1 Tx=5x
1+ 6x* 1+ 35x2

X 2x
= 146x7 T 143522

=x=0 or 1 +35x* =2+ 125

1 1
=x=00r x= —==or- ——

a3 V23

JEE (MAIN & ADV.), MEDICAL
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Inverse Trigonometric Functions 4.97

8

on’ _ an’
b

(@)

(ii)

Office.:-606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
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4.98 - Trigonometry

e | ~ )
Subjective '

e 5. N
1. cos (2 cos™ x +5in”! x)=cos (cos ’ x+5)

=~ sin (cos"'x)= -sin(sin‘.' I-—x’) = —\fl=x

Atx—--— value—-—"]——— /_4 _.._

3. L.HS. "cos(tan (sin (cot™ x)))

' [ )

=cos| tan™ sin[sin'l ifx>0
\h+x2 /
1 3

and cos | tan™ sin[:r-sin'l. J ifx<0
\}l+x2 )

| 4 (14 x® 2
In each case, L.H.S. = cos| tan™ = COS| cos 'J xr = J"" +]
V1442 24x 242

Objective

Y~

-

Fill in the blanks

. 0= ’a(a+b+c) ol ’b(a+b+c) n! ’c(a+b+c)
ab

Ja(a+b+c) bla+b+c) _ a*_l-b+c_1+f;_ £>l
bc ca c ¢ &

\/a(a+b+c) i b(a +b+c)
|

be + tan"! cla+b+c)

e \/a(a+b+c5 [b(a'+b+c) ab
’a+b+c[\/7 J—}
o) ’c(a+b+c)

a+b+c
¢

= w+tan”! (—1’——C(a+b+c)} + tan” __c(a+b+c) =x = tanf=0
_ ab ab .
2. tan(Etan_'l—E)= tan| tan™ i 3 —tan”' (1)
5 4 1=(1/5)

Office.: 606 . 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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S -1
= { t — | =1] 1
an( an 12) n ())

tan [lan

Inverse Trigonometric Functions 4.99

(
L(512)-1
1+(5/12)

= tan(tan™' (=7/17)) = =7/17

We have,

A=2tan~ (22 -1)
=2tan"'(2x1.414 ~1)

=2tan"' (1.828)>2 tan' 3=27/3 = A>(2n/3) _ ()

© Also, B=3sin™'(1/3) +sin™ (3/5) = sin™ [3x%—4x-;7] +sin”" (3/5)

= sin™! [%)+sin" (0.6) = sin”'(0.852) +sin™' (0.6) <sin™ (V3/2)+sin”'(f3/2)=27/3
= B<Qn/3) - (i

From Eqs

.(i) and (ii), we conclude 4 > B.

Multiple choice questions with one correct answer

A 3) 2] = 32, -3 . L Bray+(213)
1.d. tan(cos (S]Han [3D tan[tan 4+lan 3) lan(?an []_(314))((2/3)))

S.b.

. tan (cos"l

17 12 17
= X

2
. The principal value of sin”! [sin -—3’5) = principal value of gin™! ({}_] -

LN\ 4 ) . S ((3}) 3
—=—8in" —— | =tan ftan” 7T—tan" 4]= wan| tan" | — | |= —
542 l Jl?) [ ] 29 29

-Jx(x-i-l =(m/2)— sin~ J(x +x+1) =cos”'Vat +x+1 =tan™ —,r i

= x(x+1) =

- o af 2 ot S i
SINT' [ X —==d—terr | 40087 [ X° == [=—
i 3 2 4

Office.:

\sz +x+]
J—a -X g
x =0, ~1 are the only real solutions.
Vx? +x+1
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4.100 ; Trigonometry 3 :
5 5 6 25
= xX'——t—=——t—
2 4 2 4
We have G. P. of infinite terms on both sides.
X x° ) 2x 2x?

- =) —— — 3 2x+x3‘=2r2+x3
-]_(_i -x*Y . 24x 24x%
2) "7 /

o x(x-1)=0 = x=0,1but0<|x|<v2 = x=1

6.a.. For f(x) =\[sin " (2x) + % to be defined and real sin™ 2x + (7/6) 2 0

= sin“1 2x 2 - -g- (i)

But we know that - 71/2 < sin” 2x 712 . (i)
Combining Eqgs. (i) and (ii), we get -

~ /6 <sin”! 2x < 72 .

= sin(-n/6) < <sin(0/2) = ~1/2€2x<]

= -1/4<x<12

1 1
D, ===, =|
J [4'2]

7. d. s'in]:c:ot'l (x + 1)] = sin[sin"

[—

N+ 2x 42

sz + 2x +

A

cos (tan" -x)=cos {cos" \[]_iF] = : i ;_2

1 -
Thus, —zees = 1 = .1:?+2Jvr-i~2=l+x2::»x=—l
\/;2+2x+2 Jl+x2 2,
Match the following type
. a=p;b—=q;c—p;d—os
sin”!(ax) + cos™ y+ cos™ (bxy) = % ‘ \

= cos” y+ cos"'(b,\j:) = -;i —sin™!(ax) = cos™ (ax)

Let cos™ y = @, cos™ (bxy) = B, cos™(ax) =¥

= y=cos a, bxy=cos f3, ax = cos ¥

Therefore, we get a+ =y . = cos(y-.a) = bxy = COS ycos o+ sin ysin @ = bxy
= (a-b)xy=-sinasiny = (a-b’xH*= sin® asin® y=(1 -cos’ a) (1 - cos’ )

Office.: 606, 6th Floor, Hafiom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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v Inverse Trigonometric Functions 4.101
= (a-bRH = (=) (1 - - - )
a, Fora=1,b=0,Eq. (i)reducesto ‘ ‘
PR=0-D-P)=x2+y4=1
_b. Fora=l1,b=1,Eq. (i) becomes (I -1 -yH=0
= (F-1)P-1)=0
¢. Fora=1,b=2,Eq. (i) reducesto
Wyt=(1-xh) (1 -y
= x2 +_v2 =
d. Fora=2,bh=2,Eq. (i) reduces to 0 = (1 - 4x?) (1 —3?)
= @x*-1)*-1)=0

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968 .
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Solutions and Properties of
Tnangle

B = em e A ek e i aE s e A ety — — — -

I

v

Standard Symbols
Sine Rule | ' . '
Cosine Rule

¥ VY

Projection Formula

Half-Angle Formulae : r
Area of Triangle

Escribed Circles of A Tnangle And Their Radii

Miscellaneous Topics

VSR YVIY ¥

Solution of Triangles (Ambiguous Cases)

. - 0 B M et el e — RS s ¢ = b ——

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1, /
Ph.: 0651-2562523, 9835508812, 8507613968 "~
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5.2 ; Trigonometry

STANDARD SYMBOLS

The following symbols in relation to AdBC are umvcrsally adopted.
.o mLBAC=A
mLABC=B
mZLBCA=C
A+B+C=nm
AB=c,BC=a,CA=b
« Semi-perimeter of the triangle, s = EM

So,arb+c=2s

" Fig. 5.1

e The radius of the circumcircle of the triangle, i.e., circumradius = R
" Theradius of the incircle of the trianglle, i.e., mradms r
® Area of the triangle = A

-SINE RULE

The sine nulbijgr=es = —#Z=NE = 2R
°E i A sinB  sinC

a
We shall prove here that — =2R.
sin A
Casel:
0<d<Z
2

Suppose O is the circumcentre of AABC.
BO intersects the circumcircle at D.

Here, BD=20B=2Rand LD=ZBDC= £A [angles in the same segment] (i)
Now in ABCD, m£BCD = % . [angle ina semicircle]
= sinD= E— -

BD 2R

' Nfice.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Solutions and Properties of Triangle 5.3

o sind= 2 - | g
2R [using Eq. (i)]

Case 1l:

AABCis right angled and 4 = %

BC isadiameter of the circumcircle.
BC=2R
Now, a=BC=2R=2Rsin g =2Rsin A

a

sin A=2R

Caselll:

4
= <4<k
2

Fig. 5.4

As ZA is obtuse, s0 A4 is on the minor arc BC.
Now, take any point D on the major arc BC.

Here,. mZBDC=n—A< ™ A< . (i)
_ 2 2 .

Now in A BCD, sin(£BDC) = g—g

= sin(n—A)= = - [using Eq. (ii)]

= sinA=—a—-
2R
= a=2Rsin4

Office.: 606 , 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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5.4 Trigonometry

-
Thus, in each case, ——=2R.
sin A

' c
imi ' = =2R.
Similarly, we can prove that S B 2Rand prow—ta
‘a _ .b. " Ic — 2R
sinA sinB sinC

Nepier’s Formula

. (B - C’) b-c A

i. tan = —=— cot —

2 b+c 2

" (c - A) c—a B

ii. tan = cot —

2 ¢+a 2

ii. tan i gt c:otE

' 2 a+b g

Proof:
b c

i. From the sine rule, we have — e \
sin B sinC

i b
- s!nB__,_
sinC ¢
sinB—-sinC b-c
<= =1y

sinB+sinC bPtc

2cos(8+c

=
2$in[B il

_ (3 +c) (B—C) b-c
= cot tan = '
2 2 b+c

l B-C)_b-c¢
= tan — tan 2 g
- B-C
" " 2 __ iy
A b+c
cot —
. 2
[B—C) b-c¢ A
= t{an = cot —
2 b+c 2

Similarly, we can prove the other formulae.

Note:

These formulae are also known as tangent rules. These are useful in calculating the remaining parts
of a triangle when two sides and included angle are given,

Office.: 606, 6th Floor, Hariom Tower, Circular Road, Ranchi-1,
Ph.: 0651-2562523, 9835508812, 8507613968
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Solution